· Differentiation :

· Idea of a limit and the derivative as a limit. The gradient of a tangent as the limit of the gradient of a chord. Differentiation of standard functions.

· Differentiation of sum, product and quotient of functions, and of composite functions. Differentiation of simple functions defined implicitly or parametrically.

· Applications of differentiation to gradients, tangents and normals, maxima and minima, curve sketching, connected rates of changes, small increments and approximations.
LIMITS AND DIFFERENTIATION

( The limit of a function

Consider the function f(x) = x2 – x – 2

X
-1
-0.5
-0.2
-0.1
-0.01
0
0.01
0.1
0.2
0.5
1

F(x)
0
-1.25
-1.76
-1.89
-1.99
-2
-2.009
-2.09
-2.16
-2.25
-2

The table shows that as the value of x approaches 0, from either above or below, then the value of f(x) approaches –2.

Thus, -2 is called the limit of f(x) as x approaches 0.


As x ( 0, f(x) ( -2.

In general, as we consider values of x closer and closer to x = a, the value of a function f(x) approaches a finite value l , then l is called the limit of f(x) as x tends to a.

We write : 
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Example 1 :
Find the limit as h ( 0 of 2 – 3h + h2.

Example 2 :

Find 
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Example 3 :
Find 
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Example 4 :
Discuss the function f(x) = 
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Example 5 :
Find the limits of f(x) = 
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Properties :
If as x(a, f(x) ( l and g(x) ( k, then

(a) f(x) + g(x) ( l + k
(b) f(x) - g(x) ( l – k
(c) f(x) . g(x) ( l.k
(d) f(x) /g(x) ( l / k  (k ( 0)

Example 6 :
Find the limit of 
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( The Gradient of a Curve
The gradient of the curve y = f(x) at the point x = a is defined to be the gradient of the tangent to the curve at that point.


Consider the gradient of the curve y = x2 at the point P(1,1).

Since only one point is known, we cannot use gradient of straight line 
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However, we can obtain an approximate value for its gradient, by finding the gradient of a chord PQ, where Q is a point on the curve y = x2 close to P.

Value of x at Q
Value of y at Q
Gradient of PQ

2
4
3

1.5
2.25
2.5

1.1
1.21
2.1

1.01
1.0201
2.01

1.001
1.002001
2.001

As Q approaches P, the values of the gradient of PQ approach 2.

Consider the point Q, where x = 1 + h, y = (1 + h)2, then


gradient of chord PQ = 
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As 
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 and the gradient of PQ approaches that of the tangent at P.

Therefore, gradient of tangent at P = 
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( Differentiation From First Principles
The process of finding the gradient function is called differentiation from first principles.

For the curve y = f(x) the gradient function is called the derived function or derivative of f(x) and denoted by f ’(x), so that
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[image: image19.wmf]
Example, if f(x) = x2, then f ‘(x) = 2x

Consider the points P(x,y) and Q(x+(x, y+(y) on the curve y = x2, where (x is a small increase in x and (y is the corresponding small increase in y.

At any general point P(x, x2) with Q being the point (x+h, (x+h)2 ), 

the gradient of PQ is then 
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Therefore, the gradient of tangent at P = 
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In general, for the curve y = f(x), if P is the point (x, f(x)) and Q is the point (x+h, f(x+h)), then the 

gradient of chord PQ = 
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Therefore, the gradient of the curve at any point is given by 
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if this limit exists.

At P, y = x2
At Q, y + (y = (x + (x)2
          x2 + (y = x2 + 2x.(x + ((x)2

          ( (y = 2x.(x + ((x)2

              (y/(x = 2x + (x

The gradient of PQ = (y/(x = 2x + (x

As (x ( 0, (y/(x ( 2x

Therefore, the gradient of the tangent at P is 2x.
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Example 7 :
Differentiate from first principles the function y = x3.

