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Section |

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which of the following is true for all complex numbers z?

7-7
A Imz=—-—
(A) >

Z2+7
B Imz=——
®) 5

72-7
C Imz=——
©) Y
Z2+17
D Imz=——
D) 2i
X2 y2
2 What is the eccentricity of the hyperbola EYRETE 1?
6
A —
@
5
6
© =
V11
D) 2
6

3 If J f (x)sinx dx=—f (x)cosx +J 3x? cos X dx , which of the following could be f (x)?

A) 3%
B) X
©
(D) 3%



3x+11 :
Which of the following is LS L expressed in partial fractions?
(x - 3)(x + l)

1 4
(A) 303 %7l
5 2
(B) =3 %21
5 2
© 3 %11
1 4
(D) "33 %31

The graph below is that of y = [ f (X)]2 .

The line y = 4 is a horizontal asymptote.

(A f(x)=4+2¢e"

B) f

(
(©) f(x)=2+2e"
D)  f(

The polynomial equation X* + X* — X — 4 = 0 has roots &, Sand .
Which of the following polynomial equations has roots o2, % and y?
(A) X =3x-8x—-16=0

(B) X -3+9%x-16=0

(C) X -3-8x—-1=0

D) X-x*+9%-1=0



7 The shaded region, bounded by the curves y = x*, y =v90—x* and the y-axis is rotated

about the y-axis.
Y

\

What is the correct expression for the volume of the solid of revolution
using the method of cylindrical shells?

A) v —27zJ'3X(\/90x2 —xz) dx

0

V=27 (+Joo- x—x)d

y(y* —90-y* ) dy

X
V= MJ 90-y* -y’ )dy
oo o



8

The diagram shows the graph of y = f (x).

by

Which diagram best represents the graph of y = f (\/; )‘?

=

X

(A)
¥y /
) -1 1 2 3 )
(B)
y
2 1 | 2 3
©)
y
2 Nl 2 3 '
(D)
y
2 -1 1 2 3 !
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Which of the following defines the locus of the complex number z sketched in the diagram
below?

Im
34
4.
o
1(J
: Re
1 2
-1+
z—i

A ar =7

) g( z—-1-2i j

(B)  arg(z+i)=arg(z-1-2i)

(©) arg(z—i)=arg(z-1-2i)

Z+1i

D ar =7

®) g( z-1- 2ij
X2 y2

If the eccentricity of the hyperbola — — o =1 is e, what are the equations of the directrices
a

' x2 yz
of the ellipse +=—==1?
PN

(A) x=zxe’va’+b’
(B) x=zeva’+b’

a’+b?
©  x=xo—

a’+b?
D) x=4+"
(D) .



Section 11

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in a NEW writing booklet. Extra pages are available

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 Marks) Start a NEW Writing Booklet

() Findj ax

1+9x>

(b)  Find J Vxlog, x dx.

(©) (1) Find the real numbers a, b and ¢ such that

X5 +X+2 x+a bx+c
xz(x2+1) x> X+l

3 2
(i) Find | XX EXE2 0
xz(x2+1)

(d)  Evaluate j T__CosX dx.
0

\J4+2sin* x

(e) Solve the equation W* + 6W + 34 = 0, giving your answers in the form p + qi,
where p and ( are integers.

) It is given that z=i(1 + 1)(2 + ).
(1) Express z in the form a + ib, where a and b are integers.

(i)  Find integers m and n such that z+mz =ni.



Question 12 (15 Marks) Start a NEW Writing Booklet

(a)

(b)

(©)

Two loci, L, and L,, in an Argand diagram are given by

Li:  |z+6-5i|=42

Lo: arg(z +1)= 37”

The point P represents the complex number —2 + i.

@
(ii)

(iii)

(i)

Show that the point P is a point of intersection of L; and L,.

Sketch L; and L, on one Argand diagram.
Include the above information.

The point Q is also a point of intersection of L; and L.
Write down the complex number that is represented by Q.

By expressing in modulus-argument form, or otherwise,

2 ) )
show that 2c0s§ +2i s1n§ is a solution of z° = -4 + 4\/§| .

The roots of z° = —4 + 4\/§i are represented by the points P, Q and R
on an Argand diagram.

Find the area of the A PQR, giving your answer in the form k3 ,
where K is an integer.

The diagram below shows the graph of y = f (X) which has a horizontal asymptote
at y = —1. It also has intercepts at (0, 1) and (-1, 0).

J ”

< A
Il

Sketch the following curves on separate half-page diagrams.

(@)

(i)

1
)
y=tan™ f(x)



Question 13 (15 Marks) Start a NEW Writing Booklet

e —e” e .
———, by considering limT (x), or otherwise,

e +e Xy

@ O HTX)=

show that the domain of T7'(x) is | X | < 1.

(i)  Show that T"'(x)=~log (“—X]
2 T1-x
(iii)  Hence, or otherwise, show that i[T_I(X)J: !
’ ’ dx 1-x*°

(iv)  Use integration by parts to show that

1

J 4T7'(x) dx =log, (3—nj
o 2

where m and n are positive integers.

