St George Girls High School

Trial Higher School Certificate Examination

2009

Mathematics
Extension 2

Total Marks -
e Attempt ALL questions.
» All'questions are of equal value.

General Instructions

Reading time - 5 minutes

Working time - 3 hours

Write using blue or black pen

Write your Student Number on every page

Begin each question in a new booklet.

All necessary working must be shown.

Marks may be deducted for careless or

poorly presented work.

Board-approved calculators may be used.

e Alist of standard integrals is included at the
end of this paper. '

o The mark allocated for each question is
listed at the side of the question.

Students are advised that this is a Trial Examination only and does not necessarily
reflect the content or format of the Higher School Certificate Examination.
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Question 1 - (15 marks) - Start a new booklet | Marks
a) Simplify i200° 1
b) (i) Findreal numbers x and y such that 2

x+iy=v24—10i

(ii) Solve the quadratic equation 2

224+ (1-3)z—(8-i) =0

¢) (i) Express —/3 +i in modulus-argument form. 2

(ii) Hence express (—\/—3_+i)8 in the form a4 bi where aandb are real
numbers (in simplified form). 2

d) On an Argand diagram shade the region containing all points representing
complex numbers, z, such that 3

-7 27
2<]|z| <3 and -3—<argz<-;-

e) On separate diagrams draw a neat sketch of the locus specified by

(i) arg(z—1+1i) =-7j:- 1

z—1+i
(i) arg ) 0 2
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Question 2 ~ (15 marks) - Start a new booklet Marks
a) Using the substitution u = vx® + 1 or otherwise find 3

2 .5
dx
jo vx3+1
b) By completing the square find 2

f dx
V7 + 6x — x2

The area enclosed by the curve
y = x%, y = 1 and the positive y-
axis isrotated about the line x =2. 3

Using the method of cylindrical shells
find the volume of the solid generated.

v

{ CNO'!‘ +o SCa_lej

x=1
d) (i) Show that sin(4 + B) + sin(A — B) = 2sin 4 cos B 1
(ii) Find all the solutions to the equation » 3
sinx + sin 3x = cosx
e) Use the substitution ¢ = tan -z-to find 3

T
fi do
o 1+cosf +3sind
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Question 3 - (15 marks) - Start a new booklet Marks

a) The remainder when x* + ax + b is divided by (x + 3)(x — 2) is x — 3.Find the
values of a and b. 2

b) =z =1-1i isarootofthe equation z3+mz?+nz+6=0 wheremandnarereal. 3

Find the values of m and n.

c) (i) Find the general solution of the equation cos 360 = > 1

(ii) Show that cos36 = 4cos 38 — 3 cos 8 2

(iii) Using the substitution x = cos 6, and part (i), express the equation in (i) as

a polynomial in terms of x. 1

T 5w 7T
(iv) Hence, show that cos 5 + cos o5 + cos i 0 2
(v) Find the polynomial of least degree that has zeros 2

( n)z ( 57r)2 ( 71r>2
secg) ,(sec-) (secg

| d) Find: 2

jx.ez" dx
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Question 4 - (15 marks) - Start a new booklet Marks
a) State whether the following is True or False. Give a brief reason. 1

T

T
fntan79 dg >0

[Note: You are not required to find the primitive function]

b)  The hyperbola A has equation

2

<

=1

xz
9 1

(o)}

(1) Find the eccentricity of A and hence write down the coordinates of the foci,

S and S’, and the equations of the directrices. 3
(i) Write down the equations of the asymptotes of H. 1
(iif) Sketch A, clearly showing the foci, directrices and asymptotes. 2

(iv) P(3sec6, 4tan@)isapointon H. Prove that the tangent at P has equation 2

xsecl ytan@ _
3 4

(v) This tangent cuts the asymptotes at 4and B Prove that

(o) PA=PB and 3

(B) the area of AOAB is independent of the position of P on the hyperbola. 3
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Question 5 -~ (15 marks) - Start a new booklet Marks
a) Find the equation of the tangent to the curve x3 —2xy + y? =4 2
at the point (-2, 2)
b)
PAQ is a tangent to the circle with centre O and AR is a diameter. 3

