St George Girls’ High School

Trial HSC Examination —Mathematics Extension 2— 2002

Question 1 — (15 marks) — Start a new page

a)

b)

d)

Find all pairs of integers, x and y, which satisfy (x +iy)% =21+ 20i

On separate Argand diagrams sketch the locus of the point representing the complex
number z if :

i |z-1=|z-34

4.0 0
(i) arg(z-1) =arg(z-3i)

On an Argand diagram shade the region specified by 1<Im z<3 and -Z—i- <argz< —23£

(i) Express z=—+/3+i in modulus-argument form.

(ii) Hence express 2> in the form x+iy where x and y are real numbers
(in simplest form).

L pure imaginary. Find the

Z —
equation of the locus of the point P representing z and clearly show this locus on an
Argand diagram.

The complex number z=x+iy is such that
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Question 2 — (15 marks) — Start a new page Marks
1

a) Evaluate J’ dx 3
0 4—x2

. 1
b) Find .[ e 2
x“+6x+18
¢) Find j 10—2x dx 4
(x+3)(x“ +9) C
a . a .
d) Using the substitution u=a—x show that IO (%) dx= _[O fla—x)dx 2

Hence or otherwise evaluate

Q) j;x2 (1-x)° dx 2

V/2

.. - sinx
(i1) _“2—.—————6196
0 sinx+cosx

SN
)
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Question 3 — (15 marks) — Start a new page : Marks
12
a) Let the expansion of (2+3x)!? be written in the form Z t,x’ .
r=0
(i) Write down expressions for ¢, and ¢,,;, and show that
t r+1 _ 36 - 37‘ 2
t, 2r+2

(i) Hence, find the greatest coefficient in the expansion of (2+3x)'2. You need not
simplify your answer. 2

b) (i) Show that the coefficient of x” in the expansion of (1+x)"(1+x)" is given by
n
D.("C)? 2
r=0

(ii) Hence, by equating the coefficients of x" on both sides of the identity

1+x)" 1+x)" = (1+x)>", prove that 2:(”C,.)2 =%’§)2—! 2
= n!

¢) The velocity of a particle moving along the x-axis starting initially at x=1-8 is given

by V=e2* v2x2-6, x>1-8, where x is the displacement of the particle from the
origin.

(i) Show that the acceleration of the particle in terms of its displacement can be
expressed as: '

a=-2e"% (2x2 —-x—6) 2
(ii) Hence, find the displacement of the particle at which the maximum speed occurs. 1

(iii) Show that the time T in seconds taken by the particle to move from x=2 to
. 3 er
x =3 can be expressed as T=j —dx 2
24252 -6

(iv) Use Simpson's Rule with three function values to obtain an approximate value
for T. 2
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Question 4 — (15 marks) — Start a new page Marks

a) Sketch the graph of y =e™*. Using this graph, and without the use of calculus, sketch
the following:

@ y=-e* - 1

(i) y=1-¢* 1

(ifi) y=— 2
- * -

@) y —I 1 2
- *

b) Classify the following curves as ODD, EVEN or NEITHER and sketch each one on
separate diagrams for the domain —27 <x <2z

i y= |sin xI 1

(i) y =sinl|
(iii)) |y| = sinjx] | | 2
(iv) y* =sinx | 2

¢) Find the equation of the tangent to the curve:

x>+ —8y+7=0 atthe point (1,2). | 2
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Question 5 — (15 marks) — Start a new page

a) P(x)=x+4x—2

If a,B,y aretherootsof P(x)=0 find:

i a+p+y
(i) a?+p%+y?
and hence,

i) o*+p*+y*

b) (i) Ifacomplex number z =x+iy is aroot of the cubic equation

Marks

az’ +bz> +cz+d =0 where a, b, ¢, d are real numbers, prove that Z=x—iy is
also a root of the equation. (You may assume properties of conjugates of complex

numbers).

(i) Given that 1+2i is a root of the cubic equation x> —6x2 +13x-20=0 find all

the roots of the equation.

c) x> —3x? j|-2x—7 =0 has roots «, f,y. Find the polynomial equation which has

roots.
) 1 1 1
(1) T T s T
a By
i) a+pB,p+y,y+a

d) The roots of the polynomial equation x> —6x2 +mx+6=0 are in the arithmetic

progression.
Find: (i) the value of m.

and (ii) all the roots of the equation.
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Question 6 — (15 marks) — Start a new page Marks
x2 y2

(i) Draw a careful sketch of the hyperbola T 9 =1, showing the vertices, the foci,

(ii)

(iii)

(iv)

the directrices and the asymptotes. Write on your diagram the equations of both
directrices and of both asymptotes. (Show full working involved in finding the above
points and lines). 6

Let P =(4secd, 3tand) be any point on this hyperbola. Find the equations of:
() the tangent at P. 3

(f) the normal at P.

The tangent and normal at P meet the y-axis at T"and N respectively.
Show that T'is (0,—3cotd) and N is (0, ?tanﬁ). 2
Show that the circle with diameter NT passes through both foci. 4

(It will be sufficient to show that it passes through one focus, and that it will similarly
pass through the other).
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Question 7 — (15 marks) — Start a new page Marks
T
CY 1

a) Evaluate IZ

—— dx using the substitution ¢ =tan> 3
0 l+cosx+sinx 2

e
b) Let l,,:J'1 x(nx)"dx, n=0123..

2
(i) Using integration by parts, show that [, = % —g— I, 1 (n=0,1,23.) 3
««««« e
~ and (ii) hence, evaluate J; x(Inx)3 dx. 2
c) (i) Sketch y=xInx,showing any turning points. 2
(i) Deduce that xInx =1 has one root, and this root lies between Je and e. 2

(iii) Show that if Newton's method is used to solve xlnx=1, with the first
approximation to the root being g;, then the next approximation in the sequence

. 1+ a
1S ay = . 1
1+1n a
(iv) Hence, approximate the root of xInx =1 by using an integer a;, where
Je< a) < e, as the first approximation, and by using the above iterative process
twice. Give this answer to 2 decimal places. 2

Discuss whether this answer is necessarily the value of the root of xInx=1 to
2 decimal places.
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Question 8 — (15 marks) — Start a new page Marks
. . . . V4
a) The diagram shows the region between y =sinx and the x-axis for 0<x<—.
rY 2
N
QAN -
b1
2

This region is rotated about the y-axis to form a solid.

(i) Use the method of cylindrical shells to find the volume of the solid. . i
(i) Prove that: 5—[ y(sin~ )2 +2(sin~! p)y1-y? -2 y} = (sin"! y)? 2
'y

(iii) By considering slices of thickness Ay perpendicular to the y-axis, and using the
result of (ii), show the volume of the solid has the same value as the method used
in part (i). 4

b)

)

.. Ba
The diagram shows an ellipse with major axis PQ and minor axis 4B . If PQ = 2a and
AB = 2b, then the area of the ellipse is given by 4 =7ab.

An ellipse with a major axis of length 10 units and a minor axis of length 4 units forms
the base of a right cone of height 10 units. Find the volume of the cone by integration. 5
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