(b) The diagram below shows a circle with center O and a diameter RS.
A chord, PQ, intersects RS at T which is a point within the circle.

P

Prove that RT?>+TS? > PT* +TQ>.

(©) Let ¢, 3, and ¥ be the roots of the cubic equation X° + Ax* + Bx + 8 = 0,
where A and B are real.
Furthermore, >+ #*=0and f*+ y*=0.
(1) Explain why fis real and o and yare not real.

(i1) Show that o and y are purely imaginary.

(iii)  Find A and B.



Question 14 (15 Marks) Start a NEW Writing Booklet

(a)

(b)

(©)

(1) By using de Moivre’s theorem, or otherwise, show that

4tan @ —4tan’ 0
tan46 = > "
1-6tan” @+tan" @

(11) Hence, explain why t = tan% is a root of the equation

a4t —6t?—4t+1=0

(iii)  Hence show that tan’ Z 4+ tan 3z +tan’ S +tan’ Iz =28
16 16 16 16

In the diagram below, the shaded region is bounded by the lines

8
X=—-4,x=-2,y =28, the x-axis and by the curve y = —m.

The region is rotated about the line X = 3 thus forming a solid.

Find the volume of the solid.

1
Let | :J x(x*~1)" dx forn >0

0
(1) Use integration by parts to show that

n
l,=———1,, forn>1
n+1

(i)  Hence find 1.

-10—



Question 15 (15 Marks) Start a NEW Writing Booklet

(a)

(b)

(©)

(1)

(i)

Prove for positive numbers X and y that X +y > 2@ .

) 1
Hence, or otherwise, prove x> + — 22, for all real X, X # 0.
X

Also, state for what value(s) of x there is equality.

In the diagram below, the points P[Cp, E] and Q[Cq, E} with c, p> 0, lie
p q

on different branches of the hyperbola, 3, with equation xy = c’.
The tangent to I at P and the tangent to JC at Q are parallel.

(i)
(ii)
(iii)

(iv)

(1)

(i)

Yy
A
I
P
> X
NOT TO
SCALE
: . 2c X
Show that the equation of the tangent at P is y = ?_F .

Show that p =—q.

Show that the perpendicular distance from P to the tangent through Q
4cp

\/p4+1.

Using part (a), or otherwise, find the coordinates of the points P and Q
when the perpendicular distance from P to the tangent through Q is a
maximum.

is given by

Using part (a), or otherwise, prove for positive numbers X, y and z that

(x+ y)(y+z)(z+x)28xyz.

By using part (i) above, or otherwise, if a, b and ¢ are the sides
of a triangle, prove that

abc>(a+b—c)(b+c-a)(c+a-b).

-11 -—



Question 16 (15 Marks) Start a NEW Writing Booklet

(a) The horizontal base of an igloo is the major segment of an ellipse, as shown in

Figure I below, with semi-major and semi-minor axes of 2 m and 1 m respectively.

In Figure 1, PQ is the base of a typical vertical cross section in the shape of a
parabolic arc, shown in Figure 2.

N
| P
N
N\
\
4 Bl B
-2 12
’ h
’
-1 0 \4
P
Figure 1 Figure 2

The height of this parabola is determined by another parabola whose base is AB,
as shown in Figure 3.

The maximum height of the interior is to be 2 metres as shown, and the internal
dimensions are indicated on the diagram.

The entrance to the igloo is formed by slicing the structure vertically at right angles

to the major axis of the ellipse \/5 metres from the centre and removing the material

from this point outwards to the end of the major axis as shown in the diagram.

A
Parabolic
c‘m?ection
bounding !
parabola ) 1
1
1
- - -T= I _1
i ' B doorway
1 M
|
A I I, .B N
_2 1 / Iﬁ 115 ’X
[ L e
e 4
A
1 R
Q A ’
B
e ‘ ’\ ..
Rl This piece removed
y e
Figure 3

Question 16 continues on page 13

-12 —



Question 16 (continued)

(a)

(b)

(©)

(1)

(i)

(iii)

(iv)

Find the equation of the ellipse that bounds the floor of the interior
of the igloo.

By finding the equation of the bounding parabola indicated in the
diagram, show that the height h of the vertical cross-section,
drawn at a distance X from the centre of the ellipse is given by

h=1(4-x").

Use Simpson’s rule, or otherwise, to find the area of the indicated
cross-section of height h and show that the volume of air in the igloo

is given by
V3
_1 )2
VEJ (4—X) dx

-2

Using X = 2sin6, or otherwise, calculate the volume of air in the igloo.

A sequence of numbers U, is such that U; = 12, U, = 30 and

UnZSUn7176Un72 fOI‘nZ3

Prove by mathematical induction that U, =2 x 3"+ 3 x 2" forn> 1.

Let z= (a+cos¢9)+ i(2a+ sinH), where a is a real numberand 0 <0 <2rx .

If | z | <2, then | a | <k for some real number k.

Find the value of k.

End of paper
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STANDARD INTEGRALS

e™ dx

cosaxdx

sinaxdx

secax dx

secax tanaxdx

1

a’ + x?

dx

——dx

———d

——dx
x* + a?

