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• Write your answers for Section I on the 

multiple-choice answer sheet provided 

• A reference sheet is provided at the  

back of this paper 

• In Questions 11-16, show relevant 

mathematical reasoning and/or 

calculations. 
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Section I – Multiple-Choice  
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Attempt Questions 1-10 

Allow 15 minutes for this section  

 

Section II – Free Response  
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Section I  

 

10 marks  

Attempt Questions 1 – 10  

Allow about 15 minutes for this section 

 

Use the multiple-choice answer sheet for Questions 1 - 10.  

 

QUESTION 1 

 

Which of the following is an expression for ∫
𝑥 𝑑𝑥

√𝑥2+1 
3   ? 

 

(A)   
3

2
√(𝑥2 + 1)23

+ 𝐶     

(B)   
1

2
√(𝑥2 + 1)23

+ 𝐶  

(C)   
3

4
√(𝑥2 + 1)23

+ 𝐶     

 

(D)  
3

2
√(𝑥2 + 1)23

+ 𝐶  

 

 

 

QUESTION 2  

 

In an Argand diagram the points 𝐴(−3,2) and 𝐵(5,−4) lie at opposite ends of a diameter of a circle. 

What is the equation of the circle? 

 

(A)   |𝑧 − 1 + 𝑖| = 10     

(B)   |𝑧 − 1 + 𝑖| = 5 

(C)   |𝑧 + 1 − 𝑖| = 5     

 

(D)  |𝑧 + 1 − 𝑖| = 10 

 

 

 

QUESTION 3 

 

What is the size of the acute angle 𝜃 between the vectors �̃� = 2𝒊 − 𝒋 − 𝒌 and �̃� = 2𝒊 − 2𝒌 ? 

 

(A)   𝜃 =
𝜋

6
     

(B)   𝜃 =
𝜋

5
   

(C)   𝜃 =
𝜋

4
       

 

(D)  𝜃 =
𝜋

3
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QUESTION 4 

 

What is the magnitude of the vector 𝒊 − 3𝒋 + 5𝒌 ? 

 

(A)   √17     

(B)   √35 

(C)   17   

 

(D)  35 

 

 

QUESTION 5 

 

Which of the following is an expression for   

∫
1

𝑥2 − √3 𝑥 + 1
𝑑𝑥   ? 

 

(A)   tan−1(𝑥 − √3) + 𝐶     

(B)   2tan−1(𝑥 − √3) + 𝐶   

(C)   tan−1(2𝑥 − √3) + 𝐶       

 

(D)  2 tan−1(2𝑥 − √3) + 𝐶   

 

 

QUESTION 6 

 

A particle moves in simple harmonic motion such that 𝑣2 + 9𝑥2 = 𝑘. 

What is the period of the particle’s motion? 

 

 

(A)  
2𝜋

𝑘
  

(B)   3𝜋 

(C)   
3𝑘

2𝜋
 

     

(D)  
2𝜋

3
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QUESTION 7 

 

Consider the statement 𝑃(𝑥) 𝑖𝑠 𝑜𝑑𝑑 ⇒ 𝑃′(𝑥) 𝑖𝑠 𝑒𝑣𝑒𝑛 where 𝑃(𝑥) is a non-zero polynomial.  

Which of the following is correct? 

 

(A)  The contrapositive statement is false and the converse statement is false.  

(B)   The contrapositive statement is true and the converse statement is false. 

(C)   The contrapositive statement is false and the converse statement is true.   

  

(D)  The contrapositive statement is true and the converse statement is true. 

 

 

 

QUESTION 8 

 

What are the values of real numbers p and q such that 2 − 𝑖 is a root of the equation  

𝑧3 + 𝑝𝑧 + 𝑞 = 0 ? 

 

(A)   𝑝 = −11 and 𝑞 = −20     

(B)   𝑝 = −11 and 𝑞 = 20 

(C)   𝑝 = 11 and 𝑞 = −20   

 

(D)  𝑝 = 11 and 𝑞 = 20  

 

 

 

QUESTION 9 

 

A particle has initial velocity 2𝒊 𝑚𝑠−1. At time 𝑡 seconds it has acceleration 

 

�̈� = (2𝑡 − 3)𝒊 +
𝜋

2
cos (

𝜋

2
𝑡) 𝒋  𝑚𝑠−2. 

