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Abstract
This paper deals with the complexity issues of some new interesting spanning tree problems. Here we define some new
spanning tree problems by imposing various constraints and restrictions on graph parameters and present relevant results. Also
we introduce a new notion of “set version” of some decision problems having integer K < |V | as a parameter in the input
instance, where we replace K by a set X ⊆ |V |. For example, the set version of Maximum Leaf Spanning Tree problem asks
whether there exists a spanning tree in G that contains X as a subset of the leaf set. We raise the issue of whether the set versions
of NP-complete problems are as hard as the original problems and prove that although in some cases the set versions are easier
to solve, this is not necessarily true in general.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Spanning trees of a connected graph have always
been the focus of extensive research. Spanning trees
with various constraints and restricted conditions seem
to pose various interesting problems. For example,
consider the following problems and the known results.
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Problem 1.1 (Degree Constrained Spanning Tree
problem). Given a connected graph G = (V , E) and
a positive integer K < |V |, we are asked the question
whether there is a spanning tree T of G such that no
vertex in T has degree larger than K.
Theorem 1.2 (see [2]). Degree Constrained Spanning
Tree problem is NP-complete.
Remark (see [2]). Problem 1.1 remains NP-complete
for any fixed K  2.
Problem 1.3 (Maximum Leaf Spanning Tree problem).
Given a connected graph G = (V , E) and a positive

94

M.S. Rahman, M. Kaykobad / Information Processing Letters 94 (2005) 93–97

integer K < |V |, we are asked the question whether
there is a spanning tree T of G such that K or more
vertices in T have degree 1.
Theorem 1.4 (see [2]). Maximum Leaf Spanning Tree
problem is NP-complete.
Remark (see [2]). Problem 1.2 remains NP-complete
if G is regular of degree 4 or if G is planar with no
degree exceeding 4.
Spanning trees with restrictions on the number of
leaves have applications in communication networks
and circuit layouts (see [1,4]). In this paper we first
introduce some new problems (with relevant new results) where we impose various constraints and restrictions on parameters of spanning trees. Then we
introduce a new notion of “set version” of some decision problems having integer K < |V | as a parameter
in the input instance, where we replace K by a set
X ⊆ |V |. For example, the set version of Maximum
Leaf Spanning Tree problem asks whether there exists a spanning tree in G that contains X as a subset
of the leaf set. The complexities of the set versions
of various problems are discussed and we show that
remarkably “set versions” of some NP-complete problems are solvable in polynomial times although this
may not necessarily be the case all the time.
We denote by NG (x), the set of vertices (or nodes)
which are adjacent to x in graph G and its cardinality
by degG (x). The subgraph of G induced by a vertex
subset S is denoted by S and the union of NG (x)
for all x ∈ S is simply denoted by NG (S). V (G) and
E(G) are sometimes used to denote, respectively, the
vertex and edge sets of graph G. For a graph G, we
define ΠG = {v | v is a leaf in G}. The term X-nodes
indicates the vertices belonging to the vertex subset X
of a graph G. By a matching M of a graph G = (V , E)
from A to B, where A, B ⊆ V , we mean one such that
M ⊆ E, every edge of M joins a vertex of A to a vertex of B, every vertex of B is incident with at most
one edge of M and every vertex of A is incident with
exactly one edge of M. The vertices belonging to the
edges of a matching M are said to be saturated by M;
the others are unsaturated. A vertex set S is said to be
saturated by M if x is saturated by M for all x ∈ S.