Example 8 :
Differentiate from first principles 
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· Differentiation Rules :
(I) If 
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(II) If 
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, where k is a constant and u is a function of x, then 
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(III) If 
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Example 9 :
Find 
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 if (a) 
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It is necessary to rearrange some functions in order to differentiate them.
Example 10 :
Find 
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(

'

x

f

when (a) 
[image: image39.wmf])

3

(

)

(

-

=

x

x

x

f

, (b) 
[image: image40.wmf]x

x

x

f

4

)

(

2

+

=


Example 11 :
Find the gradient of the curve 
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 at the point (1,4). Hence find the equation of the tangent to the curve at that point.

Example 12 :

A particle moves along a straight line such that after t seconds, its displacement from a fixed point is s metres, where s = 10t2 - t3. Find

(a) an expression for the velocity, v ms-1, after t seconds,

(b) the velocity after 2 seconds and after 8 seconds.

The rule 
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can be applied to fractional powers of x.
Example 13 :

Differentiate (a)
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· Differentiation of Trigonometric Functions
For any function f(x),
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If f(x) = sin x, 
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Now, 
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Therefore, 
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Provided that x is measured in radians,
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Hence,        
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Similarly, it is found that 
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The above results are possible provided x is measured in radians.

Example 14 :

Find the smallest positive value of ( for which the curve y = 2( -3sin ( has a gradient of ½.

Example 15 :

Find the coordinates of the point on the curve 
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at which y has a stationary value and sketch the curve.

( The Exponential Function

 

Note that all the curves pass through (0,1).

Note :

1. Any member of the family of curves 
[image: image56.wmf]x
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 passes through this point.

2. The higher the value of the base a, the greater is the gradient of the curve at the point where it cuts the y-axis.

Now consider the following approximate values for the gradient of each curve as it cuts the y-axis.


Gradient at (0,1)

y = 1x
0

y = 2x
0.7

y = 3x
1.1

y = 4x
1.4

From this table we deduce that there is a number between 2 and 3, which we call e, for which the gradient of y = ex is 1 at the point C (0,1).

Now, consider the general form y = ax.

The gradient of y = ax at C is 
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Now, 
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Hence, 
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For 
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 which has a gradient of 1 at (0,1), 
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Clearly, 
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is an important function as it is the only function that remains unaltered when differentiated.

To summarise :
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and if y = 
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( The Logarithmic Function

1) ln x does not exist for negative values of x.

2) It is the inverse exponential function.
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When 
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Differentiating 
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 w.r.t. y, we have 
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Example 16 :
Write down the derivative of :

(a) 
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(b) 
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( Differentiation Of A Function Of A Function

Consider y = g(u) where u = f(x).

If (x is a small increase in x and (u, (y are the corresponding increases in u and y, then as (x(0,  (u and (y also tend to zero.

Hence, 
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Example 17 :

(i) Differentiate 
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(ii) Differentiate 
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Note : Try to carry out the substitution mentally with practice.
For eg, 
[image: image91.wmf])

1

ln(

3

+

=

x

y




[image: image92.wmf])

3

(

1

1

2

3

x

x

dx

dy

+

=

 = 
[image: image93.wmf]1

3

3

2

+

x

x

  (using u = x3 + 1 mentally)

Example 18 :

Find the derivative of 
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Note : Always simplify any function, whenever possible, before differentiation.

Example 19 :
Differentiate 
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In general, - if 
[image: image96.wmf],

cos

x

y

n

=

  
[image: image97.wmf]x

x

n

dx

dy

n

sin

cos

1

-

-

=


       
       - if  
[image: image98.wmf]x

y

n

sin

=

,   
[image: image99.wmf]x

x

n

dx

dy

n

cos

sin

1

-

=


( Differentiation of Products
Consider y = uv where u = f(x) and v = g(x). If (x is a small increase in x, and (y, (u, (v are corresponding increases in y, u, v, then 



y + (y = (u + (u)(v + (v)

           = uv + u(v + v(u + (u(v 

As y = uv,



(y = u(v + v(u + (u(v

Therefore, 
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When (x( 0,  
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(u ( 0, therefore, 
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that is,             
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Example, 
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Note :

Such derivatives can be written down directly with practice.

eg, 
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( Differentiation of Quotients

Consider 
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 where u=f(x)  and  v=g(x) as above, then
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       ORDER  IS  IMPORTANT!