1
[2_ 2
1
\/)Cz—a2
1
\/7

NOTE : Inx =log, x,

1
xn+1 ,

Cn+1

=lnx, x>0

= asinax, az0

1
=——cosax, a#0
a

1
=—tanax, az0
a
1
=—secax, a#0
a
1 1 X
—tan 1—, az0
a a
L X
= sin 1—, a>0,
a

= ln(x+ \/x2 +a2)

16—

n#-1;

x#z0,ifn<0

—a<<x<a

X =ln(x+\/x2—a2), x>a>0

x>0
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Section I

1 Which of the following is true for all complex numbers z?
z—z
A Imz=
(A) z=—
> Z=x+iy=FT=x—i
(B) mz— z+zZ Y 'y ~
— . z—Zz
sz—z=2iy=>Imz=—
_ i
@ Imz=>""=
2i
(D) Imz=22Z%
2i
x2 yZ
2 What is the eccentricity of the hyperbola IYEETER 1?
6
s
2 _ 2 __
® \/ﬁ a - =25>b"=11
- 2
5 e2:1+b—2:1+2:ﬁ
6 a 25 25
<€ -
il ne=2
5
5
D —
@) <

3 If J S (x)sinx dx = —f(x)cosx+J 3x? cos x dx, which of the following could be 1'(x)?

w3 { £(x)sinx ds— { £(x) d(~cosx)

X
@ — = —cosxf(x)—J—Cosxf'(x) dx

(D)  cosx l
= —cosxf(x) + Jcosxf’(x) dx

4 Which of the following is _ x| expressed in partial fractions?
(x—3)(x+ )
1 4
A -
) x=3 x+1
S 2 fo3. 3L 5
x=3 x+1 T B -3
X 3+1 X
x=3 x+1 3X(_1)+11 -2

x=—li—— -0
—1- 1
o Lt (1-3) ()



The graph below is that of y = [ f (x)]z.

The line y = 4 is a horizontal asymptote.

14

Which of the following could be the equation for f'(x)?

A f(x)=4+2¢"

B)  f(x)=4-2¢"

©) (x) 2+2e"
f(x)=2-2¢'

The polynomial equation x* + x* — x — 4 = 0 has roots ¢, Band ¥.
Which of the following polynomial equations has roots ¢t”, B> and 72
(A) x-3x*—-8x-16=0

¥ -3 +9%—16=0

(C) x=3x*-8x—1=0
D) x-x*+9%—-1=0

X

Lety=x2
X+x'—x—4=0=x—x=4-x

-'-JC()CZ—I)=4—x2 :>xz(x2—1)2 =(4—x2)2

.'.y(y—1)2 =(4—J’)2 :>y(yz—2y+1)=16—8y+y2

~ Y =2y 4+ y=16-8y+)’

»*=3y"+9y—-16=0

Alternatively: Swap x with \/;
.-,(\/;)3-4-(\/;)2_(\/;)—420:x(\/;)+x—(\/;)—4:0
Nx (=)= 4mx = [Vr(xr-1)] =(4-)
.'.x(x —2x+1)=16—8x+x2

X =2x"+x=16—8x+x?
X =3x4+9x-16=0



The shaded region, bounded by the curves y = x*, y =+/90—x> and the y-axis is rotated

about the y-axis.
y

2mrh

>

Ax 3

What is the correct expression for the volume using the method of cylindrical shells?
r3

V=2r x(\/90—x2 —xz)dx

r3

B) V=2x (\/90—x2—x2)dx

J O
r9

© Vv=2rx (\/9O—y2—y2)dy
JO
~9

(D) V=22 y(yz—\/90—y2)dy
JO

h=+90-x* —x’

r=x

AV =2nrhAx

=27wc(\/90—x2 —xz)Ax



8

The graph below is that of y = f'(x).

Which of the graphs below would best represent that of y = f (\/; ) ?

y

(A)
2

(B)
2

©)
2
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Which of the following defines the locus of the complex number z sketched in the diagram
below?

Im
34
27 j
1y
: : : Re
-2 -1 1 2
-1+
z—1I

A ar =7

®) 8 [ z—1-2i )

B)  arg(z+i)=arg(z—1-2i)

@ arg(z—i)=arg(z—1-2i)
z+i
D =7

®) mg(z—l—zg
x2 y2

If the eccentricity of the hyperbola — — 7 =1 is e, what are the equations of the directrices
a

x2 y2
of the ellipse +==1?
P

Let E be the eccentricity of the ellipse.
b’ a’+b b

(A) x=%e*Ja* +b*

2
o :1_a2+b2_ a’+ b’
x=teVa’+b’ _ a’
a’+ b’
2 2 2 2 2
\Na®+b 2 b> a +b
(C) X:iT e :1+a—2: e
1 1
Va2 + b EP=—=E=—
(D) x:ia—_i_b e’ e
e , 2 2
xziaT-i_bzie\/a2+b2



Section 11
Question 11

(a) Find J dx

1+9x?