When is the particle at rest? 

 

(A)   Never   

(B)   At time 𝑡 = 1 second only 

(C)   At time 𝑡 = 2 seconds only 

 

(D)  At times 𝑡 = 1 and 𝑡 = 2 seconds. 
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QUESTION 10 

 

What is the value of 

∫ {𝑓(𝑥) − 𝑓(−𝑥)}  𝑑𝑥
𝑘

−𝑘

  ? 

 

(A)   0     

(B)   ∫ 𝑓(𝑥) 𝑑𝑥
𝑘

0
 

(C)   2∫ 𝑓(𝑥) 𝑑𝑥
𝑘

0
   

 

(D)  4∫ 𝑓(𝑥) 𝑑𝑥
𝑘

0
 

 

 

 

 

END OF SECTION I 
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Section II  

 

90 marks  

Attempt Questions 11-16 

Allow about 2 hours 45 minutes for this section 

 

Answer each question in the booklets provided. Extra writing booklets are available.  

 

             Marks  

QUESTION 11 (15 marks)  Start a new writing booklet 

 

(a) Express 
1+2𝑖

2+𝑖
  in the form 𝑎 + 𝑖𝑏 where 𝑎 and 𝑏 are real. 2 

 

 

 

(b) Use the substitution 𝑡 = tan
𝑥

2
 to find 2 

∫
1

1 + 𝑠𝑖𝑛𝑥
 𝑑𝑥 

 

 

 

(c) The complex numbers 𝑧1 = −1 + 𝑖 and 𝑧2 are such that |𝑧1𝑧2| = √6 and arg(𝑧1𝑧2) =
7𝜋

12
. 

 

(i) Express 𝑧1 in the form 𝑟𝑒𝑖𝜃 where 𝑟 > 0 and −𝜋 < 𝜃 ≤ 𝜋. 1 

 

(ii) Find 𝑧2 in the form 𝑎 + 𝑖𝑏 where 𝑎, 𝑏 are real. 2 

   

 

 

(d)    A particle is moving along the 𝑥-axis. At time 𝑡 seconds it has displacement 𝑥 metres  

from the origin 𝑂, velocity 𝑣 ms−1 and acceleration 𝑎 ms−2 where 𝑎 = 12 − 4𝑥. 
Initially the particle is at rest 5 metres to the right of 𝑂. 

 

(i) Use integration to show that 𝑣2 = −4𝑥2 + 24𝑥 − 20 2 

 

(ii) Find the range of possible values of 𝑥.  2 

 

 

 

(e) (i)  On an Argand diagram shade the region containing all points representing 2 

 complex numbers 𝑧 that satisfy both 

|𝑧 − 2𝑖| ≤ 2 and 
π

6
≤ arg 𝑧 ≤

𝜋

4
. 

 

(ii) Find in simplest exact form the area of the shaded region. 2 
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QUESTION 12 (15 marks)  Start a new writing booklet      Marks 

 

 

(a) (i) Show that (2𝑝 − 1)(1 + 2𝑝 + 22𝑝 + ⋯+ 2(𝑞−1)𝑝) = 2𝑝𝑞 − 1 for positive integers 𝑝, 𝑞. 1 

 

(ii) Hence, use the contrapositive to prove the statement   2 

 

𝐼𝑓 2𝑛 − 1 𝑖𝑠 𝑝𝑟𝑖𝑚𝑒, 𝑡ℎ𝑒𝑛 𝑛 𝑖𝑠 𝑝𝑟𝑖𝑚𝑒 

 

    

 

 

 

 

(b) Use the substitution 𝑥 = tan2 𝜃,   0 ≤ 𝜃 ≤
𝜋

2
 to evaluate in simplest exact form 4 

 

∫
√𝑥

(1 + 𝑥)3
 𝑑𝑥

𝟏

𝟎

 

 

 

 

 

 

(c)    Evaluate 4 

∫ 𝑥2 sin 𝑥 𝑑𝑥
𝜋

0

 

 

 

 

 

 

(d)    A particle is moving in simple harmonic motion along the 𝑥-axis with amplitude  4 

𝑎 = 3 metres.  At time 𝑡 seconds it has displacement 𝑥 metres from the origin O and velocity 

v ms−1 given by 𝑣2 = 𝑛2(𝑎2 − (𝑥 − 𝑐)2) for some constants 𝑛 > 0, 𝑐 > 0.   
 