2. New problems and results
In this section we introduce some new interesting
spanning tree problems and relevant results.
Problem 2.1 (Minimum Leaf Spanning Tree). Given
a connected graph G ≡ (V , E) and a positive integer
K < |V |, we are asked the question whether there is a
spanning tree T of G such that K or less vertices have
degree 1.
Theorem 2.2. Minimum Leaf Spanning Tree problem
is NP-complete.
Proof. This can be easily proved by restricting the
value of K to 2, since then we in effect, have to find
out a Hamiltonian path in G, which is an NP-complete
problem for general graphs [2]. 2
Problem 2.3 (Restricted-Leaf-in-Subgraph Spanning
Tree problem). Given G ≡ (V , E) be a connected
graph, X a vertex subset of G and a positive integer
K < |X|, we are asked the question whether there is
a spanning tree TG such that number of leaves in TG
belonging to X is less than or equal to K.
Theorem 2.4. Restricted-Leaf-in-Subgraph Spanning
Tree (RLSST) problem is NP-complete.
Proof. We prove this theorem by reduction. It is easy
to see that if we assume X = V then RLSST problem reduces to Minimum Leaf Spanning Tree problem
(Problem 2.1). Hence the result follows directly from
Theorem 2.2. 2
We now consider a variant of Maximum Leaf Spanning Tree problem (Problem 1.3) for bipartite graphs.
Problem 2.5 (Variant of Maximum Leaf Spanning Tree
for bipartite graphs). Let G be a connected bipartite
graph with partite sets X and Y . Given a positive number K  |X|, we are asked the question whether there
is a spanning tree TG in G such that number of leaves
in TG belonging to X is greater than or equal to K.
In the remaining of the section we investigate the
necessary and sufficient conditions for the existence of

M.S. Rahman, M. Kaykobad / Information Processing Letters 94 (2005) 93–97

such a spanning tree in a bipartite graph as defined in
Problem 2.5. First we present the following theorem.
Theorem 2.6. Let G be a connected bipartite graph
with partite sets X and Y and suppose K is a positive
number such that K  |X|. Then there is a spanning
tree T in G such that number of leaves in T belonging
to X is greater than or equal to K if and only if there
is a set S ⊆ X such that |X \ S|  K and S ∪ Y  is
connected.
Proof. The proof of the theorem is simple. We first
consider the “if part”. Suppose in G there is a set S
such that |X \ S|  K and S ∪ Y  is connected. We
can easily find a spanning tree T  for the graph S ∪Y .
Now suppose in T  number of leaves belonging to
S is K  . It is clear that 0  K   |S|. Now since
G is a connected bipartite graph, for each x ∈ X \ S
we can add an edge (x, y) such that y ∈ Y to get a
spanning tree T  of G. This would mean that for all
x ∈ X \ S, degT  (x) = 1. Now since |X \ S|  K so,
T  would necessarily be our desired spanning tree T .
Conversely, suppose G has a spanning tree T such that
number of leaves in T belonging to X is greater than
equal to K. Now let L be the set of leaves of T belonging to X. Since G is bipartite so in T , NG (L) ⊆ Y .
Hence if we delete the set L from TG we still get a
tree. This means that in G, (X \ L) ∪ Y  is connected.
Now since according to the assumption |L|  K so, in
effect we have established the existence of the set S
(≡ X \ L) in G as defined in the conditions. Hence the
result follows. 2
Now we present a more stringent condition for
the existence of desired spanning tree in a bipartite
graph G (as defined in Problem 2.5). The conditions
are presented in the form of following theorem.
Theorem 2.7. Let G be a connected bipartite graph
with partite sets X and Y and suppose K is a positive
number such that K  |X|. Then there is a spanning
tree T in G such that number of leaves in T belonging
to X is greater than or equal to K if and only if there
is a set S ⊆ X such that all of the followings hold true:
(a) |X \ S|  K,
(b) S ∪ Y  is connected, and
(c) for any subset S  ⊆ S, |NG (S  )|  |S  | + 1.
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Proof. We first prove the “only if part”. Suppose there
is a spanning tree T such that the number of leaves
in T belonging to X is greater than or equal to K. Let
L = {x | x ∈ X and degT (x) = 1}. So |L|  K. Now
define S = X \ L. Now it is clear that |X \ S|  K.
S ∪ Y  is connected since all L-nodes are leaves in
T and their deletion from T will create a tree spanning S ∪ Y . Let us now show that condition (c) holds.
Consider any subset S  ⊆ S. Let T  be the restriction
of tree T to subset S  ∪ NG (S  ). Then we have


 

degT (x) = E(T  )  S  ∪ NG (S  ) − 1
x∈S 



= |S  | + NG (S  ) − 1.

