PROBLEM 1 : Find two nonnegative numbers whose sum is 9 and so that the product of one number and
the square of the other number is a maximum.

PROBLEM 2 : Build a rectangular pen with three parallel partitions using 500 feet of fencmg What
dimensions will maximize the total area of the pen ?

PR_OBLEM 3 : An open rectangular box with square base is to be made from 48 ft.2 of material. What
dimensions will result in a box with the largest possible volume ?

PROBLEM 4 : A container in the shape of a right circular cylinder with no top has surface area 37 ft2
- What height h and base radius r will maximize the volume of the cylinder ?

PROBLEM 5 : A sheet of cardboard 3 ft. by 4 ft. will be made into a box by cutting equal-sized squares
from each comer and folding up the four edges. What will be the dimensions of the box with largest
volume ?

PROBLEM 6 : Consider all triangles formed by lines passing through the point (8/9, 3) and both the
x- and y-axes. Find the dimensions of the triangle with the shortest hypotenuse.

- PROBLEM 7 : Find the point (x, y) on the graph of y = sqrt(x) nearest the point (4, 0).

PROBLEM 8 : A cylindrical can is to hold 20 & m” The material for the top and bottom costs $10/m? and
material for the side costs $8/m* Find the radius r and height h of the most economical can.

PROBLEM 9 : You are standing at the edge of a slow-moving river which is one mile wide and wish to
“return to your campground on the opposite side of the river. You can swim at 2 mph and walk at 3 mph.
You must first swim across the river to any point on the opposite bank. From there walk to the
- campground, which is one mile from the point directly across the river from where you start your swim.
What route will take the least amount of time ?

PROBLEM 10 : Construct a window in the shape of a semi-circle over a rectangle. If the distance around
the outside of the window is 12 feet, what dimensions will result in the rectangle having largest pOSS1ble
area ? '

~ PROBLEM 11 : There are 50 apple trees in an orchard. Each tree produces 800 apples. For each
additional tree planted in the orchard, the output per tree drops by 10 apples. How many trees should be
~added to the existing orchard in order to maximize the total output of trees ?

PROBLEM 12 : Find the dimensions of the rectangle of largest area which can be inscribed in the closed
region bounded by the x-axis, y-axis, and graph of y=8-x° . (See diagran.)

"PROBLEM 13 : Consider a rectangle of perimeter 12 inches. Form a cylinder by revolving this rectangle
about one of its edges. What dimensions of the rectangle will result in a cylinder of maximum volume ?




PROBLEM 14 : Find the dimensions (radlus r and height h) of the cone of maximum volume Whlch can
be inscribed in a sphere of radius 2.

PROBLEM 15 : Find the length of the shortest ladder that will reach over an 8-ft. high fence to a large
wall which is 3 fi. behmd the fence. (See diagram.)

k . ladder

wall

PROBLEM 16 : Find the point P = (x, 0) on the x-axis which minimizes the sum of the squares of the
- distances from P to (0, 0) and from P to (3, 2).

PROBLEM 17 : Car B is 30 miles directly east of Car A and begins moving west at 90 mph. At the same
moment car A begins moving north at 60 mph. What will be the minimum distance between the cars and
at what time t does the minimum distance occur 7




SOLUTION 1 : Let variables x and y represent two nonnegative numbers. The sum of the two numbers
is given to be '
9=x+ty,
so that
y=9-x. :
We wish to MAXIMIZE the PRODUCT
P=xy.

However, before we differentiate the right-hand side, we will write it as a function of x only. Substitute
for y getting

P=xy

P=x(9-x).

Now differentiate this equation using the product rule and chain rule, getting
P'=x(2) (9-x)(-1) + (1) (9-x)*

=(9-x)[-2x+(9-x) ]

={9-x)[9-3x ]

=(9x) ) 3x]

=0

for x=9 or x=3 .

Note that since both x and y are nonnegative numbers and their sum is 9, it follows that 0 < x < 9. See
the adjoining sign chart for P'.

x=0 X=3 X=9
y=9 y=0b y=0
P=0 P=108 P=0

If x=3 and y=6 , then P= 108 is the largest possible product. -




SOLUTION 2 : Let variable x be the width of the pen and variable y the length of the pen. The total amount of
- fencing is given to be

y

500 = 5 (width) + 2 (length) = 5x -+ 2y, so that
2y=500-5x or
y=250-(5/2)x.

