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Abstract

A Hamiltonian cycle is a spanning cycle in a graph, i.e., a cycle through every vertex, and a Hamiltonian path is a s
path. In this paper we present two theorems stating sufficient conditions for a graph to possess Hamiltonian cycles an
tonian paths. The significance of the theorems is discussed, and it is shown that the famous Ore’s theorem directly foll
our result.
 2004 Elsevier B.V. All rights reserved.
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We consider only simple graphs, i.e., graphs w
no multi-edges and no self loops, and every refere
to a cycle or a path, unless otherwise specified, in
cates, respectively, a simple cycle or a simple path

A Hamiltonian cycle is a spanning cycle in a grap
i.e., a cycle through every vertex and a Hamilton
path is a spanning path. A graph containing a Ham
tonian cycle is said to be Hamiltonian. It is clear th
every graph with a Hamiltonian cycle has a Ham
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paths in general and special graphs has been m
vated by practical applications and by the issues
complexity. The problem of finding whether a gra
G is Hamiltonian is proved to be NP-complete f
general graphs [4]. The problem remains NP-comp
(see [4])

(1) if G is planar, cubic, 3-connected, and has no f
with fewer than 5 edges,

(2) if G is bipartite,
(3) if G is the square of a graph,
(4) if a Hamiltonian path forG is given as part of the

instance.

.
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On the other hand the problem of finding whether a
graphG contains a Hamiltonian path is also proved

, it

ace

or
nce
iza-
ts
ins
rts
uffi-
he
ful

b-
am-
uf-

e

n-
the
lue
d
-
sti-
er-

nd,
e in
of
s.

lit-
the

in
th

tex

Now we are ready to list some of the conditions
available in the literature for the existence of Hamil-

ow
our

s of
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to be NP-complete for general graphs [4]. Again
remains NP-complete

(1) if G is planar, cubic, 3-connected, and has no f
with fewer than 5 edges,

(2) if G is bipartite.

Even the variant in which either the starting point
the end point or both are specified in the input insta
is also NP-complete. No easily testable character
tion is known for Hamiltonian graphs. Nor there exis
any such condition to test whether a graph conta
a Hamiltonian path or not. Although research effo
have been spent for finding the necessary and s
cient conditions for a graph to be Hamiltonian, t
resulting conditions have proved to be hardly use
from the practical algorithmic context (which is o
vious due to the NP-completeness results). For ex
ple, Plotnikov in [8] presented a necessary and s
ficient condition for hamiltonicity which involves th
number of elements in any independent set (aninde-
pendent set in a graph is a vertex subset that co
tains no edge in that graph) of a graph. Since
number of independent sets of a graph is a va
of the order of O(2n), the direct use of the offere
criterion is difficult except for further theoretic re
search. A number of researchers have also inve
gated various other relations and structural prop
ties of Hamiltonian graphs [5,6,9]. On the other ha
tremendous amount of research has been don
finding the sufficient conditions for the existence
Hamiltonian cycles or Hamiltonian paths in graph
Before presenting some of the conditions in the
erature we need to introduce and define some of
notations. Given a graphG = (V ,E) and a vertex
u ∈ V , we denote byd(u) the degree ofu in G.
In other words,d(u) = |NG(u)|, where NG(u) de-
notes the neighbor set ofu in a graphG. If H ⊆ G

then dH (u) = |NH (u)| and d �H (u) = |NG\H (u)|. If
P ≡ 〈u = u0, u2, . . . , uk = v〉 is a path inG, then the
length of the pathP is k, i.e., the number of edges
P . By δ(u, v), we denote the length of a shortest pa
betweenu andv in G. On the other hand byδ(G) we
indicate the minimum of vertex degrees inG. V [G]
andE[G] are used to denote, respectively, the ver
set and edge set ofG.
tonian cycles or paths in graphs. In particular, bel
we list some of the conditions that are related to
results.

