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General Instructions  

 

Å Reading time ï  5 minutes. 
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Å Write using blue or black pen. 

 

Å Make sure your Barker Student Number 

is on ALL pages of your answer sheets. 
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at the back of this paper. 
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Å Attempt Questions 1ï8. 

 

Å ALL necessary working should be shown in 
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Å Start each question on a NEW page. 
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arranged work. 
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Total marks  ï 120 

Attempt Questions 1ï 8 

Answer each question on a SEPARATE sheet of paper 

________________________________________________________________________________ 

   Marks 

Question 1 (15 marks) [START A NEW PAGE]  
 

 

(a) (i) Find   
23 2

dx

x x- -ñ  using partial fractions. 4 

 

 

 

 (ii) Hence, or otherwise find  
2

2

3 2

x

x x
dx

+

- -ñ  2 

 

 

 

 

 

 

(b) (i) Find   
23 2

dx

x x- -ñ  2 

 

 

 

 (ii)  Hence, or otherwise, find  
2

1 2

3 2

x
dx

x x

+

- -ñ  3 

 

 

 

 

 

 

(c) Find 2 2
x a dx+ñ   using integration by parts. 4 

 

 

 

 

 

 

 

End of Question 1 
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  Marks  

Question 2 (15 marks) [START A NEW PAGE]  

 

(a) (i) Solve 3 2 2 ,z i= +  giving answers in the form  .R cisq 2 

 

 

 

 (ii) Hence prove that 
9 7

cos cos cos 0
12 12 12

p p p-å õ å õ å õ
+ + =æ ö æ ö æ ö

ç ÷ ç ÷ ç ÷
 1 

 

 

 

 

 

(b) Find the locus of Z for the following: 

 You may give your answer as an equation or a graph, whichever you prefer. 

 

 (i) 
2

Z i

Z

-

-
 is purely real. 2 

 

 

 (ii)  
2

Z i

Z

-

-
  is purely imaginary. 2 

 

 

 

 

(c) Let cos sin .z iq q= +  

 

 (i) Using de Moivreôs Theorem and the Binomial Theorem, show that 

 

   5 3cos5 16cos 20cos 5 cosq q q q= - +  3 

 

 

 (ii)  Hence solve: 

 

   5 332 40 10 1x x x- + = 3 

 

 

 

 (iii)  Hence prove that: 

 

   
7 11 13 1

cos . cos . cos . cos
15 15 15 15 16

p p p på õ å õ å õ å õ
=æ ö æ ö æ ö æ ö

ç ÷ ç ÷ ç ÷ ç ÷
 2 

 

 

 

 

End of Question 2 
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Marks 

Question 3 (15 marks) [START A NEW PAGE]  

(a) These two diagrams show the same graph of ( )y f x=  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(i) Sketch 2( )y f x=  on diagram (i) above, showing x intercepts and other key features  

of this graph. 3 

 

 

(ii)  Sketch [ ]log ( )ey f x=  on diagram (ii) above, showing key features.  3 

DETACH THIS PAGE AND ATTACH  IT  TO YOUR SOLUTIONS. 

 

Question 3 continues on page 5

y 

y 

(i) 

(ii) 

4 

x 
-1 4 

(2, -4) ǒ 

4 

x 
-1 4 

(2, -4) ǒ 

y 
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 Marks 

Question 3 (continued)  
 

(b) Find the x-coordinates of the points on the curve 

 

  2 22 2 3 15x xy y+ + = 

 

 where the tangents to the curve are vertical. 3 

 

 

 

 

(c) (i) Sketch 2 2 and xy x y e-= - =   on the same number plane diagram.   

  The diagram should be about one third of the page in size. 1 

 

 

 

 (ii)  Find the x-coordinates of the stationary points on 2( 2)xy e x-= -  2 

 

 

 

 

 (iii)  Hence, sketch the graph of 2( 2)xy e x-= -  on the same diagram as  

  in (i), showing the x-intercepts and other key features of the graph. 3 

 

 

 

 

 

 

End of Question 3 
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Marks 

Question 4 (15 marks) [START A NEW PAGE]  
 

(a) An ellipse has the equation 
2 2

1 11 and ( , )
8 4

x y
P x y+ =  is a point on this ellipse. 