The particle has speed 2√5 ms−1 when it is at O and speed 6ms−1 when it is 2 metres to  

the right of O. 

 

Find the centre and period of the motion. 
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QUESTION 13 (15 marks)  Start a new writing booklet      Marks 

 

(a) The point 𝐴 has position vector 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = 2𝒊 + 6𝒋 − 3𝒌 relative to an origin O. 2 

Find a unit vector parallel to 𝑂𝐴⃗⃗ ⃗⃗  ⃗. 
 

 

 

 

(b)    (i)  Write the expansion of (1 + 𝑖𝑎)4 in ascending powers of 𝑎. 1 

 

(ii)  Hence find the values of 𝑎 such that (1 + 𝑖𝑎)4 is real. 𝟐  

 

 

 

 

(c)    A particle is moving in simple harmonic motion with acceleration given by: 

 

�̈� = −12𝑠𝑖𝑛2𝑡. 
 

         Initially the particle is at the origin and has a positive velocity of 6 m/s. 

          

         (i)   Find the equation of the particle’s velocity. 2 

 

         (ii)  Show that �̈� = −4𝑥 3 

 

 

 

 

(d)    By completing the square, find 3 

∫
1

9𝑥2 + 6𝑥 + 5
 𝑑𝑥. 

 

 

 

 

(e)    Show that 𝑧 = 2𝑖,𝑤 = √3 − 𝑖 and 𝑣 = −√3 − 𝑖 are vertices of an equilateral triangle. 2 
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QUESTION 14 (15 marks)  Start a new writing booklet      Marks 

 

 

(a)     Show that                  3  

ln(1 + 𝑥) >
2𝑥

𝑥 + 2
 for x > 0 

 

 

 

 

 

 

(b)    A particle is projected from point O at ground level with initial speed V and  

angle of projection 𝜃. 
 

It just clears two poles of height ℎ metres at distances of 𝑏 and 𝑐 metres from the point of 

projection.   

 

You may assume the Cartesian equation for the path, i.e. 

 

𝑦 = 𝑥tan𝜃 −
𝑔𝑥2

2𝑉2
sec2 𝜃 

 

(i)  Show that  𝑉2 =
(𝑏+𝑐)𝑔sec2𝜃

2tan𝜃
 3 

 

(ii)  Hence or otherwise, show that  𝑡𝑎𝑛𝜃 =
ℎ(𝑏+𝑐)

𝑏𝑐
 2 

 

(iii)  Find, in terms of ℎ, 𝑏 and 𝑐, the greatest height the particle reaches. 2 

 

 

 

 

(c)    Solve the equation 𝑧2 = |𝑧|2 − 4 3 

 

 

 

 

(d)    Let  𝑎, 𝑏 and c be real numbers such that 𝑎 > 𝑏 > 𝑐 > 1. 

 

(i)    Show that 𝑎𝑎−𝑏𝑏𝑏−𝑐 > 𝑐𝑎−𝑐 . 1 

 

(ii)   Hence show that 𝑎𝑎𝑏𝑏𝑐𝑐 > 𝑎𝑏𝑏𝑐𝑐𝑎. 1  
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QUESTION 15 (15 marks)  Start a new writing booklet      Marks 

 

(a) If 𝑧 = cos𝜃 + 𝑖 sin𝜃, show that 3 

 
1

1 + 𝑧
=

1

2
(1 − 𝑖 tan

𝜃

2
) 

 

 

 

 

(b)    The roots 𝛼, 𝛽, 𝛾, 𝛿 of the equation 𝑧4 + 𝑎𝑧3 + 𝑏𝑧2 + 𝑐𝑧 + 𝑑 = 0  (𝑎, 𝑏, 𝑐, 𝑑 real) 3 

are represented by the vertices of square 𝑃𝑄𝑅𝑆 in an Argand diagram. Each of the four  

quadrants contains exactly one vertex of the square, and one of the roots of the equation 

is 1 + 2𝑖.  Find the values of 𝑎 and 𝑑. 
 