We wish to MAXIMIZE the total AREA of the pen
A = (width) (length) =x vy . '

However, before we differentiate the right-hand side, we will write it as a function of X only. Substitute for y
getting :
A=xy

A =x (250 - (5/2)x)
A =250x - (5/2)x2 .

Now differentiate this equation, getting
'=250-(5/2)2x

A=250-5x
A=5(50-x)
A =0 for x=50.

Note that since there are 5 lengths of x in this construction and 500 feet of fencing, it follows that 0 < x < 100 .
See the adjoining sign chart for A'. '

x=0 250 =100
y=250 y=125 y=0
A=0 A=6250 A=0

If x=50 ft. and y=125 fi., then A = 6250 ft* is the largest possible area of the pen.




SOLUTION 3 : Let variable x be the length of one edge of the square base and variable y the height of the box.

‘The total surface area of the box is given to be

48 = (area of base) + 4 (arca of one side) = x* + 4 (xy) ,
so that 4xy =48 -x* or

y=(48 -x?/ (4x) or

y = 48/(4x) - x2/ (4x) or

y=12/x -x/4

We wish to MAXIMIZE the total VOLUME of the box
V = (length) (width) (height) = (x) (x) (S() =x’y.
However, before we dlfferentlate the right-hand side, we will write it as a function of X only. Substitute for y
gettlng

V=x’y

V =x2(12/x - x/4) |

V=12x-(1/4)x>.

Now differentiate this equation, gettlng
V'=12-(1/4)3x*

V7 =12 - (3/4)%

= (3/4)(16 - x*)

= (3/4)(4 - X)(4 + x)

=0 for x=4o0rx=-4.

Butx #-4  since variable x measures a distance and x > 0 . Since the base of the box is square and there are 48
ft? of material, it follows that 0 < x <sqrt(48) . '




See the adjoining sign chart for V' .

If x=4ftandy=21ft.,then V=

w=1 X= \’4_8
y=2 y=0
V=32 V=0

32 ft.3 is the largest possible volume of the box.




SOLUTION 4 : Let variable  be the t'adius of the circular base and variabie h the height of the
cylinder.

The total surface area of the cylinder is given to be

{

8w = (area of basé) + (area of the curved side)

=mr® 4 Qur)h,
so that |
| omh=3m~wr?
‘-.'or
8~ wr?
b= -
: m%m{l{ﬁ}r.

We iwish fo MAXIMIZE the total VOLUME of the cylinder
V' = (area of base) (height) = w72k .

However, before we differentiate the right-hand side, we will write it as a function of r only. Substitute
for 4 getting - . E




= (3/2)mr ~ (1/2)mr® .
Now differentiate this equation, getting

V' = (8/2)r ~ (1/2)n3r% .

= (321"

- (3/9)(1 - r){1 +7)

for
r=lorr=-1.
- But r # —1 since variable » measures a distance and » > 0 . Since the base of the box is a circle and

there are 37 ft.2 of material, it follows that § < r & +/3 . See the adjoining sign chart for V' .

+ 0 —
=1
h=1
| v=TC
If_" | |
| r=11t.and #=1 .,

V= _ft.3

is the ldrgest _possible volume of the eylinder.




SOLUTION 5 : Let vanable x be the length of one edge of the square cut from each corner of the sheet
of cardboard.

4

After removing the corners and folding up the flaps, we have an ordinary rectangular box.

- We Wlsh to MAXIMIZE the total VOLUME of the box

V= (length) (width) (height) = (4-2x) (3—2x) (x)
Now differentiate this equauon usmg the t:nple product rule, getting
| | = (-2) (3-2x) (x) + (4-2x) (-2) (%) + (4-2x) 3-2) (1) -
= -6 + dx? - 8x + dx? + 4x% - 14x + 12
1222812
—4(32-Tx+3)
=0 |

fo‘r'(.Use the quadratic formula.j

| m{m-?):i: (—7 —4(3; @ m‘sfﬁ |

23 R




ie., for
2080 or 2 LYY .