 

 (i) Find its eccentricity, the coordinates of its foci, 1andS S , and the equations 

  of its directrices.    3 

 

 

 (ii)  Prove that the sum of the distances 1andSP S Pis independent of the position  

  of P.  2 

 

 

 

 (iii)  Show that the equation of the tangent to the ellipse at P is 

 

  1 12 8.x x y y+ =  3 

 

 

 (iv) The tangent at 1 1( , )P x y  meets the directrix closest to S at T.   

 Prove that PSTÏ  is a right angle. 3 

 

 

 

 

 

 

 

(b) The point ,
c

T ct
t

å õ
æ ö
ç ÷

 lies on the hyperbola 2.xy c=  

 The normal at T meets the line at .y x R=  

 Find the coordinates of R. 4 

 

 

 

 

 

 

 

 

 

 

End of Question 4 
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   Marks 

Question 5 (15 marks) [START A NEW PAGE]  
 

(a) Given the polynomial 

  3 2( )p x ax bx cx d= + + + 

 where (), , , and are integers and 0:a b c d pb b=  

 

 (i) Prove that b divides d 2 

 

 

 (ii)  Hence, or otherwise, prove that the polynomial equation 

 

  q(x) =                                       does not have an integer root. 2 

 

 

 

 

(b) The numbers , anda b g satisfy the equations 

 

  2 2 2

0

2

1 1 1 1

10

a b g

a b g

a b g

+ + =

+ + = -

-
+ + =

 

 

 (i) Find the values of andab bg ag abg+ +  3 

 

 

 (ii)  Hence write down a cubic equation with roots , anda b g 

  in the form 3 2 0ax bx cx d+ + + = 1 

 

 

 

 

 

 

 

Question 5 continues on page 8 

 

 

3 22 5 8 3 0x x x- + - =
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   Marks 

Question 5 (continued)  
 

 

(c) The equation 3 2 2 4 0x x x+ + - = has roots , , and .a b g 

 

 (i) Evaluate abg 1 

 

 

 

 (ii) Write an equation in the form  

 

   3 2 0ax bx cx d+ + + = 

 

  (A) with roots 2 2 2, anda b g 3 

 

 

  (B) with roots 2 2 2, anda bg ab g abg 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

End of Question 5 
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Marks  

Question 6 (15 marks) [START A NEW PAGE]  

(a) Find the volume of the solid generated when the area bounded by 

 

 26 3 and 3y x x y x= - - = - is revolved about the line 3.x=  4 

 

 

 

 

(b) (i) By rewriting 

  

( ){ }

( ){ }

cos( 2) as cos 1 1 ,

and

cosn as cos 1 1 ,

n x n x

x n x

+ + +

+ -

 

   

 show that ( ) ( )cos n + 2 cos 2cos 1 .cos( )x nx n x x+ = +  1 

  

    

 

 

 (ii)  Hence prove that given 
0

1 cos

1 cos
n

nx
u dx

x

p
-

=
-ñ

 3 

  where n is a positive integer or zero, 

 

  then,  

  

{ }
2 1

0

2cos( 1) . 1 cos
2

1 cos

0

n n n

n x x dx
u u u

x

p

+ +

+ -
+ - =

-

=

ñ   

 

 

 

 (iii)  Evaluate 0 1andu u directly , and hence evaluate 2 3andu u                           3 

 

 

 

 (iv) Also show that 
22

2

0

sin 3

sin

3

2
d

p

q

q

p
q=ñ  4 

 

 

 

End of Question 6 
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   Marks  

Question 7 (15 marks) [START A NEW PAGE]  

 