 

 

(c)     A particle of mass 𝑚 kg is projected vertically upwards with speed 2𝑔 ms−1 under  

gravity in a medium in which the resistance to motion has magnitude 
𝑚𝑣2

𝑔
 newtons where 

the speed of the particle is 𝑣 ms−1 and the acceleration due to gravity is 𝑔 ms−2. 
 

The particle reaches a maximum height of  
1

2
𝑔𝑙𝑛5 metres before falling vertically downwards 

back to its starting point. 

 

During its descent, at time 𝑡 seconds the particle has fallen 𝑥 metres, has velocity 𝑣 ms−1 and 

acceleration 𝑎 ms−2 given by  

𝑎 =
𝑔2 − 𝑣2

𝑔
. 

 

(i)   Show that during its descent,  3 

𝑥 =
𝑔

2
𝑙𝑛 (

𝑔2

𝑔2 − 𝑣2
). 

 

(ii)  Find in simplest exact form the speed with which the particle returns to its starting point. 1 

 

 

 

 

(d)    Find the maximum value of |𝑧| if |𝑧 + 1 − 𝑖| = 2       2 

 

 

 

(e)    Evaluate, to two decimal places:       3  

∫
2𝑥 − 1

3𝑥 + 2
  𝑑𝑥

5

3
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QUESTION 16 (15 marks)  Start a new writing booklet      Marks 

 

 

(a)    With respect to a fixed origin 𝑂, the lines 𝐿1 and 𝐿2 have vector equations 

𝒓𝟏 = (−9 + 2𝜆)𝒊 + 𝜆𝒋 + (10 − 𝜆)𝒌 and  𝒓𝟐 = (3 + 3𝜇)𝒊 + (1 − 𝜇)𝒋 + (17 + 5𝜇)𝒌  

respectively where 𝜆, 𝜇  are scalar parameters.  The point 𝐴 with position vector 

5𝒊 + 7𝒋 + 3𝒌 lies on 𝐿1.  The point 𝐵 is the reflection of the point 𝐴 in the line 𝐿2. 
 

(i)   Find the position vector of the point of intersection 𝑃 of the lines 𝐿1 and 𝐿2. 2 

 

(ii)  Show that 𝐿1 and 𝐿2 are perpendicular to each other. 2 

 

(iii) Find the position vector of the point B. 2 

 

 

 

 

(b)    (i)    Find real numbers 𝐴, 𝐵, 𝐶 and D such that 2 

 

5𝑥3 − 3𝑥2 + 2𝑥 − 1

𝑥2(𝑥2 + 1)
=

𝐴

𝑥
+

𝐵

𝑥2
+

𝐶𝑥 + 𝐷

𝑥2 + 1
 

 

         (ii)    Hence find 2 

∫
5𝑥3 − 3𝑥2 + 2𝑥 − 1

𝑥2(𝑥2 + 1)
  𝑑𝑥. 

 

 

 

 

(c) The displacement of a particle at time 𝑡 is 𝑥, measured from a fixed point O        5  

where 𝑎, 𝑐 are positive constants. If 
𝑑𝑥

𝑑𝑡
= 𝑎(𝑐2 − 𝑥2) 

 

and 𝑥 = 0 when 𝑡 = 0, prove that 

𝑥 =
𝑐(𝑒2𝑎𝑐𝑡 − 1)

𝑒2𝑎𝑐𝑡 + 1
. 

 

If 𝑥 = 3 when 𝑡 = 1, and 𝑥 =
75

17
 when 𝑡 = 2, show that 𝑐 = 5 and evaluate 𝑎. 

 

 

  

 

END OF PAPER. 
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MULTIPLE-CHOICE ANSWER SHEET 

 

For multiple choice questions, choose the best answer A, B, C or D and fill in the correct circle. 

 

1. A   B   C   D     

2. A   B   C   D     

3. A   B   C   D     

4. A   B   C   D     

5. A   B   C   D     

6. A   B   C   D     

7. A   B   C   D     

8. A   B   C   D     

9. A   B   C   D     

10. A   B   C   D     

     

 

 
 

 

 

 

 

 

 