But & # 1.77 since variable x measur.es a distanée. In addition, the short edgé of the cardboard is 3 ft.,

so it follows that @ < & < 1.50 . See the adjoining sign chart for V.

o+ o -
—— 'S
x=0.57
V=3.03
If |
w057 ft.,
then |
V308 1 |

-is largest possible volume of the box.




SOLUT TON 6 : Let variable x be the x—mtercept and variable y the y- mtercept of the Ime passing
throught the point (8/9,3).

(8/9,3)

%, 0)

X

Setupa relationship between x and y using similar triangles.

|

(89, 3)

8/9

- One relationship is -




z @870
so that
3
T

We wish to MINIMIZE the length of the HYPOTENUSE of the triangle
= /a2y .

However, before we differentiate the rlght-hand side, we w111 write it asa funct1on of x only. Substltute
for y getting _

ﬁéﬁ/_ FERY
‘V/ + (w Sjﬁl

Now differentiate this equation using the chain rule and quotlent rule, getting

—1f w ) --
H = (iff«’?{@*”*‘(w sfﬁ)) 1 2{2”2(4&* 819) - ag;(&;@}fw}(ﬂ}

' (Factor az out of the b1g brackets and sunphﬁr )

3\~ s -83 ).
"‘(m}(ﬁz ‘“*“( /ﬂ)) (23{*""*" @ i}ﬁ} (wms;mﬁ} |
o W -
- " {e 8108 8{9}3
=0, )
" s0 that (I.flg = , then 4=0.)
L ﬁ




By tactoring out x , it tollows that

so that (If AB= 0, then A=0 or B=0.)

x=0 |
(Impossible, since x> 8/9. Why ?) or
8 |
1 -y
{z — B8/0)°
| Then
1 8
(w879’
 so that ’
(x-8/9Y° =8,
x-8/9=2,
and -
x=26/9.

See the .adjoining‘sig/n chart for /' .

x=8/9 - 3;26!9
L yml3f3

H=13/T3/9=5.21 "

if

x=26/9 and y=13/3,

then

("I

ﬁ'w wﬁﬁi

is the shortest possible hypotenuse.

w




. 4 . H )

' SOLUTION 7 :Let .(x? y) represent a randomly chosen point on the graph of ¥ =/ .
Y |
J ' ' : ' :

] y= "‘—K \

(4, 0)

" 'We wish to MINIMIZE the DISTANCE between points (x, ) and (4, 0) ,

¥
e

b= JE-FFG-0F
= JGoER.

© However, before we differentiate the right-hand side, we will write it as a-function of x only. Substitute
for y getting ' : : "

L= JE-DEF R

=G %)ﬁ TP
' Now differeﬁtiate this equa}tion using the ch%tin rule, Vgetting
ﬂ?ciz%)(zwé}w ) (2o -8 +1}

2 -7

T oz AR+ g2

 so that {aIf ﬁ- ={§ , then 4=0 .)




- or

L

2x-7=0,

x=7/2.

See the adjoining sign chart for L' .
% o+ _
/] ’ L’
X=0 - x=72
y=0 y=\7/2 =187
L=4 L=VI5/2 =194
. x=7/2 gnd g= \/?ﬁms 1_.3? ,
fheh | B

L= w- 1.04

i the shortest possible distance from (4; 0) to the graph of g = ‘/ﬁf .




SOLUT TON 8 : Let varIable r be the radlus of the circular base and vanable h the helght of the
cyhnder

/’I_ﬁ———_—-\“\
\,‘____.__‘-;__‘_—_d_’,/

...................

" The total volume of the cylinder is given to be

= (area of base) (height) = (ar?)h ,

sothat

20

_2
=5 -
We wish to MINIMIZE the total COST of consfruction of the cylinder
C = (total cost of bottom) + (tdtal cost of top) + (total cost of side)

= (umt cost of bottom)(area of bottom) -+ (unit cost of top)(area of top) + (unit cost of side) (area of
side} - _

= $10(rr?) + 810(r?) + $5(2arh) )

. (For convenience drop the $ signs until the end of the problem.)

= 30ur? 4+ 167rh .