(a) The acceleration due to gravity at a point outside the Earth is inversely proportional 

 to the square of the distance from the centre of the Earth, ie. 2

2

1

2

d k
v

dx x

-å õ
=æ ö

ç ÷
 

 

 (i) Neglecting air resistance, show that if a particle is projected vertically  

  upwards with speed  u  from a point on the Earthôs surface, its speed  V   

  in any position  x  is given by 

 

  2 2 2 1 1
2 ,V u gR

R x

å õ
= - -æ ö

ç ÷
 

 

  where R  is the radius of the Earth, and  g is the acceleration due to gravity  

  at the Earthôs surface. 3 

 

 

 

 (ii)  Show that the greatest height H, above the Earthôs surface, reached by  

  the particle is given by 

  
2

22

u R
H

gR u
=

-
 2 

 

 

 

 (iii)  Prove that if the speed of projection exceeds 12 km/sec, the particle will  

  escape the Earthôs influence.  (2Take 6400km and 10 /sec )R g m= =  3 

 

 

 

 

 

Question 7 continues on page 11 
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   Marks  

Question 7 (continued) 

(b) Suppose that x is a positive number less than 1, and n is a non-negative integer. 

 

 (i) Explain why 

  ( )2 3 1
1 ... 1 ...

1

n nx x x x
x

- + - + + - + =
+

 

  and  

  
2 3 4

log (1 ) ...
2 3 4e

x x x
x x+ = - + - + 2 

 

 

 

 (ii)  Hence, show that 

  ( )
2 3 4

log 1 ...
2 3 4

x x x
x x- =- - - - - 

  and 

  
3 51

log 2 ...
1 3 5

x x x
x

x

å õå õ
æ öæ ö æ ö

ç ÷ ç ÷

+
= + + +

-
 2 

 

 

 

 (iii)  By letting 
1

2 1
x

m
=

+
 

  ()
1 1

Show that log log
1

x m

x m
a

å õ+ +å õ
=æ ö æ ö

- ç ÷ç ÷
 1 

 

 

  

()

( ) ( )
3 5

Show that

1 1 1 1
log 2 ...

2 1 3 2 1 5 2 1

m

m m m m

b

å õ+å õ
= + + +æ öæ ö æ ö+ç ÷ + +ç ÷

 1 

 

 

 

 (iv) Use a result from (i), (ii) or (iii) to find a simple fraction which approximates the  

  value of  log (1.001)e  correctly to 9 decimal places. 1 

 

 

 

 

 

End of Question 7 
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   Marks  

Question 8 (15 marks) [START A NEW PAGE]  

(a) You are trying to find the dimensions of the right circular cone of minimum volume which can 

be circumscribed about a sphere of radius 20cm, as shown below. 

 

 Let x cm = the radius of the base of the cone and let ( )20y+  cm = the altitude of the cone. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 (i) Prove that 
( )2

400 20

20

y
x

y

+
=

-
 using similar triangles. 2 

 

 

 (ii)  Hence, find the dimensions of the cone which make its volume a minimum. 3 

 

 

 

 

 

Question 8 continues on page 13 
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   Marks  

Question 8 (continued) 

 

 

(b) By using the formula for ( )tana b-  in terms of tan and tan ,a b  

 answer the following questions. 

 (i) If 2 , show that
4

x y
p

+ =  2 

 

  
2

2

1 2 tan tan
tan y =

1 2 tan tan

x x

x x

- -

+ -
 

 

 

 (ii)  Hence deduce that tan
8

p
 is a root of the equation 2 2 1 0t t+ - = 

  and find the exact value of tan
8

på õ
æ ö
ç ÷

 3 

 

 

 

 

 

(c) For the series   ( )2( ) 1 2 3 ... 1 ,nS x x x n x= + + + + + 

 

 find ( ) ()1 x S x-  and hence find ()S x  3 

 

 

 

 

 

(d) Find 

1

2 7

1

sin ,x x dx
-

ñ  giving reasons. 2 

 

 

 

 

 

 

End of Question 8 

 

 

End of Paper 
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