PP cuts the circle at X and QB cuts the circle at ¥,

Prove that PQYX is a cyclic quadrilateral.
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Question 5 (cont’'d) Marks
c)

The graph of y = f(x) is shown. On the answer sheets provided draw the graphs

of the following:

@ y= )2 2
(i) y=If()l 2

(i) y2 = f(x) 2
) v o=

™= :

W y=f 2
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Question 6 - (15 marks) - Start a new booklet Marks

a) The base of a solid is an equilateral triangle of side length 10 cm, with one vertex
at the origin and one side parallel to the y-axis as shown in the diagram.

Each cross-section perpendicular to the x-axis is a square with one side in the
base of the solid.

(i) Show that the area of the cross-section x cm from the origin is 2
4x?
A(x) = —3-

(i) Hence, find the volume of the solid. 3
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Question 6 (cont’d) Marks
b) A particle of mass m is projected vertically upwards in a medium where it

experiences a resistance of magnitude mkv? where k is a positive constant and

v is the velocity of the particle.

During the downward motion the terminal velocity of the particle is V. Its initial

1
velocity of projection is T of this terminal velocity.
() By considering the forces on the particle during its downward motion, show that 2

kV2i=g

(where g is the acceleration due to gravity)

(i) Show that during its upward motion the acceleration of the particle % is

given by
. v2
XxX=—-gll+ 72-

(iif) If the distance travelled by the particle in its upward motion is x when its

velocity is v, show that the maximum height A reached is given by 3
. V2 I (26>
T 29 " 25

(iv) If the velocity of the particle is v when it has fallen a distance of y from its
maximum height, show that 2

V2 &
=—1In |——
T [VZ —vz}

(v) The velocity of the particle is U when it returns to its point of projection.
Show that 2

%4
— =4/26
U 2
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Question 7 - (15 marks) - Start a new booklet Marks
a) (i) Provethat 2

foaf(a—x) dx=foaf(x) dx

(ii) Hence evaluate 2

1 510
I = d
fo x10 + (1 — x)10 x

c c
b) If P(cp, ; )and Q(cgq, E ) are two points on the rectangular hyperbola xy = ¢?

(i) Show that the equation of the chord PQ is 2

x+pqy=clp+q)

(ii) If the chord passes through the point R(a, b) prove that the locus of the

mid point of the chord is given by 3
2xy = ay + bx
c) (i) Useinduction to prove that 3
nn+1)2n+1
124224324+ +n? = ( )6( )
for positive integers n > 1
(ii) Hence, or otherwise, find 3

224+524+82+4--+3Bn-1)>2
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Question 8 - (15 marks) - Start a new booklet Marks

a) ADB isastraightline with AD = a and DB = b. A circle is drawn with 4% as
diameter. DC is drawn perpendicular to ABand meets the circle at

(1) By using similar triangles show that DC = vab . 2
(ii) Deduce geometrically thatif a and b are positive real numbers then 1
a+b
Vab < >

(iif) Using (ii), or otherwise, prove that if x, ¥,z are positive real numbers then 2

(x+y)y+2)(z+x) = 8xyz

b) For a certain series the nth term is given by

Li=x"T1+x+x24 - +x"1)

(i) Showthat S, , the sumto n terms, of this series is given by 3

_ (1_xn)(1_xn+1)
T (1-x)(1-x2)

provided x? # 1

(ii) Deduce that 2

lim (1 —x™)(1 —x™) 1
x—-1 1-x)(1-x2) “E"("”)
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. /\3
Question 8 (cont’d) i Marks
A (=)
) 5

C (7-3)

A, B and C are the points that represent the complex numbers z,, z,, z; on the
Argand diagram

Prove that if
Zy; —Z3 71— Z3

Zy =23 27— 7

then AABC is equilateral.

End of Paper
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