- However, before we differentiate the right-hand side, we will wnte itasa functlon of r only. Substitute

for A getting

¢ =20n+? + 1677h




= rr® 4 lﬁw(g)

= 20mr? + 320m
Now différcntiate this equation, getting
—c

(Get a common déﬁomhlator and combine fractions.) 7
= @ﬂ%{ﬁ} . 20
B T8 r2
_ 40%r° ~ 3207

r2

_ d0s(r*~8)

so that (Ifg =0 , then 4=0 )

or

r=2.

Since variable  measures a distance, it must sﬁtisfy r>0.See the adjoining sign chart for ' .
Z - 0+ |
. ‘ - A . V C =

=0 2
| | ~ h5
C=240m. 2754




If

then

=2 m. and =5 m. ,

O = 82407 s §T54

is the least possible cost of construction.




SOLUTION 9 : Let variable x be the distance denoted in the given diagram.

——— 1mi —
x 1-x campgmtmd
1 mi. | ..1+x2 |

Tiver | )

o
you

Assume that you travel at the following rates :

.SW'IM : 2 mph
WALK :3 mph.
Recall that if travel is at a CONSTANT rate of sﬁeed, then |
(disté.nce traveled) = (rate of travel) (time elapsed)
or | |
D=RT,

so that time elapsed is

P

wls

We wish to MINIMIZE the total TIME elapsed
" T'=(swim time) + (walk time)

= (swim distance)/(swim rate) + (walk distance)/(walk rate)

mv’i«}-mgé‘lm;z

2 3
= (12)TF 2%+ (1/8) ~ (1/3)z .

Now differentiate this equation, getting

T =/ )-8




so that

and

Square both sides of this equation, getting

ol =4(1+ D) =4+ 4,

so that
5x2=4,
X2 =4/5 .
or
48
V5

But @ 3¢ — since variable x measures a distance and 4 < # £ 1 . See the adjoining sign chart for T".

If

" then

is the shortest possible time of travel.




- so that

We wish to MAXIMIZE the total AREA of the RECTANGLE

SOLUTION 10 : Let variable x be the width and variable y the léhgth of the rectangular portion of the

window.

X
The semi-circular portion of the window has length

C=@aeRE) =2 |

. N

The perimeter (distance érbﬁnd oﬁfsiég? clngz) of themndowmgl'\;ento be

-

12

12:y+x+y+7_rx/2=2y+"x+7rx/2'

or- -

4= (w1dth) (length)y=xy .

However before we differentiate the rlght-hand side, we will write 1t asa functlon of x only. Substltute

for b% gettmg

A=xy
- - = 2(6 — (1/2)z — (x/4)z)
= G — {1/2)3:2 (?“f4}ﬂ’2

Now differentiate this equation, getting




~ then

A =6 (1/2)(2)z — /)2

=6 (14 7/

for

6 12
T l4w/2 24w’

b 4

ie.,
@ oew 2,88

Since variable x measures distance, # 2 @ . In addition, x is largest when y = 0 and the window is in

the shape of a semi-circle. Thus, § <z < e s 4.67 (Why ?). See the adjoining sign chart for 4.

._ — : A’
=0 . x=233 |
y=> y=3 .
A=0 - A=699 | .
It | - |
| z 7 2.33 . and y=3 fi., i

An6.00 12

is the largest possible area of the rectangle.




SOLUTION 11 : Let variable x be the ADDITIONAL trees planted in the existing orchard. We wish to
MAXIMIZE the total PRODUCTION of apples

| P = (number of trees) (apple output per treé)
| = (50+x)(800-10x)
= 40,000 + 300 x - 10 %2 .
Now differentiate this equation, getting - |
B P'=300-20x
=20(15-x)
=0
for

x=15.

See the adjoining sign chart for P'.

9 + o -
S x=0 - x=15 |
P-40,000  P-42.250

If

x = 15 additional trees ,

_then

P=42250 apples

is the largéét possible pr'oduction of apples. _' '




SOLUTION 12 : Let variable x be the length of the base and variable y the height of the inscribed
rectangle. ' : ' -

We wish to MAXIMIZE the total AREA of the rectangle - L
A = (length of base) (height) = xy .

However, before we differentiate the right-hand side, we will write it as a function of x only. Substitute
for y getting | : -

A=xy
=x(8-2%)
= 8x-_§c4 .

Now differentiate this equation, getting

.50 that




and
z=2 196

Note that @ < & £ 2 . See the adjoining sign chart for 4' .

