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New South Wales Higher School Certificate

Mathematics Extension 2 Examination 2003 - Solutions*

By DEREK BUCHANAN

1. (a) Letu=14¢€" " du=e"dr,z=0=>u=2,c=1=>u=1+e

ol _etde  _ plde 2 _ —111+e _ 1 1 _ _e—1
“Jo (tes)z —Jo U du=[-u"]," " = -z +3 = 2(e+D)
- 4 4 4 4 4 4 3
(b) [2*lnadr = [Inzti dr=2Ine— [LLinedr=2Ine— [Zlde=2ZIne— [Zdo

4 4
_ oz _ oz
f41n:c 16+C’

: _ _ d _ da _ du _ _
(c) Letting w =  — 1 so du = dz, [ T = J T J Tam = (u+ Vur+4) +C
=ln(x —1+vaz?2-22z+5)+C

(d) (i) (?ff)(% =S +8 0 s a@®+ )+ @-1)br—1) = (a+ba® - (b+ Dz +4a+1
=512 —304+13=b+1=3-b=2a+b=5a=3.

. 22 —32+13) dz xr— T
(i) [ e = [ G+ B de =[G + #5 - Fa)de
=3In(x — 1)+ In(2? +4) — %tan_l £4+C

(e) Let x =3sinf so dz =3cosfdf, § =sin~' £, (9—x2)% = (9(1 —sin?6))2 = 27 cos? 0,

37
_ _ _ 3 e —13/V2 .11 @ . dx __ 3cos0db
x—0:>970,$77§:>9—8111 T—SIH E—z.,_(g_x%%f?rcosge
_1.d9 1.2 . 3/V2 __d 152 _ 1 i _1 1
= Sy = g Sect0df & "f() (9_;)% 7§f04 sec? 0 dff = gltanf]y = 5(1—0) =5

2. (@) (i) zw=02+)1—0)=C+)A+i)=2—-1+i+2i=1+3i.

(ii) %7 4 2—1 8—41i

4 . =8 _ 4,
T 2F 2= 4f1 5 5~

(b) () a=V1Z+ 12cz‘s3T’T = \/icz‘s%’r.

(i) (—1+i)*+4=(V2cis2E)t +4=4cis3r+4=—-4+4=0_ aisaroot of 22 +4=0.

(iii) Coefficients of 2% + 4 are real -. @ = —1 —iisaroot of 22 +4 =0& .. (2 —a)(z — Q) =
(2% = 2R(@)z + |af?)|z* + 4. . a real quadratic factor of z* + 4 is 2% + 22 + 2.

* The question paper is available at
http://www.boardofstudies.nsw.edu.au/hsc_exams/hsc2003exams/pdf-doc/mathematics_ext2_03.pdf
and there are extensive free resources available for the course at
http://www4.tpgi.com.au/nanahcub/me2.html
such as over 100 trial papers, comprehensive notes and assignments.
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(c)

2 units

—_

(d) (cish)® = cos® @ + 5i cos® fsin @ — 10 cos® @ sin® 6 — 10i cos® O sin® 6 + 5 cos O sin® 6 + i sin® ) =
cos 50 = cos® § — 10 cos® (1 — cos? 0) + 5 cos(1 — cos® 0)?
= cos” ) — 10cos® @ + 10 cos® @ + 5 cos (1 — 2 cos? O + cos* §)
= 11cos®# — 10cos® 6 + 5cosf — 10 cos® O + 5 cos® 0
= 16 cos® § — 20 cos® f + 5 cos

z lies on a unit circle,

0 <arg(z) < 3,

LAOB =2/ACB (/£ at centre = 2 X £ at circumference)
s 2arg(z 4+ 1) = arg 2.

(if) W
Ny =1+ @)
Y B
ol

(b) Eccentricity = /1 —§ = g, foci are (£v/9 - g,O) = (+v/5,0), directrices are 2 = O — 4

9
V5/3 V5’
\/_
:|:955

ie., x =

(€ () y=(x—-1)B-a2)=-22+4z—-3 =22 —do+3+y=0. 2= (4+,/16—4(3+y))/2
=2+1—y..£=2y/1—y .. outer circle of annulus has radius (2 — 2/T —y)/2 +2/1—y
=1+ +/1 —y and inner circle of annulus has radius (2 —2/T —y)/2 =1 — /1 — y. Hence the
area of the annulus is (1 +/T—y)? - (1—-VI—-9)?)=n(1+1—-y+2y/T—y—(1+1—
y—2VT—y)) =4ryT—y

(ii) Vertex has height (2—-1)(3-2)=1=

V= [idn(l —y)2 dy = 4n(—=2)[(1 — )35 = —55(0 — 1) = & unit®.



