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Mathematics
Extension 2

General Instructions

Reading time — 5 minutes

Working time — 3 hours

Write using blue or black pen

All questions may be attempted.

Begin each question on a new page

All necessary working must be shown.
Marks may be deducted for careless or
poorly presented work.

Board-approved calculators may be used.

o A list of standard integrals is included at the

end of this paper.
The mark allocated for each question is
listed at the side of the question.

}/

Students are advised that this is a Trial Examination only and does not necessarily

reflect the content or format of the Higher School Certificate Examination.
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Question 1 — (15 marks) — Start a new page Marks
—x . . . 1
a) Showthat y=xe " has a stationary point at the point | 1, — |. 2
e

b) On separate diagrams sketch the following curves. Indicate clearly any turning points,
asymptotes and intercepts with the coordinate axes. 9

(i) y=xe”

(ii)) y=x%e

(i) y=——5

(iv) y=loge(xe™)
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Question 2 — (15 marks) — Start a new page Marks

a) Evaluate the following definite integrals:

1

G) j X 3
0 1+2x
3 x+1

(ii) I—————-——dx 3
2\/x2+2x+5

4 dx
(iii) .[2 Iy e 3

b) The cubic equation x> =2x+4=0 hasroots @, B, 7.

(i) Prove that the cubic equation with roots a2, y’) 2 , 72 is x> —4x% +4x-16=0. 3

(ii) Factorise x> —4x% +4x—16 into linear factors and hence prove that only one
of a, B,y isreal. 3
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Question 3 — (15 marks) — Start a new page Marks

a) Let P(z)=z' —1.

(i) Find all the complex roots of P(z)=0. (Call them zg, zy,..., Zg leaving all
answers in terms of 7). 3

(i) Plot the points representing z, zi,..., Zg on the Argand Diagram.

T

"‘(iii) Factorise P(z) over the complex numbers.
\.\ j

(iv) Factorise P(z) over the real numbers (leave answers in terms of 7 ). )
(v) Show that cosz—” + cosﬂ + coséz -1 2
7 7 7 2
b) The area bounded by the curve y =x(2-x) and the x axis is rotated about the y axis. 5

(i) By considering cylindrical shells with generators parallel to the y axis, show that

2
the volume ¥ units * of the solid so generated is given by V = J. 27 xy dx .
0

(ii) Hence, determine the volume of this solid.
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Question 4 — (15 marks) — Start a new page Marks
. a a
a) () Prove that I £(x) dx = J' fla-x) dx 2
0 0

(i) With reference to an appropriate diagram, show geometrically why the above

result is true. 2
ﬂ' .
(iii) Evaluate |2—21% 3
0 Jsmx +«/cosx
1 n -
b) If1,= jo x"e*dx  (n>0)
(i) Prove that I,=nl,_,; . (n>1) 2
e
1 1 3 -
(ii) Hence, evaluate on e *dx ' 2
. . e . Py 0
¢) Using the substitution ¢ = tan? or otherwise, calculate J-ﬂz cot@tanE do 4

3
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Question 5 — (15 marks) — Start a new page Marks
a) Find all pairs of real numbers x and y that satisfy (x+ z'y)2 =—12+16i 3

b) Consider the polynomial equation

z3 +(6+i)z2 +(17+8)z+33i+30=0

(i) This equation has a root o = pi where p is real. Find the value of p.

< (ii) If the other roots are B and 7, use the relationships for the sum and product of o
the roots (or otherwise) to find # and y.
[Hint: Use your answer from part (a)]. 3

(i) Show that the points representing «, f,y on the Argand diagram are the

vertices of a right-angled triangle. 1
¢) The complex number z and its conjugate Z satisfy )
(z-z)* +8(z+2)=16 -

(i) Prove that the point which represents z on the Argand diagram lies on a parabola.

(ii) Sketch the locus of z and hence show that —%:— <arg z < %
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a)

2 2
The point P(x;, y;) lies on the ellipse 3‘9_ + ZS— =1 (x20)

The tangent to the ellipse at P cuts the x axis at T.
(i) Find the eccentricity, e, of the ellipse.
(ii) Find the coordinates of the foci, S and S'

p
(iii) Find the equations of the directrices.

XX, YN _y

(iv) Show that the equation of the tangent at P is .

(v) Hence write down the coordinates of 7.

(vi) Using the focus-directrix definition of the ellipse, or otherwise, show that
PS TS

ps! 715!

G NOT TO SCALE

c =t F
ABCD and AEFC are parallelograms, AE = 5cm and EB = 3cm.

(i) Find, giving brief reasons, the length of AG.

(i1) Find the ratio of the area of ACDH to the area of the parallelogram ABCD.
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A
" Question 6 — (15 marks) — Start a new page Marks
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Question 7 — (15 marks) — Start a new page

Marks

a) The acceleration of a particle which is moving along the x axis is given by

d%x

== =25 -10x
dt
(i) If the particle starts at the origin with velocity u show that its velocity v is given
by v? —u? = x* —10x? 2
(i) (a) If u=3 show that the particle oscillates within the interval —1<x<1. 4
(f) Is this an example of simple harmonic motion? Give a clear reason for /
your answer. 1
(iii) If u =6 carefully describe the motion of the particle. 3
oy \ W
S %
A
JJ
............... A
J
¥ ) {’"ﬁ' \_V I
> %
“J./ a 3

The area enclosed by the curve y=4— x? , the line y =3x and the x axis (for x>0) is

rotated about the line x=3.

Calculate the volume of the solid generated. 5
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Question 8 — (15 marks) — Start a new page / Marks
a) (i) x,yandz are positive integers. Show that if x is a factor of both y and z then x is a
factorof z—y. 1
.. 2 k+1 2 k 2
(ii) Show that 2 =2 1

f"f(fi“i)\; F, = 22n +1 defines a set of positive integers called Fermat numbers for
0
n=0,1,2, ... ie Fy=22 +1=2'+1=3 5
Use mathematical induction to show that

F,=FyF{ F5 .F,_;+2 for n>1

(iv) Hence, or otherwise, show that the highest common factor of any two Fermat
numbers is 1. 3

[Hint: Let £ be a common factor of F,, and F,, where m <n, and use (i) and
(iii) to show that £ =1]

T4

b) 3r

{
o~

X
‘The graph of y = f(r) 0<¢<9 is shown. If F(x)= J' f(@) dt find:

(i) the values of x for which F(x)=0

(ii) the coordinates of any stationary points.






STANDARD INTEGRALS

cosaxdx

-

sinaxdx

J sec’ax dx

-
secax tanax dx

J 7=
2

| ===
2 +at

1.
= —sinax, a#0
a
= ——Cosax,
a

= —tanax, a#0
a

=—secax, az0
a
1 1 X

= —tan 1—, az0
a a
.1 X

=sin 1—, a>0,

a

7

n#z-1;

az0

x#0,ifn<0

—a<x<a

= ln(x+-\/x2 —az), x>a>0

= ln(x + \/xz + az)

NOTE : Inx=log, x,

x>0
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