Solutions to Maximum/Minimum Problems .- - http://www.math.ucdavis.edw-kouba/CalcOne DIRECTORY/maxmin...

+ 0 -

| x=2'7

y=6 y=0
A A0
CA=6(2 )=760

If
w=21% 126 andy=6,

then
4=6(24%) 2 7.60

- i3 the largest pbssible area for the inscribed rectangle.




'SOLUTION 13 : Let variable r be the length of the base and variable / the height of the rectangle.

I
It is given that the perimeter of the rectangle is -
12=2r+2h
- S0 fshat' .
2h=12-2r
and
h=6-r.

' We wish to MAXIMIZE the total VOLUME of the resulting CYLINDER |

V= (afea of base) (height) é_m{méja )

However, before we differentiate the right-hand side, we will write it as a function of r only. Substitute
for h getting ' T

¥V =ar?h
=ar? (8- 7)
=a{6r? - r3) . |
| Now differentiate this equation, getfing

¥V = w(12r - 377)




== 7{3r){(4 ~ »)
= 3rr(d—1)

for
=0 or r=4 .

Since variable » measures distance and the perimeter of the rectangle is 12, 8§ < r < 6 . See the

adjoining sign chart for 7" .

+ 0 -
=4
b2 . h=0

V=3m=10053 V=0

If
r=4ﬁ.andk=_2ft.,
) then |

V = 32x & % ~ 10053 £

is the largest possible volume for the cylinder.




SOLUT. IGN 1 4 j Let vanable » be the radius of the clrcular base and varlable h the height of the
insctibed cone as shown in the two-dlmensmnal side view. _

two—
C | dimensional
: _ side view

It is given that the circle's radius is 2. Fmd a relatlonshlp between rand h . Let Varlable z be the helght
of the small right trlangle :




two—
dimensional -
side view

7

'By the Pythagorean Theorem it follows that

" . or

PP =22
50 that |
2224'_'7?'2 o
z=nfd—12

{
Thus the height of the inscribed cone .is | _
h=2+4z=24VI-10.
We wish to MINIMIZE the total VOLUME of the CONE
’ | | V= (1/8}r%h .

However, before we differentiate the right-hand side, we will write it as a function of 7 only. Substitute
for £ getting :

y= (1/8)nr*h




= (1/8)mr(2 + VI~ 1r7) .
. Now differentiate this equation using the pfoduct rule and the chain rule, getting

V= (1}3}««#{3 +(1/2)4 ~ é)**ﬂiwzw}} +{1/3)m2r(2 + VA= 77)

(Factor out (x/3) , get a common denominator, and simplify fractions.)

e )

:s{v,——-w (2%/4 ﬁ)ﬂ}

o e %2?!(2+af4“f§)w/4“?‘§
“‘”{ W }

- ;?";{“‘““3. +2r(2/E= 77 4 (4 - *‘233}
I e
" (Fﬁctor out () .)

~r? 4 2(2W + (4~ 1'2))
= m{r){ JisE | }

~ so that (f48=0, then 4=0 or B=0 2

or

mw«%z&r‘“@ 7 (- rﬁ)}
V‘ém}

i.e_., (If. § =={} , then 4=0 )

e L IS (A=) =0,

Then (Isolate the square root ierm.)

_4W+8mﬁvﬁm%,




(Square both sides of this equation.) |

18(VEZ79)® = (3% ~ 8)%,

16(4-72)=9+*-48+2+ 64,
64-16r2=9r"-48 > +64,
32/2.9/4=0,

P2(32-972)=0,

so that
r=10
or |
| .3279r.2%'0, |
=329,
.01' 2 | . o
r =k /300 = 1433 2180 .

But r # —d4/2/3 Sin_ce variable » measures a distance and 8 £ %-';5 2 . Sec the adjoining sign chart

for”'.

% ‘+ N o - | Z -

r=0 Cor-4fipa18y =2
h=-4 . h=803z267  h=2
V=0 V=256m/81.2992 V=8m/32837
If | | | |
r=4y/3/3 7 180 and b= 8/3 ~ 267,
theﬁ |

V0903

i the lareest nnssible volume. for the inscribed cone.