J de 1 dx
1+9x* 9 $+x2

= %tan1 (3x) +C

(b)  Find J Vx log, x dx

ALTERNATIVE:
dx

J dx
1+9x>

[ standard inte gral]

3
J \/zlogexdx =J lnxd(gle

3 (‘
=—x’lnx-
J
3 r
=—x*lnx-
J
3 g
=—x?lnx-
3

J

:zx% lnx—éx%+C
3

=§x§(3lnx—2)+C

) (@)

Find the real numbers a, b and ¢ such that

X’ +5x°+x+2 _x+a bx+c

xz(x2+1) oyt

x*+1

.'.x3+5x2+x+25(x+a)(x2+1)+x2(bx+c)

Letx=0: 2=a(1)+0
Joa=2
1+b=1 (comparing coefficients of x°)
Sobh=0
atc=5 (comparing coefficients of x°)
“c=3

S.oa=2,b=0,c=3

1+(3x)

5= ltan_1 (3x) +C



Question 11 (continued)

X5 +x+2
xz(x2+1)

X +5x+x+2 x+2 3
dx = —2+2— dx
xZ(x2+l) X x“+1

:J (x_l+2x_2+ 23 )a’x
x“+1

=ln‘ X ‘—g+3tan*1x+C
x

(c) (i)  Find J dx

.
2

COSXx

—_—dx
o V4+2sin’x

Let u = sinx = du = cosx dx

(d) Evaluate

x=0,u=0and x=—,u=1

N

b4

z 1
: coSX ( du

—_— dx
o V4+2sin’x

L&
(=}
I~
+
)
<
|38

1

sl - s
—
s
:N

1

1n(u+\/ﬁ)}0
ln(1+\/§)— ln\/z:|

| —
1

N = N

=3
VR

-
= P
N——



Question 11 (continued)

(e) Solve the equation w” + 6w + 34 = 0, giving your answers in the form p + gi,
where p and ¢ are integers.

Sowt 6w+ 9=-25
" (w+3) = (50)
wH3=135
“w=-3x5i

® It is given that z = i(1 + i)(2 + §).
(1) Express z in the form a + ib, where a and b are integers.

z=i(1 +i)2 + i)
= i(2 +3i +i%)
= i(1 +3i)
=3+

(i1))  Find integers m and n such that z+mz =ni .

So3+i+tm(-3-i)=ni

So33m+i(l —m)=ni

o3 3m=0and 1l —-m=n (Equating real and imaginary parts)
Som=-landn=1-(-1)=2

m=-1,n=2



Question 12

(a) Two loci, L, and L,, on an Argand diagram are given by

Li:  |z+6-5i|=42

Ly: arg(z +1) = 37”

The point P represents the complex number -2 + i.

(1) Show that the point P is a point of intersection of L; and L,.

Ly: LHS=|-2+i+6-5i]| Lo: LHS =arg(-2 +i+i)
=|4-4i| = arg(-2 + 2i)

= (42 +(_4)2 =32 =m—tan' 1

=42 Z%Z

=RHS =RHS
S. Plieson ;. .. Plies on L.

(i1) Sketch L; and L, on one Argand diagram.

[ee}
Il
T

(_69 5)

(iii)  The point Q is also a point of intersection of L; and L.
Find the complex number that is represented by Q.

L, is a ray of gradient —1.

.. the centre (-6, 5) lies on L.
S 0(-6-4,5+4)=(-10,9).
S.—=10+9i

_1n _



Question 12 (continued)

(b) (1) By expressing in modulus-argument form, or otherwise,
2r .2, .
show that 20037 + 2is1n? is a solution of z* = —4+4+/3i.

LHS =z’

3
= (Zcis 2—” ]
9
2r

= 8cis6—7[ =8cis—
9 3

=800$2—”+8isin2—”
3 3
o[ LB
2 2
=—4+4i\3

(i)  Theroots of z° =—4+ 4[3i are represented by the points P, Q and R
on an Argand diagram.

Find the area of the A POR, giving your answer in the form k\/g ,
where £ is an integer.

The roots of z° = —4+4+/3i will lie equally spaced around a circle of radius 2.

The angular difference of the roots is 27”

Im

R

Area A POQ = %x2><2><sin120° =3

. Area A POR = 3x3 =33

11 _



Question 12 (continued)

(c) The diagram below shows the graph of y = f (x) which has a horizontal asymptote
at y=-1

The point of inflexion near the y-axis was not used in the marking scheme.

(1)

_ 1
TR

As f(—1)=0, then x =—1 is a vertical asymptote.
As x ——oo, f(x) ——1" and so ! ) —(=1)"
X

—0".

Similarly, x — o, f'(x)—> e and so !
f(x)

When f'(x) = 1, the two graphs will intersect i.e. x =0
y

AT I\ '4

17 _



Question 12 (continued)

(c) (i) y=tan" f(x)

As x%—oo,f(x)—>—1 and so tan*‘f(x)ﬁ_%,
Similarly, x —eo, f'(x)—>e0 and so tan™ f'(x) —>%.

y
Iy

> X

—————

1



X —X

e —e

Question 13
@ () If T(x)=———, by considering lim 7 (), or otherwise, 1
e +e e

show that the domain of 77'(x) is| x| <.