Theorem 1.1 (Dirac [3]). If G is a simple graph with
n vertices where n � 3 and δ(G) � n/2, then G is
Hamiltonian.

Theorem 1.2 (Ore [7]). Let G be a simple graph with
n vertices and u, v be distinct nonadjacent vertices of
G with d(u)+d(v) � n. Then G is Hamiltonian if and
only if G + (u, v) is Hamiltonian.

Theorem 1.3 (Bondy and Chvátal [1]). If G is a simple
graph with n vertices, then G is Hamiltonian if and
only if its closure is Hamiltonian.

Remark. The (Hamiltonian) closure of a graphG,
denoted byC(G), is the supergraph ofG on V (G)

obtained by iteratively adding edges between pair
nonadjacent vertices whose degree sum is at lean,
until no such pair remains. Fortunately, the clos
does not depend on the order in which we choos
add edges when more than one is available, i.e.,
closure ofG is well-defined (for a proof of this state
ment see [10]).

Theorem 1.4 (Ore [7]). If d(u) + d(v) � n for every
pair of distinct nonadjacent vertices u and v of G, then
G is Hamiltonian.

The main results of our paper are the following tw
theorems.

Theorem 1.5. Let G = (V ,E) be a connected graph
with n vertices and P be a longest path in G having
length k and with end vertices u and v. Then the fol-
lowing statements must hold:

(a) Either δ(u, v) > 1 or P is a Hamiltonian path
contained in a Hamiltonian cycle.

(b) If δ(u, v) � 3 then dp(u) + dp(v) � k − δ(u, v) +
2.

(c) If δ(u, v) = 2, then either dp(u)+ dp(v) � k or P

is a Hamiltonian path and there is a Hamiltonian
cycle.
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Theorem 1.6. Let G = (V ,E) be a connected graph
with n vertices such that for all pairs of distinct non-
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u1, u2, . . . , uk = v〉. Sinceδ(u, v) = 1, we in effect
have a cycleC ≡ 〈u = u0, u1, u2, . . . , uk = v,u0 = u〉
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adjacent vertices u,v ∈ V we have d(u) + d(v) +
δ(u, v) � n + 1. Then G has a Hamiltonian path.

It will be shown in this paper that famous Ore
conditions, listed above (Theorems 1.2 and 1.4),
rectly follow from our results. Also the introduction o
the parameterδ(u, v) in Theorem 1.6 seems to be si
nificant with respect to the related degree conditi
for Hamiltonian paths and cycles in graphs.

The rest of the paper is organized as follows.
Section 2 we present our main results. Section 3
tablishes the significance of our results. We concl
in Section 4 by introducing some open problems
future research.

2. Main results

We begin this section by presenting the followi
lemma.

Lemma 2.1. Let G = (V ,E) be a connected graph
with n vertices and P be a longest path in G. If P is
contained in a cycle then P is a Hamiltonian path.

Proof. SupposeP ≡ 〈u = u0, u1, u2, . . . , uk = v〉,
and P is contained in a cycleC ≡ 〈u = u0, u1, u2,

. . . , uk = v,u0 = u〉. Note thatV (C) = V (P ), since
otherwiseP would be a part of a longer path,
contradiction. Assume for the sake of contradict
that k < n − 1, i.e., P is not Hamiltonian path
Since G is connected, there must be an edge
the form (x, y) such thatx ∈ V (P ) = V (C) and
y ∈ V (G) − V (C). Let x = ui . Then there is a pat
P ′ ≡ 〈y, x = ui, ui+1, . . . , uk, u0, u1, u2, . . . , ui−1〉
with lengthk + 1, which is a contradiction, sinceP
is a longest path inG. �
Corollary 2.2. Let G = (V ,E) be a connected graph
with n vertices and P be a longest path in G. If P is
contained in a cycle then G is Hamiltonian.

Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. (a) Assumeδ(u, v) � 1. Since
the graph is connected,δ(u, v) = 1. LetP ≡ 〈u = u0,
and the result readily follows from Lemma 2.1.
(b) Assumeδ(u, v) � 3. In this case surelydp(u)+

dp(v) � k − δ(u, v) + 2 � k − 3 + 2 = k − 1, since
otherwise we would get a path fromu to v with length
less thanδ(u, v), a contradiction.

(c) Assume thatδ(u, v) = 2. Now note that we can
not claim thatdp(u) + dp(v) � k − δ(u, v) + 2 = k

by arguing contradiction onδ(u, v) as we did in (b)
because now there is a common vertex adjacen
both u andv. However, we argue in a different wa
as follows. Assume thatdp(u) + dp(v) � k + 1 =
|V (P )|. We rewrite the pathP as follows: P ≡
〈v = w1,w2, . . . ,w|V (P )|−1,w|V (P )| = u〉. Now we
will try to find out two crossover edges(v,wi+1)

and (wi, u) such that we get the cycleC = 〈w1,

wi+1,wi+2, . . . ,w|V (P )|−1,w|V (P )|,wi,wi−1, . . . ,w2,

w1〉. To see that this is possible, let us considerS =
{j | (v,wj+1) ∈ E} andT = {j | (wj ,u) ∈ E}. Since
S ∪ T ⊆ {1,2, . . . , |V (P )| − 1}, we have|S ∪ T | �
|V (P )| − 1. Again because,|S| = dp(v), |T | = dp(u),
anddp(u) + dp(v) � |V (P )|, we must have,

|S ∩ T | = |S| + |T | − |S ∪ T |
= dp(u) + dp(v) − |S ∪ T |
� dp(u) + dp(v) − (|V (P )| − 1

)

�
∣∣V (P )

∣∣ − ∣∣V (P )
∣∣ + 1

= 1.

HenceS andT must have a common subscript so th
the two crossover edges(v,wi+1) and (wi, u) exist
and we get the cycleC. So, in effect, we get a cy
cle C, which contains a Hamiltonian pathP ′ = 〈w1,

wi+1,wi+2, . . . ,w|V (P )|−1,w|V (P )|,wi,wi−1, . . . ,w2〉
(slightly different fromP ). Hence by Lemma 2.1 th
result follows. �
Corollary 2.3. Let G = (V ,E) be a connected graph
with n vertices, and P be a longest path in G having
length k < n − 1 and with end vertices u and v. Then
we must have dp(u) + dp(v) � k − δ(u, v) + 2.

Proof. Sincek < n − 1, P is not a Hamiltonian path
Hence by Theorem 1.5(a) we haveδ(u, v) > 1. Not-
ing that if δ(u, v) = 2, thenk = k − δ(u, v) + 2, by
Theorem 1.5(b) and (c) we thus havedp(u)+ dp(v) �
k − δ(u, v) + 2. �
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Now we are ready to give the proof of Theorem 1.6.
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Proof of Theorem 1.6. We prove it by contradiction
as follows. Assume that the condition holds but th
is no Hamiltonian path inG. Then letP ≡ 〈u = u0,

u1, . . . , uk = v〉 be a longest path inG. Surely,k �
n − 2 andδ(u, v) � k. Then by Corollary 2.3 we mus
havedp(u) + dp(v) � k − δ(u, v) + 2. Now we have,

d(u) + d(v) + δ(u, v)

= dp(u) + dp̄(u) + dp(v) + dp̄(v) + δ(u, v)

= {
dp(u) + dp(v)

} + dp̄(u) + dp̄(v) + δ(u, v)

�
{
k − δ(u, v) + 2

} + dp̄(u) + dp̄(v) + δ(u, v)

= k + 2+ dp̄(u) + dp̄(v)

� n − 2+ 2+ dp̄(u) + dp̄(v)

= n + dp̄(u) + dp̄(v).