' S(?LUT ION 15 JLet variable L be the length of the Iadder resting on the top of the fence and touching
the wall behind it. Let variables x and y be the lengths as shown in the diagram.

| ' X ————

~Write L as a function of x . First find a reIat1onsh1p between yand x usmg similar triangles. For
example, : :

v__8
2 -3
$0 that
_ 8
¥ z-3 )
We wish to MINIMIZE the LENGTH of the ladder .
f:3 +y2.

Before we dlfferentlate rewnte the nght-hand s1de asa ﬁ.mchon of x only Then

L= JW
x/m’%(ﬂ)




Now differentiate this equation using the chain rule and quotient rule, getting .

) -1/ {2 " (= “3}2{128(1) : :gjmz}ﬁffa - 3}} |

o= (1;2}(& oI

(Factor out 64x and (x-3) from the numerzitor of the fraction inside the bréckets.)

,._..(1!2}{%2-«% 3)?*)4&{ 6a(s - f;fif;)é%} 223}

~ (Divide out a factor of (x-3) and sxmphfy the ent;re expression.)

Gda{ -B)
(= - 3)

T
o o

2z 4+

(Factor out 2x from the numerator.)

~192 §
w5/

. 6422
o

2w{§ +

{1 (m 3}3}

| 64z
i/ga e

.-zo’

S0 that (If g éf} ,thenA=O_.) _7

zz{l f@iﬁiﬁ} =0 .
Then (if 4B = o,fhenA= 0orB=0.)
| x=0
or
192
T @-9F




1= wi%
| T {z~-3)%
(x-3)° =192,
z-3=192" w577,
~and
wr 87T .

Note that x > 3 . See the adjoining sign chart for .

%— 0o+

x=3 x = 8,77
y=12.16
Lg 14.99

If |
@#2 BT fi.and y A 16.67 fi.,
then | |

'* | . LmITef

i the length of the shortest possible ladder.




SOLUTION I6

6.2)

0.0  ®0

- Let variable S be the sum of the squares of the distances between (0, 0) and (x, 0),

(VE-0FFO- ) =,

and between (3, 2) and (x, 0) ,

We wish o MINIMIZE the SUM of the sqﬁaxes of tl\ie distances
§=x%+ (%% -6x +13 )= 2x> -6x +13 .

Now differentiate, getting

)

S’=_4x _-6‘
= 4(x - 3/2)
=0
for
| x=3/2.
 See the adjoining sign chart for §'. o ‘ |
= o+
X=3/2




=172
If
x=3/2,
then
§=17/2

is the smallest sum.




SOLUTION 17

30.mi. _
9 : ' 9

car A car B

Assume that the two cars travel at the following rates :

- CAR A :60mph
CARB :90mph -

Let variable x be the distance car A travels in ¢ hours, and variable y the distance car B travels in ¢
hours. Let variable L be the distance between cars A and B after ¢ hours. '

car A

k.

30-y ¥
o | car B
Thus, by the Pythagorean Theoifem 'distdnce Lis | | |
L= wﬁ;i;' Sﬁmy

'Before we differentiate, we wﬁl rewrite the rlght hand 31de asa ﬁmctxon of t only Recall that 1f travel
is at a CONSTANT rate then. - : |

(distance traveled) (rate of travel) (time elapsed) .
Thus, for car A the distance t_rave_:led after thours is
(Equation1) | |

x=60¢,




and for'car B the distance traveled after £ hours is '
(Equation 2 )
| y=90t.

Use Equations 1 and 2 to rewrite the equation for L as a function of ¢ only. Thus, we wish to
MINIMIZE the DISTANCE between the two cars

L= /?+ (80 —yP

Differentiate, using the chain rule, getting_- '
I = (1/2)(3600¢ + (30 - 90¢)%) """ {7200% + 2(30 - 005)(~00)}
_ 28,400t ~ 5400
© 24/3600 + (30 ~ 906)%
- _o

sothat(Ifg ={} ,thend=0.)
23,400 £-5400=0,
and
tm028.

See,ther adjoining sign chart for L'.

% N R
=0 Cot=023
x=0 . x=1385

| ¥ 220.77

122496

s
L&
&

If

¢ % 0,28 hrs. = 13.8 min.




22 13.85 mi. , g0 2077 mi.

and

L 84968 mi '

" is the shortest possible distance between the cars.

, P - - e

QU