T(x)= ex — e_x is an odd function.
e +e
lim7 (x)=1 and lim T(x)=-1 so the range of T(x) is | y | < I.

NB You do need that the graph is strictly increasing/decreasing though this was not
used in the marking scheme.

.". the domain of 77'(x) is | x| < 1.

(i)  Show that T"'(x)= L log [ TF* |, 2
2 1-x
e’ !
- 2x
x e’ -1
y=——t-my=—5—
€x+7 e +l
ex

1
1-x*

d
(ii1))  Hence, or otherwise, show that —[T ’l(x)] =
dx

T‘l(x):%ln(x—-“j

1—x

=[in(x+1)-mn(1-x)]

_ 14 _



Question 13 (continued)

(a) (iv)  Use integration by parts to show that

J 4T (x) dx =log, [37)
o 2

where m and n are positive integers.

I
—
N

=

™
—_

=
N—
L1
S o~

|

I
ol

o

=

Q

&
—_

=
N—

—_

=ln3+2j2 —2x2 dx
0 1-x
1

=1n3+2[1n\ i H?

0
=In3+2mn?

(b) The diagram below shows a circle with center O and a diameter RS.
A chord, PQ, intersects RS at 7' which is a point within the circle.

P
Prove that RT*+7S* > PT* +TQ".
(1):  RT.TS=PT.TQ (Intersecting chords) R 9 T S
As RS is a diameter then RS > PQ.
RS=RT+TSand PO=PT+TQ 0

" (RT+ TS)* = (PT + TO)
" RT* + TS* + 2RT.TS > PT*+ TQ* + 2PT.TQ

From(1):  RT’>+TS*>PT*+T0O’

_ 18 _



Question 13 (continued)

(c) Let o, B, and ¥ be the roots of the cubic equation x° + Ax” + Bx + 8 =0,
where A4 and B are real.
Furthermore, o>+ f2=0and B>+ y*=0.

(1) Explain why S s real and o and yare not real. 2

As A4 and B are real, then the roots are either all real or 1 pair of complex conjugates
and one real root.

o+ BP=0and BP+y*=0 = a’=—B%and y* ="
- if o, B, and y are all real then = 3=y =0, but By = -8
So there is 1 pair of 1 pair of complex conjugates and one real root.

Now o’ =y?

Soo=ty

. arand y are the non-real roots, as if ¢« is real then v is real, and then all the roots
would be real.

- B isreal.
(i1) Show that ¢ and y are purely imaginary 1

As Bis real then B= b, where beR .
a’=-B*= a=1b.
a=try= y=%¥ib

.. orand y are purely imaginary
(ii1))  Find 4 and B. 2

The roots are b, ib and —ib.

b xibx (—ib)=-8  (product of roots)
Sob =8

Sobh=-2
b+ib+ (-iby=-A4 (sum of roots)
SoA=2

Yoff = B=2(2i) + 2(-2i) + (2i)(-2i) = 4

S A=2,B=4

_ 1A _



Question 14

(a) (1) By using de Moivre’s theorem, or otherwise, show that 3

_ 3
tan 46 — 4tan02 4tan ? —()
1-6tan“6+tan" 0

By de Moivre’s Theorem (cos9 +isin 9)4 =co0s40 +isin40

Let c=cos@, s=sinf and f=tan0

(cos@ - isinO)4 =c*+ 4c3(is)+ 6¢’ (is)2 + 4c(z’s)3 +(is)4
=c*+4ic’s—6c’s’ —dics’ +s*
=c'—6c’s" +s5'+ i(4c3s - 4cs3)

Equating real and imaginary parts:  cos48 =c* —6¢’s> +s* and sin40 = 4¢’s — 4cs’

tan 46 = sin46
cos460
3 A3
__Acs—des” [+¢*]
¢t —6c%s? +5t
_ dt-4r
tt =61+
_ 4tanf—4tan’ @
1—6tan’ @ +tan* @
ALTERNATIVE:
tan46 = tan (2 x 26)
_ 2tan20
1—tan’26
5 2tan29
B 1—-tan" 0

2tan@ 2
I L
1-tan“ 0
4tan9(1—tan29)
(l—tanze)z—(ZtanO)2
B 4tan6 —4tan’ 0
1—2tan’ 6 +tan* 6 —4tan’ 6

_ 4tan0—4tan’0
1—6tan’ 6 +tan* 6

_ 17 _



(i1) Hence, explain why ¢ = tan% is a root of the equation

f+4f —6F —4t+1=0

Substitute 0 = % into equation (1) above

- 4tan£—4tan3£
tan(4><—]: 16 16

T T
1—6tan* — + tan* —

16
4tan£—4‘[an3£
stan—= 16 16
1—6tan’ 7~ + tan* -
16 16
4t —4¢°
.'.1:% Lett:tan£
1-6¢ +¢ 16

=6+t =4t—4F
St 4P -6 —4t+1=0

ALTERNATIVE:

Consider t* + 4 — 61> —4t+1=0
-6+t =4r-4r
4t —4f°

o6+t

Let ¢ =tan@
4tan6 —4tan’ 0

1-6tan’@+tan’0
~tan40 =1

/4
A0 =—+nn,nel

o=l

16 4
Forn=20, le
16

T
s t=tan— isarootof t* +4+ =6 —4t+1=0

1R



Question 14 (continued)
(1) (i) Hence show that tan> 2~ + tan> 3z rtan® Z o tan? 2F = 28
16 16 16 16

The other roots of #* + 4 — 6£* — 4t + 1 = 0 come from tan46 =1

tandg =149 == 2% I DT
4 4 4 4
7w St 9m 13rm

16016716716
b4 Si o 137
st=tan—, tan—, tan—, tan—, ...
16 16 16 16

.. the roots of £ + 47 — 6/ — 4t + 1 =0 are tani,tans—n,tang—n, tanl3—7r
16 16 16 16

NB tan—:—tan7— and tanl—z—t n3—n
1 16
T 3 S r

s, B,y,0 =tan—, —tan—, tan—, — tan —
16 16 16 16

Ya’= (Zoc)2 -2 af
- (4 -2(¢

=16+12=28
- tan? l-i— tan? 3—7r+tan2 5_7:+ tan® 7—” =28
16 16 16 16
ALTERNATIVE

P(r)=t*+4r —6r" — 41 +1
 P(NE)=(VE) +4(NE) —6(dr) —4(4F)+1

/4
t* +4£ — 61> —4t+1=0 has roots «, f3, ;/,5:tang,—tan—, tan —, —tan —.

w(NE) +4(VE) —6(VE) —4(Vr)+1=0 has roots o, 57, 7, 5
.-.(\ﬁ)4 +4(\ﬁ)3 —6(xﬁ)2 —4(ﬁ)+1:0

o+ 4t 61— 4t +1=0

st —6t+1=4r 4t

(e —6e41) =[aVi(1-0)]

(7 —6t)2 +2(7 —6t)+1=16¢(1-21+17)

st =120 43667 + 267 =12t +1=16¢ 3247 +16¢°

St =282 +7067 =28t +1=0

28 _

LY+ = | 28

~ 10 _



Question 14 (continued)

(b)

In the diagram below, the shaded region is bounded by the lines
8
x+2°

x =-4,x=-2,y =38, the x-axis and by the curve y=-

The region is rotated about the line x = 3 thus forming a solid.
Find the volume of the solid.

Method 1;: Shells

4__

--------l--l--------

2+

- } Il X

4 2 2 4

For -3 <x<-2: Annular cylinder with inner radius 5 and outer radius 6; height 8
.. Volume = 71:(62 —52)>< 8=88xr cu

For 4 <x<-3: AV =2nrhAx
.'.AV#27I(3—x)(— 5 ij
x+2
-3
V=J 27:(3—x)(— jdx
» X+
/'—Sx_3
=1l6r dx
Jax+2
r=3
—tor| P24
Ja o x+2
=3 5
=16rx (1— de
» x+2
-3
=167| x—5n| x+2| |
—4

. Total volume = 1677(1+1n32)+ 887 = 7(104+16In32) cu

_2N _



Question 14 (continued)

(b) Method 2: Woshyers

A

8t
/PC_Q
4

4 3 2 T 2 3 4
For 0<y<4:
The volume of the annular cylinder or “pipe” created by the rotation is 4 x 72:(72 - 52)
re. 967 cu.
For 4<y<8:

The area of the annulus formed by the rotation of PQ is given by

Area = ﬂ(radius of outer edge of annulus)2 — (radius of inner edge of annulus)2

7| (3-2)' -5

7r(9—6x+x2—25)

- x2—6x—16)

8
=>x+2=——
x+2 y

4 32
.'.x:—§—2:>x2:6—2+3—+4
y y oy

Now y=-—

2

yor y

(64 80]
=T —2+—
vy

4 .
= 1671'(—2+2j sg. units

Area :n(ﬁ+£+4+ﬁ+12—16]

yo ¥

8

So required volume is V' = 167'EJ

4

8
V=167 —4y” +51ny]4 +967

(i2+£jdy+967t
yoy

=16m{(—1+5In8)—(~1+5m4)}+ 967
167(—1+5In8+1-5In4)+967

85
16n[ln—5+§J+96n
4

=167(In32+1+6)
=m(104+16In32)cu

21 _



Question 14 (continued)

1

(c) Let/, =J x(xz—l)” dx forn>0
0

(1) Use integration by parts to show that

[ =——"_1 forn>1
n+l

Il
1
N =
=
38
—_
=
[\
|
f—
—=
—
|
2
I~
=
(3]
QU
—_—
=
S}
|
—
SN—
=

rl

=-n x[x2 (x2 - l)n_1 }dx
.)(‘ol
== | {1+ -1) e
-)(‘()1
=-n x[(x2 - l)n +(x2 — l)n_1 }dx
= —n;no— nl
A =-nl —nl_ |
c(n+1)I =-nl
ol =———1
" n+l "

(i)  Hence find 7,

o 3o 32321,
4 413 41 3(2
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Question 15

(a) (1) Prove for positive numbers x and y that x+ y > 2\/; .
(Vx-y) 20
SX+ Y- 2\/5 =0
SX+y2 2\/5
(i)  Hence, or otherwise, prove x° + x_12 =2, forall real x, x #0.