SinceP is not a Hamiltonian path, by Theorem 1.5(
δ(u, v) > 1, i.e.,u, v are nonadjacent and hence w
haved(u) + d(v) + δ(u, v) � n + 1 according to our
assumption. We thus have,

n + dp̄(u) + dp̄(v) � n + 1

⇒ dp̄(u) + dp̄(v) � n − n + 1

⇒ dp̄(u) + dp̄(v) � 1.

Hence there is at least one edge of the form(x, y) such
that x ∈ {u,v} and y ∈ V (G) − V (P ) which means
that we get a longer path inG by adding the edge
(x, y) to P which is a contradiction and the result fo
lows. �

3. Significance of our results

A number of existing well known and very pow
erful theorems directly follow from our results as d
cussed below. Consider Theorem 1.1, i.e., Dirac’s c
dition. The proof of Dirac’s Theorem very clever
exploits the idea of extremality. The idea is: if the
is a non-Hamiltonian graph satisfying the hypoth
ses, then adding edges cannot reduce the minim
degree, so we may restrict our attention to maxim
non-Hamiltonian graphs with minimum degree at le
n/2. By “maximal”, we mean that no proper supe
graph is also non-Hamiltonian, soG+ (u, v) is Hamil-
tonian wheneveru, v are nonadjacent. Note that th
rest of the proof tries to find a crossover to constr
a spanning cycle [10]. The result provided by O
(Theorem 1.2) is in fact inspired form Dirac’s cond
tion. Ore observed that this argument usesδ(G) � n/2
only to show thatd(u) + d(v) � n. Therefore, we
can weaken the requirement of minimum degreen/2
and ask ford(u) + d(v) � n wheneveru, v are non-
adjacent. We also do not needG to be a maxima
non-Hamiltonian graph, only thatG+ (u, v) is Hamil-
tonian and thereby provide a spanningu, v-path. We
here show that Ore’s conditions, in fact, follow fro
our results. First we present the following lemma.

Lemma 3.1. Let G be a simple graph with n vertices
and u, v are distinct nonadjacent vertices of G with
d(u) + d(v) � n. Then δ(u, v) = 2.

Proof. Let us arrange the vertices ofG in a sequence
such thatV (G) = {v = w1,w2, . . . ,w|V (P )|−1,w|V (P )|
= u}. LetS = {j | (v,wj ) ∈ E} andT = {j | (wj ,u) ∈
E}. Since S ∪ T ⊆ {2, . . . , |V (P )| − 1}, we have
|S ∪ T | � |V (P )| − 2. Again because,|S| = dp(v),
|T | = dp(u), anddp(u) + dp(v) � |V (P )|, we must
have,

|S ∩ T | = |S| + |T | − |S ∪ T |
= dp(u) + dp(v) − |S ∪ T |
� dp(u) + dp(v) − (|V (P )| − 2

)

�
∣∣V (P )

∣∣ − ∣∣V (P )
∣∣ + 2

= 2.

HenceS andT must have common subscripts so th
we have edges of the form(u, x), (x, v) which implies
au, v-path of length 2. Sinceu, v are nonadjacent th
result follows. �

Now we are ready to prove that Ore’s theore
(Theorem 1.2) follows from our result.

Proof of Ore’s theorem (Theorem 1.2). One direc-
tion is trivial. So we prove the other direction
follows. By Lemma 3.1 sinceG satisfies the suffi
cient conditions, we must haveδ(u, v) = 2. Now since
G+(u, v) is Hamiltonian we must have a Hamiltonia
path sayP in G. SoP is a longest path inG. Since
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P is a Hamiltonian path, we havedp(u) + dp(v) =
d(u) + d(v) � n. Hence by Theorem 1.5(c),P is con-
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tonian. �

Now we will consider Theorem 1.4 which is als
due to Ore. Here again we bank upon the follow
lemma.

Lemma 3.2. Let G be a simple graph and d(u) +
d(v) � n for every pair of distinct nonadjacent ver-
tices u and v of G. Then δ(u, v) � 2 for every pair of
distinct vertices u and v of G.

