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STANDARD INTEGRALS
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Question 1 (15 marks)  Use a SEPARATE writing booklet.

1
(a) Find |-———e—-dx.
N7 -6x—x*

F4

6
b) Evaluate I sec4xtan 4xdx .
0

(). (@ Find the real numbers 4, B and C such that

8 A +Bx+C
(x+2)x>+4) x+2 x*+4°

. 8
(ii)  Hence find —)(—) dx.
(x+2)x2 +4

dx.

o x
(d) Use the substitution ¢ = tan 5 to evaluate

z

z 1
£l—cosx
3

T

6
(® Evaluate j xcos xdx
0
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Question 2

@)

(®)

©

(d)

(©

(15 marks)  Use a separate writing booklet.

Given the complex number z =1- ir/3, find

0 lz“l"i_l

(ii) argz

Write (1+\/§z’)“1 in modulus/argument form.

Sketch the locus of the following. Draw separate diagrams.

0 arglz-1-2i)=Z

4
. z-2 V4
11 ar =—
) g(z+2i) 2

1) Find in modulus-argument form all solutions of the equation

z® =1.Plot and clearly label the roots on an Argand diagram.

(i) Factorise z° -1 completely into linear factors.

b I

O T e
/ £

In the Argand diagram above, the two points 4 and C lie on the
circumference of the circle with centre the origin and radius 1.
They represent the complex numbers z, and z, respectively.

@) Copy the diagram into your answer booklet and mark on
your diagram the position of the point B that represents

the complex number z, +z,.

(i)  Explain why 4AC is perpendicular to OB.

Marks




Question3  (15marks)  Usea SEPARATE writing booklet.

(@

If @ is one of the complex cube roots of unity, write down the other
complex cube root.

(b)  The diagram shows the graphof y = f (x).

©

(d)

‘,y

ﬁ/_l\ m N

_9 ) X

Draw separate sketches of the following. Each diagram should take
about 10 lines.

. 1
® y=
f(x)

i  y=yrk)

(i) y= e ®
x2 y2

Consider the ellipse E with equation —+=—=1.
25 16

(i) Find the points of intersection of £ with the x and y axes,

and the eccentricity and the foci of E.
(ii) - Write down the equations of the directrices of E.

(iii)  Sketch E.

Prove by induction that (cos +isin o) = cos(nf)+i sin(n8)
for all integers n21. ‘
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Question4 (15 marks)  Use a SEPARATE writing booklet. Marks

(a) The area between the curve y =sinx and the line y=1, from x=0 4
to x= %, is rotated around the line y =1.

Use a slicing technique to find the volume of the resulting solid of revolution.

(b) Use the method of cylindrical shells to find the volume of the solid 4
formed when the region bounded by the curve y =log, x, the x-axis

and the line x =4 is rotated about the y-axis.

©

A solid S is formed by rotating the region bounded by the parabola
y* =16(1- x) and the y-axis through 360° about the line x = 2.

(i) By slicing perpendicular to the axis of rotation, find the exact 4
volume of S.
(i)  The method of cylindrical shells can be used to show that the 3

1
volume of S is also given by J 1672(2 - x W1 - xdx.
0

Confirm your answer to part (i) by calculating this definite integral
using the substitution v =1-x.




Question 5

(a)

(b)

(15 marks)  Use a SEPARATE writing booklet.

— e ey

The point P(asec@,btané) lies on the hyperbola %—~—7 =1.

The two foci of the hyperbola are S and S”, and the two directrices
are d and d'. The two asymptotes are also shown.

®

(iD)

(iii)

®

(ii)

(iii)

Show that the equation of the tangent to the hyperbola at the
point P is
xsecd ytanb _
a b

1.

The line joining P to the focus S is parallel to an asymptote.
Find the gradient of PS and deduce that secd +tanf =e.

Hence prove that the tangent at P meets the asymptote on
the directrix.

By applying de Moivre’s theorem and by also expanding
(cos@+isin@)*, show that cos46 =8cos* & —8cos® G +1.

By letting cos46 =% , solve the equation 16x* —16x> +1=0.