Example, if 
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Note :
-    widely applicable to rational functions with 2 or more factors in the denominator.

· need to express the function as partial fractions before differentiating.

Example, 
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· Derivatives of the remaining trigonometrical functions
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and the general rule :

                                 
[image: image133.wmf])

(

)

(

)

(

ln

)

(

)

(

sin

)

(

)

(

cos

)

(

cos

)

(

)

(

sin

'

)

(

'

)

(

'

'

x

f

x

f

x

f

dx

d

e

x

f

e

dx

d

x

f

x

f

x

f

dx

d

x

f

x

f

x

f

dx

d

x

f

x

f

=

=

-

=

=


y





x





y=x2





y=x2





x





y








1
10
LCF/NYJC/2000


_1009004077.unknown

_1009004629.unknown

_1009004728.unknown

_1009004860.unknown

_1009088116.unknown

_1009088172.unknown

_1009088364.unknown

_1009089235.unknown

_1009089266.unknown

_1009089384.unknown

_1009089750.unknown

_1009090318.unknown

_1009090429.unknown

_1009090956.unknown

_1009091142.unknown

_1009091659.unknown

_1017122079.unknown

_1017122958.unknown

_1017122713.unknown

_1009091763.unknown

_1009091969.unknown

_1009093232.unknown

_1009091694.unknown

_1009091182.unknown

_1009091631.unknown

_1009091170.unknown

_1009091008.unknown

_1009090693.unknown

_1009090371.unknown

_1009090151.unknown

_1009089426.unknown

_1009089290.unknown

_1009089250.unknown

_1009089208.unknown

_1009088297.unknown

_1009088131.unknown

_1009015674.unknown

_1009004821.unknown

_1009004703.unknown

_1009004494.unknown

_1008747368.unknown

_1008768030.unknown

_1008770178.unknown

_1008999329.unknown

_1008999643.unknown

_1009002176.unknown

_1009002447.unknown

_1009003490.unknown

_1009003750.unknown

_1009003917.unknown

_1009003981.unknown

_1009003886.unknown

_1009003706.unknown

_1009003254.unknown

_1009003348.unknown

_1009003173.unknown

_1009002286.unknown

_1009002421.unknown

_1009002211.unknown

_1009001300.unknown

_1009001439.unknown

_1009002147.unknown

_1009001424.unknown

_1008999756.unknown

_1008999775.unknown

_1008999669.unknown

_1008999438.unknown

_1008999524.unknown

_1008999541.unknown

_1008999414.unknown

_1008999363.unknown

_1008775214.unknown

_1008999001.unknown

_1008999190.unknown

_1008999268.unknown

_1008999120.unknown

_1008998823.unknown

_1008998863.unknown

_1008998730.unknown

_1008770864.unknown

_1008772059.unknown

_1008772292.unknown

_1008771972.unknown

_1008770650.unknown

_1008770786.unknown

_1008770301.unknown

_1008768412.unknown

_1008769232.unknown

_1008769295.unknown

_1008770034.unknown

_1008769276.unknown

_1008768840.unknown

_1008769206.unknown

_1008768507.unknown

_1008768206.unknown

_1008768359.unknown

_1008768390.unknown

_1008768234.unknown

_1008768108.unknown

_1008768186.unknown

_1008768067.unknown

_1008747498.unknown

_1008747642.unknown

_1008767750.unknown

_1008767880.unknown

_1008767915.unknown

_1008767864.unknown

_1008749913.unknown

_1008747570.unknown

_1008747373.unknown

_1008665616.unknown

_1008745179.unknown

_1008745445.unknown

_1008745750.unknown

_1008747248.unknown

_1008747321.unknown

_1008747234.unknown

_1008745486.unknown

_1008745238.unknown

_1008745290.unknown

_1008745219.unknown

_1008744566.unknown

_1008745140.unknown

_1008665692.unknown

_1008664772.unknown

_1008665039.unknown

_1008665085.unknown

_1008664814.unknown

_1008664618.unknown

_1008664663.unknown

_1008661588.unknown