Proof. First note that for every pair of distinct adj
cent verticesδ(u, v) = 1 < 2. Now we just need to
consider every pair of distinct nonadjacent vertic
Then the result follows readily from Lemma 3.1.�

Now we are ready to show that Theorem 1.4 a
follows from our result.

Proof of Ore’s theorem (Theorem 1.4). Since we
haved(u) + d(v) � n for every pair of distinct non
adjacent verticesu andv, by Lemma 3.2,δ(u, v) � 2
for every pair of distinct verticesu and v. And it is
clear that for every such pairu andv we must have
δ(u, v) = 2. Now for every pair of distinct nonadja
cent verticesu andv we have,

d(u) + d(v) � n > n + 1− 2= n + 1− δ(u, v)

⇒ d(u) + d(v) > n + 1− δ(u, v)

⇒ d(u) + d(v) + δ(u, v) > n + 1.

Thus by Theorem 1.6 there is a Hamiltonian pathP

(let) in G. Now P is a longest path inG. Let the end
vertices ofP bex andy. If we haveδ(x, y) = 1 then
by Theorem 1.5(a),P is contained in a Hamiltonia
cycle and henceG is Hamiltonian. Otherwise we mus
haveδ(x, y) = 2. And since we haved(u) + d(v) �
n > n − 1, by Theorem 1.5(b) againP is contained in
a Hamiltonian cycle and henceG is Hamiltonian. �

Notice that the sufficient conditions of Theorem 1
can be checked in O(n3) with an all pair shortest pat
algorithm (for instance, the Floyd–Warshall algorith
[2]).
In this paper we present two theorems (Th
rems 1.5 and 1.6) and show how the famous O
theorems (Theorems 1.2 and 1.4) follow from our
sults. The supremacy of our conditions is clear si
it requires less number of edges than similar exis
degree related conditions to ensure the existenc
Hamiltonian paths in a graph. Also it is proved in Se
tion 3 that our conditions are better than that provid
by Ore. Our results pose some new ideas espec
for the degree related conditions for the hamilton
ity of graphs, the introduction of the parameterδ(u, v)

being one of them. Since in Theorem 1.6 we have p
sented a sufficient condition for a graph to poss
a Hamiltonian path, the natural extension of this
search should be to find a similar condition for a gra
to be Hamiltonian. Also, an interesting idea would
to weaken our requirements of satisfying the condit
for all pairs of nonadjacent vertices and thereby, in
fect, lower the number of edge-requirements by
condition.

Acknowledgements

The authors would like to express their gratitude
the anonymous reviewers for their helpful suggestio

References

[1] J.A. Bondy, V. Chvátal, A method in graph theory, Discre
Math. 15 (1976) 111–136.

[2] T.H. Cormen, C.E. Leiserson, R.L. Rivest, Introduction to A
gorithms, MIT Press, Cambridge, MA, 1990.

[3] G.A. Dirac, Some theorems on abstract graphs, Proc. Lon
Math. Soc. 2 (1952) 69–81.

[4] M.R. Garey, D.S. Jhonson, Computers and Intractabil
A Guide to the Theory of NP-Completeness, W.H. Freem
and Company, New York, 1979.

[5] R. Hen, Another cycle structure theorem for Hamiltoni
graphs, Discrete Math. 199 (1999) 237–243.

[6] J. van den Heuvel, Hamilton cycles and eigenvalues of gra
Linear Algebra Appl. 226–228 (1995) 723–730.

[7] O. Ore, Note on Hamiltonian circuits, Amer. Math. Monthly 6
(1960) 55.

[8] A.D. Plotnikov, One criterion of existence of a Hamiltonia
cycle, Reliable Comput. 4 (1998) 199–202.

[9] U. Schelten, I. Schiermeyer, Small cycles in Hamiltoni
graphs, Discrete Appl. Math. 79 (1997) 201–211.

[10] D.B. West, Introduction to Graph Theory, Prentice-Hall, E
glewood Cliffs, NJ, 2001.