4. (a) (i) z=rcosh, y=rsin, 6 = wt, w constant = & =0, & = —rsinbw, § = rcos fw,
# = —rcosfw? = —w?x,jj = —rsinfw? = —w?y .. there is an inward radial force of magnitude

ma/#2 + §j2 = my/r2w(cos? § + sin® §) = mrw? acting on P.

(ii) Am/r?* = mrw? = r = {/A/w?

b : _ _ dy/do, = ___bsec?6 _ . xzsec  ytanf __ 29 29 _
(b) (i) y btanﬂfdz/de(:c asecll) = —2°F——0(x —asecl) .-, T2 4257 =sec” ) —tan® 0 = 1.
. tangent at P is Zsect _ ytanf _
a b
(ii) Tangent at P meets asymptotes where also y = £22 - g(secf 4 fanfy — 7 . 5 — cPttond
_ acosf . __ b _acosb __ b acost __ ( acosf b cos 0
" 1+sin6 (B’ A respectlvely) Yya = a 1—sin@?’ Y = a 14sin @ = A= (1—311197 1—sin9)7

__ (acos@ _ bcosf
B = (1+sin9’ 1+sin9)

(iii) Let T'(t,0) be the z-intercept of the tangent at P. Then the height of AOAT, hy = <9

1—sin @’
and the height of AOBT, hy = ff;snee and the area(AOAB) = (hy + h2)t/2. For T, y = 0
and t = acosf. ... area(AOAB) = 292¢ . peosf(—2— + ﬁlme) = 2L cos? - —25 = ab.

(c) (i) nm (i) 1-— nl _ w

nn -1

5. (a) (i) s1 =a+ B+ = sum of roots = —% = 0.
s2=0+ 0% +9° = (a+B+7)° - 2B+ fy+ya) =0°-2F =-2p
s3 =0’ + 3 +9% = (—pa—q)+ (-=pB—q) +(-py—q) = —pla+f+7) -3¢ =0-3¢ =3¢

(ii) For n > 3,
—psn—2 = @sn—3 = —(af + By +70)(@" 7 + "7 +9"7%) +afy(a" P+ 1T 4977
_ _an—lﬁ _ aﬁn—l _ Oéﬁ’)/n_2 _ Oén_Qﬁ’}/ _ ﬁn_l’)/ _ ﬁ’)/n_l _ ’YOén_l
704,)/571—2 *Oé’yn_l +an_25’7+0f}/ﬂn_2 +046’)’n_2
— 7604"71 _ aﬂ"fl _ ,yﬂnfl o 6,)/7171 o 7&"71 _ O[,_}/nfl
= —(a+ B+ + T HT 4 (@ + 5" ")
— 70(0/171 +ﬂn71 +,_}/nfl) + sp

= STL
“Sp = —PSn—2 — ({Sn-3.

ee 5 5,.5 . _ _ o — —g(—2 _ _
(iii) . & +8°+y° 5 pss—gsa _ —p( 3q)5 q(=2p) =pg= 22p 3q

a?fﬁ2+,y2 Othr_ﬁjJr’Yj B 2 3
:( D) )( 3 )

3

(b) (i) é¢=—ki=%=—ki - %2 =_—kdt - [%L=[—kdt . Ini=—kt+c for aconstant c.
i = Ae ¥ for a constant A =e®'. t=0=i=A=ucosa. . & =ue ¥ cosa.

(ii) g = +((kusina + g)e ™™ — g)...(x) = t =0 = y = (busina + g — g) = usina & .. ()
satisfies the initial condition. Moreover, §j = —k - +((kusin o)+ g)e ¥ = —((kusina) + g)e

k
=—k- %((ku sina) +g)e ™ —g) —g= —kij—g & ... (%) also satisfies jj = —ki — g.