The first equality follows from the fact that each T  -arc
has exactly one end point in S  . The inequality is true
because T  does not contain any cycles. Thus,
 


NG (S  ) 
degT (x) − 1 + 1.
(1)
x∈S 

Note also that
for any x ∈ S, degT (x)  2
since x is not a leaf in T .

(2)

Inequalities (2) and (1) imply that




|S  | + 1 
degT (x) − 1 + 1  NG (S  ).
x∈S 

Now we need to show the “if part”. Assume that the
sufficient conditions are satisfied. Let G ≡ S ∪ Y .
G is bipartite with partite sets S and Y . Since G is
bipartite, the assumptions about S holds in G as well.
So we must have for any subset S  ⊆ S in G ,


NG (S  )  |S  | + 1 > |S  |.
Hence there is a matching M from S to Y by Hall’s
theorem [3]. Now F = (S ∪ Y, M) is a forest where
for all x ∈ S, degF (x) = 1. Now we show that there
exists a forest F such that degF (x) = 1 for all x ∈ S
as follows. We show it by an induction on the number of vertices with degree 1 in a forest. Let F  be the
forest containing F such that 1  degF  (x)  2 for all
x ∈ S and let S1 be the set of all vertices such that
degF  (x) = 1 for all x ∈ S1 . According to assumption
we must have NG (S1 ) > |S1 |. Hence there must be an
edge e joining S1 and Y \ NF  (S1 ). So in the forest
F  ∪ e, the number of vertices with degree 1 is fewer
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than |S1 |. Now we can obtain a spanning tree T  of
G when we add some edges to F between the connected components of F . Finally since G is connected
and bipartite, for each x ∈ X \ S, we can easily add an
edge (x, y) of G to T  where y ∈ Y , to get the desired
spanning tree T . 2
Remark. It is clear that with respect to Problem 2.5,
both the conditions stated above (Theorems 2.6
and 2.7) are equivalent to each other, Theorem 2.6 being much simpler. The justification of presenting both
the theorems lies partially in the fact that unfortunately
we are still unable to settle the issue of complexity for
Problem 2.5. However, the two theorems suggest two
ways of attacking the problem. As is evident from the
proof of Theorem 2.7, it seems that the bipartite maximum matching algorithm might be employed to solve
the problem. Also note that the “if part” of the proof
of Theorem 2.7 can be replaced by the proof of the
“if part” of Theorem 2.6 since the conditions of Theorem 2.7 is just a super set (conditions (a) and (b)
of Theorem 2.7 and the conditions stated in Theorem 2.6 are same) of the conditions of Theorem 2.6.
Nevertheless, we believe that the rather complicated
proof, using the idea of matching, presents a new direction to solve the complexity and algorithmic issue
of Problem 2.5.

3. The set version
In this section we first introduce a new notion of
“set version” for some well known decision problems.
Consider the input instances of Maximum Leaf Spanning Tree problem (Problem 1.3) where we have an
integer K  |V | as a part of the input and we are asked
the question whether there exists a spanning tree T in
the input graph such that T has K or more leaves. Our
notion of set version would pose a similar but different
problem where the integer K in the input instance is
replaced by a set X ⊆ V . To be specific we define the
corresponding set version of Problem 1.3 as follows.
Problem 3.1 (Set Version of Maximum Leaf Spanning
Tree problem). Given a connected graph G ≡ (V , E)
and X ⊆ V , we are asked the question whether there
is a spanning tree T such that X ⊆ ΠT , where ΠT =
{v | v is a leaf in T }.