Also, state for what value(s) of x there is equality.

In (i), replace x with x* and y with Lz (NB x?, Lz =0)
X X
1 1
2 2
SXT =22 X X—
x’ x’
=2

Equality is when x = +1

(b) In the diagram below, the points P(Cp, 2] and Q(cq, 5) with ¢, p > 0, lie
p q

on different branches of the hyperbola, #Z with equation xy = ¢’.
The tangent to ./ at P and the tangent to #/ at Q are parallel.

2
(1) Show that the equation of the tangent at Pis y = d —iz .
p p
At P, x:cpandy:£ and so ﬂ:c,ﬂz—%
dp. dp p
b _d dp
Cdx dp dx
1
P
Equation of tangent at P is y L —iz (x—cp)
p P
2¢c x .
y=——— asrequired

(i1) Show that p = —q.
The gradient of the tangent at P is — Lz from part (i).
P

So, the gradient of the tangent at Q is — Lz
q

Since the gradients are equal: — Lz = —Lz.
p q
g =p
~(¢=p)(q+p)=0
.'.quOI'q:—p

Since P and Q are distinct points, g # p and so ¢ = —p as required.

o Jo S



Question 15 (continued)

(b) (ii1))  Show that the perpendicular distance from P to the tangent through O
4cp

is given by
NJARR!

2
The equation of the tangent through Q is y = =< 12 =x+q°y—2cqg=0

y
Il 9 g cp+q2(§)—2cq
~J\) () o
P +p7(<)+2
_|+p %) cp (p=—d]
> X p +1
4cp

7

Yt
NOT TO p
SCALE

4ep

== [c, p>0]
NI

(iv)  Using (a), or otherwise, find the coordinates of the points P and Q when the
perpendicular distance from P to the tangent through Q is a maximum.

Method 1: ‘“Hence”

4
Let D=——P
\/p4+1
_ 4¢
p2+4%
p
_ | .
pP+—=22= <—
5 2
4 Py
<2<
B PR
P+ 2
L p il

= 2\/50

So the maximum length of D is 2\/50 and from (a)(ii) this maximum occurs
whenp=1,asp>0

.~ P(c, ¢) and Q(—c, —¢)

21 _



Question 15 (continued)

(b) (iv) Method 2: “Otherwise”

Let D equal the perpendicular distance from P to the tangent through Q.
dp__ dex—P

\/P4+1 (p4+1)%

dD (p4+1) Xl—pX%(p4+l)7
dp p4+1

D= [ from part (iv)]

=
o=

><4p3

(p*+1) " [(p* +1)-2p"]

4

p +1

=4c

1-p*
=4
c_\/p4+l(p4+l)
B 4c(1—p4
_\/p4+1(p4+1)

Maximum occurs when d—D =0
dp

sde—4cpt=0

Test for max/min;:

Whenp=0,d—D:4c>() [c>0]
dp

When p = 2, 4P de=064c _=60c
dp

o/i\z
/X

. amaximum when p =1.

So the perpendicular distance from P to the tangent through Q is a maximum
when p =1.
This occurs when P(c, ¢) and Q(—c, —)

_NK _



Question 15 (continued)

() (1) Using (a), or otherwise, prove for positive numbers x, y and z that 2
(x + y)(y+z)(z +x) > 8xyz

From (a), (x+y)2 2\/5
s(y+z)22yyz

(z+x)22\/x_z
.'.(x+y)(y+z)(z+x)22 xy ><2\/;><2\/;

— 8 /x? yz 72
=8xyz [x, V,z> 0]
(1)) By using part (i) above, or otherwise, if a, b and ¢ are the sides 2

of a triangle, prove that
abc 2 (a+b—c)(b+c—a)(c+a—b).

As a, b, c are the sides of a triangle thena, b,c>0anda+b—-c>0,b+c—a >0,
cta-b>0.

Leta=x+y,b=y+zand c =z + x for some positive real numbers x, y, z.

NB a+b—c=x+y+y+z—(z+x)=2y>0
Similarly, b+c—-a=2z>0 and c+a-b=2x>0.

So the conditions of (a)(i) are valid i.e. (x + y)(y+z)(z +x) > (2x)(2y)(22)
sabe2(c+a-b)(a+b—c)(b+c—a)
sabe2(a+b—c)(b+c—a)(c+a-b)

ALTERNATIVE

From (i) (x+y)(y+z)(z+x) > 8xyz (*)
Letx=c+a-b,y=a+b—-candz=b+c—a.
NB x, y,z>0 as a, b and c are the sides of a triangle.

Nowx+y==c+a-b+a+b—c=2a.
Similarly, y +z=2band z + x = 2c.

Substituting the above into (*) gets (2a)(26)(2¢)28(c+a—b)(a+b—c)(b+c—a)
~.8abc 2 8(a+b—c)(a+b—c)(b+c—a)
s.abe > (a+b—c)(a+b—c)(b+c— a)

_NA _



Question 16

(a)

(ii)

A
Parabolic
cross-section
2 z/;
bounding '
parabola 3 1
h! (D 0)
- ” ). & doorway
1 N
1
1/

4
.