(iii) Particle reaches maximum height when § =0 & .. +((kusina + g)e ™ — g) =0
1

. e-kt _ g . ekt _ kusin a+g Hence t = 1 n kusin a+g
. kusina+g *-° g . k g
(iv) % =ye*cosa= 2= [ue M cosadt = —fue ™ cosa + ¢y for a constant cz. t =0 =
T =0=c = % & .oz = f%ue’kt cos o + W Hence the limiting value of the

horizontal displacement of the particle is tlim T = LRe.
— 00



6. (a) (i)
(ii)

(b) (i)
(i)
(iii)

(© @)
(ii)

(iii)

(iv)

cos(a + b)x + cos(a — b)x = cosaxcosbr — sinaxsinbxr + cosax cos —bx — sinax sin —bx
= cos ax cos bx — sin az sin bx 4 cos ax cos bx + sin ax sin bx = 2 cos ax cos bx

[ cos3zcos2zxdx = 5 [(cos(3+ 2)x + cos(3 — 2)z) dw = § [(cos bz + cosz) dw
= L sinbz + 3 sinz + C.

53:SQ+231:2+2(1):4&54233+352:4+3(2):10.
r>0=2yr2>0= (Vr+r)? =2+2z z+2? > x+2? = z(z+1) . Vo+z > Jo(z +1).

r.6.p.: sy >Vl Vn e Zt
ﬂ:51:lzx/ﬂ:1,52:22\/5:\/5','4>2,',trueforn:1,2.

If true for n = k,k + 1 then s, > VE! & spp1 > v/ (k+1)! whereupon Sgi2 = Sp+1 +
k+1Dsp > VE+ D)+ 4+ 1DVE = VEFIVE + (k+1DVE = VE(WVEFT+k+1) >
VEWE+D((k+ 1)+ 1) = /(k + 2)! from (ii) with z = k41 > 0.

So if true for n = 1,2, . for 3. True for 2,3= true for 4, etc. .. by induction true Vn € Z*. O

xzo,yzo:(%)tw: (@—y)* >0& .. x—;ryz,/xy

at+bt+ct = L(at+ )+ (0T ) + (P +at) > Vatbt+ Vit 4+ Vitat = a?b? 4 aPc? + b3 c?
from (i).

(a—b)?=a?—2ab+b*>0=a®+b*>> 2ab
(b—c)?2 =b2—2bc+c?>0= b2+ c? > 2bc
(c—a)?=c®—2ca+a®>0=c®+a%>2ca
Adding, a®?+b?+b*+c2+c?+a? = 2(a?+b%+c?) > 2(ab+be+ca) = a? +b2+c? > ab+be+ca
Replacing a by ab, b by be, ¢ by ca,
(ab)? + (be)? + (ca)? > (ab)(be) + (be)(ca) + (ca)(ab)
a2 + V2P + Pa® > abPe+ bcta + ca®b
- a?b? + a2 + b2 > a®be + bPac + Pab
If a+ b+ c=d, then
a* + b+ ¢ > a®? + a® 4 b2 from (ii)
> a’be + b2ac + ?ab from (iii)
=abc(a+b+c)
= abed

sat+ bt et > abed

7. (a) 2(3-2?)=z(V3-2)(V3+1z), 0<2<V3=

V=

fo\/g 2ray de = fo\/g 2rxx(3 —2?)dr = 27 fo\/§(3:£2 —atyde = 2n[ad — Z)Y? = 27(3V3 — %)

1273

= 127V yypig3,

5



(b) (i) £PSB = /ZPAS (£sin alt. seg.)
/SPB = ZAPS (common)
- AASP|||ASBP (AAA)

(i) . L5 = 1;—? (sides proportional in similar As)

. PS? = AP.BP.
Likewise, AATP||ATBP & PT? = AP.BP
. PT = PS.

(iii) DP common to ADSP,ADTP and TP = SP from (ii)
/ZSPD = /TPD (DP bisects ZSPT)
- ADSP = ADTP (SAS)
5. 4DSP = /ZDTP = 90° (corresponding Zs). But PT is
a tangent.
.. DT passes through the centre of Co (tangent L radius)

. o n QN i o n—1 o a i [o IS
()T (i) Pysing = (ITj=y cos 37) sin 55 = ([[;=, cos 35) cos 55 sin 55 = P,—1 cos 5 sin -
_ 1 o ) 1 : ay 1 : o
= 5P 1(2cos 5 sin 57) = 5 P 1 8in(25%) = 5Py 1 8in ey
11 . _ sin « +
(ii) rt.p.: P, = 5= Sin%Vn eZr.
si 2sin £ cos &
. Sin &« — 2 2 (o . .
Pf CoTen =  Zemg =cosg = P .. true for n = 1.
If true for n =k, P, = kaéinno‘% & .
ok
1 i o A
= Py, sin 5 . sin 5~ . i
P =2 2k — 1_sina = ok _ 1__sina sina & . if true for n = k, then
k+ ] sin 2%% . 2 2k sin 2% sin ﬁ 2 2k sin 2;;11 2k+1gin Qk% ’
true for n = k£ + 1.
It is true for n = 1 & .. true for n = 2 & .. also true for n = 3,4, 5, ..., i.e., by induction
+ _ sin o

VneZ’, P, = Tsin 5 O

22 : _ o . sin o _ sin o 9N iy QX n o __

(iii) sinz <z for 2 > 0. Let x = 5% .. Ty cos = = smajorsm g — 2"sin o < 2"5% = a from

sin o

(11), 1.e., m < .