Now we present a necessary and sufficient condition for the existence of such a spanning tree as described in Problem 3.1, in the form of Theorem 3.2.
As we point out later, the proof of Theorem 3.2 indicates the existence of a polynomial time algorithm
to find one such spanning tree as opposed to the NPcompleteness of the original problem (Problem 1.3).
Theorem 3.2. Let G = (V , E) be a connected graph,
X ⊆ V and Y = V \ X. Then there exists a spanning
tree T such that X ⊆ ΠT , if and only if both of the
following conditions hold true:
(1) Y  is connected.
(2) Every X-node has an adjacent node in Y .
Proof. First we prove the “only if part”: Suppose there
is a spanning tree T in G such that X ⊆ ΠT . In that
case it is easy to realize that Y  is connected since for
all x ∈ X, degT (x) = 1 and deleting X does not affect
the connectivity of the rest of the graph. The second
condition is also trivially true because otherwise two
X-nodes would be adjacent in T and thus one of them
could not be a leaf of T .
Now we need to prove the “if part”: Suppose conditions (1) and (2) are true. First we find a spanning tree
T  for Y , then connect each X-node to an adjacent
Y -node to get a desired spanning tree T . 2
The constructive proof of the sufficient part indicates the existence of a simple polynomial time algorithm to find such a spanning tree. So we in effect get
the following theorem.
Theorem 3.3. Set Version of the Maximum Leaf Spanning Tree problem is polynomially solvable.
Remark. Note that although the original Maximum
Leaf Spanning Tree problem is NP-complete the corresponding set version of the problem can be solved in
polynomial time.
Now we consider the set version of Problem 2.5
defined in Section 2 and its complexity issue.
Problem 3.4 (Set Version of Problem 2.5). Let G be
a connected bipartite graph with partite sets X and Y
and X1 ⊆ X. We are asked the question whether there
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is a spanning tree TG in G such that X1 ⊆ ΠT , where
ΠT = {v | v is a leaf in T }.
Theorem 3.5. Problem 3.4 is polynomially solvable.
Proof. The proof is simple and makes use of Theorem 2.6. From Theorem 2.6 it is clear that G has a
spanning tree as defined in Problem 3.4 if and only if
(X \ X1 ) ∪ Y  is connected. Since this can be decided
polynomially, the result follows. 2
The above discussion may lead us to believe that
the corresponding set versions of NP-complete problems are not as hard as the original ones. However,
this may not necessarily be the case as follows. We
here consider the set version of Problem 2.1, i.e., Minimum Leaf Spanning Tree problem.
Problem 3.6 (Set Version of Minimum Leaf Spanning
Tree problem). Given a connected graph G ≡ (V , E)
and X ⊆ V , we are asked the question whether there
is a spanning tree T such that ΠT ⊆ X, where ΠT =
{v | v is a leaf in T }.
By employing the same strategy used to prove Theorem 2.2 (NP-completeness of Minimum Leaf Spanning Tree problem), Problem 3.6 can also be proved
to be NP-complete by assuming any X ⊆ V such that
|X| = 2. So we in effect get the following theorem.
Theorem 3.7. Set Version of Minimum Leaf Spanning
Tree problem is NP-complete.
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also consider a variant of Maximum Leaf Spanning
Tree problem for bipartite graphs (Problem 2.5) and
present two necessary and sufficient conditions. However, we neither prove the problem to be NP-complete
nor have presented any polynomial time algorithm to
solve it. So the complexity of the problem still remains
an open question. In Section 3 we introduce a new notion “set version” and raise the issue of whether the
set versions of NP-complete problems are as hard as
the original problems. We here prove the set version
of Maximum Leaf Spanning Tree problem to be polynomially solvable. It seems that the set versions of
spanning tree problems should be generally easier to
solve because
(1) In the case of set version, the question about a
spanning tree should be answered only for one set,
and we might have a polynomial time algorithm
for answering the question;
(2) While in the original problem we might need to
answer the question for exponential number of
sets, and thus the corresponding algorithm might
need exponential time.
However, it is shown here that the idea that set version
is easier than the original problem may not necessarily be true in general. It seems that similar studies on
set versions of other NP-complete and new problems
would be interesting and should be a subject of future
research.
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