Find the equation of the ellipse that bounds the floor of the interior
of the igloo.

a=2and b=1

2
X

L=ty =1
Y

By finding the equation of the bounding parabola indicated in the
diagram, show that the height % of the vertical cross-section,

drawn at a distance x from the centre of the ellipse is given by 4= %(4 - xz) .

The bounding parabola has equation z = %(4 - xz)

The vertex of cross-sectional parabola has coordinates (x, /) on this bounding
parabola.

~h=1(4-x")

-7 _



Question 16 (continued)

(a) (ii1))  Using Simpson’s rule, or otherwise, to find the area of the indicated
cross-section of height 4, show that the volume of air in the igloo is given by

\;
V—;J (4—x2)% dx

-2
Simpson’s rule gives the exact value of the area of a parabola
Using 3 function values:

y z w (weight) zw
—Vx 0 1 0
0 h 4 4h
Vx 0 1 0
zw=4h
2
X
= J1-=
Yy 4
_ Ll og
= 5(4 -

There are alternative solutions, but you need to know Simpson’s Rule and how it
works!

1R _



Question 16 (continued)

(@) (i)

1
V==

x=2sin0 = dx =2cos0d0O

m m
—2.0=-L.x=3.0="
g 2" 3

N | W

= (4 — 4sin’ 9)%

=)

:8(1—sinze)z

= 8(00529)3
=8cos’ 0

3 5

(4—x2)E dx =

J =2

r

win

16cos*0 do

J_T
2

3
(3

(1+cos26) d6

J_T
2
L
(3

3]«

J =
2

(1+2c0520+

R EIRRAN

3 2 2 16

= 6.24635
57r

4\/_

=6.24635

1+cos419]d‘9 :fj
2 3

E9+sin20+%sin49

Using x = 2sin@, or otherwise, calculate the volume of air in the igloo.

NE)
3J (4—x2)% dx

-2

8cos’0x2cosO dO

[
gk

4 5
=3 (1+2cos20+cosz20)d0

W | —

Wy oy

2cos

wl-lk

win

/1

4433

~70 _

(E-% 2cos20+%cos49j do



Question 16 (continued)

(b) A sequence of numbers U, is such that U; =5, U, = 30 and
U,=5U,_1—-6U,_rforn=3
Prove by mathematical induction that U, =2 x 3" +3 x 2" forn > 1.

Testn=1: LHS=U,=12
RHS=2x3'"+3x2'=12
Sotrue forn=1

Testn=2: LHS =U,=30
RHS=2x3*+3x22=30
Sotrue forn=1

Assume true forn=k—21ie. U_, =2x3"7+3x2"?
Assume true forn=k—11ie. U_ =2x3""+3x2""

Need to prove true for n =k i.e. U, =2x3"+3x2"

LHS=U,
=5U, ,-6U,,
=5(2x37+3%x2"") - 6(2x 3 +3x2"7)
=10x3""+15x 2" —12x 32 —18x 2"
=10x3""—12x3" 2 +15x 2" —18x 2
=10x3"" —4x 3" +15x 2" —9x 2!

=6x31T+6x2"!
=2x3"+3x2"
=RHS

So the formula is true for n = k when itis true forn =k—-2and n=%k— 1.

By the principle of mathematical induction the formula is true for all n > 1.

2N _



(c)

Let z= (a + cos@)+ i(Za + sine) , Where a is a real number and 0 < < 2.

If | z |S 2, then | a |S k for some real number .
Find the value of £.

| z |2 =(a+cost9)2 +(2a+sint9)2
=a’+2acos@+cos’ +4a’ +4asin@+sin’ 6
=5a*+1+2acosO@+4asin @

=54* +1+2\/§acos(¢9+8) for some €€ °

As|z|£2then|z|2S4.
5a2+1+2\/gacos(9+8)ﬁ4
2\/§ac0s(0+8)ﬁ3—5a2

NB 2\/§acos(0+8)32\/§‘ a‘
25| a|<3-54°

Now da*=|a |

2\/5‘ a‘S3—5| a|2

5| a|2+2\/§| a|—3SO
(\/g‘ a‘—l)(\/g‘ a‘+3)£0

.-.—is|a\si

=T

But‘a‘ZO and so OS‘a|S

-

slals=

NG

_ 1 _



ALTERNATIVE Solution

z=(a+cos@)+i(2a+sin0)

=(a+2ai)+(cosO+isinb)
Let @ =a+2ai and @, =cos@+isin@. Then, z=w +,.

| @, | =+a’ +4a’ =| a |\/§ and arg@ =tan™' 2 (which is a fixed angle in the 1% or 3" quadrant).

|a)2| =1 but arg®, can be any angle between 0 and 27.

\%

W ==

e 3o



By the triangle inequality,

z|<| @ |+ @ |-

-3+

With | z |[<| @ |+] @,

, equality is achieved when argw, =arg @)

Therefore, if| z |S2,then | a |x/§+1£2 or | a |SL
J5
Y
N
3__
} > X
-3 3

End of solutions

2
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