8. (a) (i) Residuesmod 3are0,1,2= 1+wfF+w? =1+1+1lorl+w+w?=00orl1+w?+w=0. ..
2 possible values of 1 + w® + w?* are 0, 3.

(i) (1+w)" =20 (D!, Q+w)" =30 (Dw?.
(i) €= 5] . X (5 +w +w¥) = > ()(3) +0 from (i) & .- X0, () = 2",
Yico (1) =3 () + A+ w) + (1 +w?)™) = 32"+ 1+ w)™ + (1 +w?)").

(iv) Let n = 6m, m € Z* U {0}. Then ¢/ = %
— %(Qn + (_w2)6m + (_w)ﬁm) — %(Qn +1+1

_L/% ;zj) - %(Qn_’_ (1 +w)" + (1 + w?)")

‘ﬁ’ &
wl»—AM

tNote: This question can be extended to get Vieta’s formula for w as follows. lim P, = lim —23&
n—oo n—oo sin 5 /5
__sina . Oé/2n __ sina 7 t _ sina _ o . oo o _ sina _ T . oo ™ _ 1 _ 2
= =aa nlew g = tlg%sint = 202 where t = . " [[72 cos gy = 2% Let a = 3. L T]52, cos 57 = w5 T w

Nowcos%:%,schos%:\/i. cosf = %(1+c0529):%\/2+2cos29:>cos%:%\/2+\/§,
cosl—”G:% 24 2+\/§,etc..'.%:(%\/§)(% 2—&—\/5)(% 2+ 2+\/§)~~-(Vieta’sformula),or

n=2/(bve) (3varve) (b VaTvE ) o



d)I(G) I, =% f_%%(%z — 2%)" cosx dx
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= (72::)![ :E(’TT2 —x?)nl cos:EE%
— (721‘1_2:), f?i ((n — 1)(—2302)(721—2 — 22)""2(—cosz) + (I — 22)" (= cosz)) dw
2
2n 2 2n ™ 2

(i) ™ 21)! f—iz(ﬂ; —2?)" teoswdr = 2¢°L, 1 &
2n s 2 2n us 2 2 2
,—(iq_g); ff% :432(7rT —22)" 2 coszdr = —_(;41‘1_2)! ff%(% — (% - Z2))(WT — 22)" 2 cosz dz
= f—(iqj;), _%E %2(%2 — 22" 2 cosx dx
: 2
4 2n jus 2
+ oz S22 (5

= —?)" !cosx dx
A =2 (5 (r _ o 2\n-2
= 40" G5 [ 2 (5 —a?)" 2 cosx dx

2n—2 sl
+ 42 "2 (n—1) 2 (1—2 —x?)" " Lcoswdx

2
_ 4 D 2
= —4q 4—(]217%2 +4q°(n — 1)1
Iy =42 (n = V)1 4 2¢° 11 — p*¢PTno = (4n — 2)¢* L, — p*¢PL, 5 for n > 2.

(iii) n,p,q € Z. If I,y & Ij,_o € Z then so too is I}, = (4k — 2)¢*Ix_1 — p*¢* I
- (4k — 2)q?, p?>q® € Z. We are given that Iy = 2 and also I; = 4¢* (not 4q as in the question
paper) and so Iy, I; € Z. .. by induction, I,, € Z ¥Yn € Z* U {0}

(iv)
f§<x<gécosz>0&:%—z2>0¢1n>0.From
the diagram, it is clear that

2n 2n 2n 2n

Iy = A< Lonle = 4 %(%)2" 2;}”, and thus
p(p\2n 1

0 < In < 5(5) n

1
n!

(v) For n sufficiently large, g(g)QnL <1=0<1I, <1 from (iv). But I,, € Z - contradiction.

n!

.. the assumption that dp,q € Z : w = % is false. Hence reductio ad absurdum, 7 ¢ Q. 0O
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1The fact that 7 is irrational also follows from the fact that 7 is transcendental. You can read about this in the book
“Galois Theory” by lan Stewart.