T 5
Hence show that cos? Ecos—cos— =——

Marks




Question 6 (15 marks)  Use a SEPARATE writing booklet. Marks

(@)  An object of mass 20kg is dropped in a medium where the resistance at
speed v m/s has a magnitude of 2v newtons. The acceleration due to gravity

is 10m/s>.

6} Draw a diagram to show the forces on the object and show that the 1

. . . . 100-v

equation of motion is ¥ = TR

(ii)  Show that the velocity, at time ¢ seconds after the object is dropped, 3
1

isgivenby v= 100[1 —e 10 j
(ii1)  Find the terminal velocity of the object. 1
(iv)  Show that the distance x metres travelled when the speed is v m/s 3

.. 100

is given b =10001o ~10v.

eiven by x =100010g,[ =12 -1y

v) Hence find the distance the object has fallen before reaching half 1

its terminal velocity.




(b)

27

N
7
5

\

A conical pendutum consists of a bob P of mass m kg on the end of a
string / metres long. The bob rotates in a horizontal circle of radius » and
centre O at a constant angular velocity @ radians per second. The angle
that the string makes with the vertical is 8 and CO = x metres. The forces
acting on the bob are a gravitational force of mg newtons and a tension in
the string of 7 newtons.

6] By resolving forces, show that the period of this motion is 27z }—f.
g

(ii) What is the effect on the motion if the mass is doubled?

(iii)  If the number of revolutions per second increases from 2 to 3,
find the change in x. (Take g = 10 m/s?)




Question 7 (15 marks)  Use a SEPARATE writing booklet.

(2)

(b)

VA
2 (r cos 0, rsin 9)
-
3 6 >
l\@ A *

A particle P moves with constant angular velocity @ on a circle of
radius » and centre O. OA is a fixed arbitrary line about O.
At time ¢, angle AOP =6.

(1) Let s be the length of the arc AP.
Prove that the instantaneous velocity v of the particle is r@ .

(i)  The position of the particle at time ¢ is given by:
x =rcosf
y=rsind.
Derive expressions for the tangential and normal accelerations
of the particle at any time .

mg

A car of mass m, represented by the point G, is travelling at constant
speed v around a curve of radius R on a road of width d. The road
slopes at an angle o towards the centre of the curve. The forces acting
on the car are the gravitational force mg, a sideways friction force F
(acting down the road as drawn) and a normal reaction N, at right angles
to the road.

@) By resolving the vertical and horizontal components of force,
and by taking into account the sideways friction force, find
expressions for Fsina and Fcosc.

Marks




(i) Suppose that the radius of the bend is 75 m and that the road 3
is banked so that there is no tendency for the car to slip sideways

if it travels at a maximum speed of y=60 km/h. Assume that

the value of g is 9.8 m s ™.

Find the value of angle «, giving full reasons for your answer.

(iii) A second car, of mass M, travels around the same curve but with 4

a greater speed (V' m/s).
Show that the sideways friction force (F), exerted by the surface
of the road on the wheels of this car, is

Fe Mg(V2 ~v2)

Nyl
Question 8 (15 marks)  Use a SEPARATE writing booklet. Marks

(@) Therootsof x> -5x*+5=0, are a, f,and y. 2
Find the polynomial equation whose rootsare -1, 'f-1,and y-1.

(b)

The diagram above shows a cross-sectional slice of a solid whose base 4
is the region enclosed by the circle x* +3? = 4. Each such cross-section
of the solid is an equilateral triangle. Find the volume of the solid.

(c) Use the method of Mathematical Induction to prove that (1+x)" —nx -1 4

is divisible by x* for all positive integers n = 2.

10




(d

In the diagram above, ABCD is a cyclic quadrilateral inscribed in the
circle S, ,and AC L DC.
The chords AB and DC produced intersect at F, and S, is the circle

through 4, D and F.
The line through F perpendicular to BC meets BC at G, meets AC at H

and meets the circle S, at E.
Let ZDFE =q.

@) Provethat ZHCG = .
(i)  Provethat 4B 1 DB.
(i)  Provethat 4E || BD.

(iv) Provethat £, 4, Band G are concylic.

11
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