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The general problem to be discussed in this documentation is as follows: in many
practical applications of regression analysis, the set of variables to be included in the
regression model is not predetermined, and it is often the first part of the analysisto
select these variables. Of course, there are some occasions when theoretical or other

considerations determine the variables to be included in the equation — there the
problem of variable selection does not arise. But in situations, where there is no clear-
cut theory, the problem of selecting variables for a regression equation becomes an
important one and this is the subject matter of our present discussion.
Suppose we have one response variable and a set of k predictor variables
X, X,,...X, - and we wish to establish a linear regression equation for this particular

response Y in terms of the basic predictor variables. We want to determine or select
the best (most important or most valid) subset of the k predictors and the
corresponding best-fitting regression model for describing the relationship between Y
and X’s. What exactly we mean by “best” depends in part on our overal goa in
modeling.

Basis of Data Collection

We need to establish the basis of the data collection, as the conclusions we can make

depends on this.

a) In an experiment, treatments are allocated to the experimental units and there
should be elements of statistical design (such as randomization).

b) In asurvey, it is not possible to allocate treatments and we take note of existing
affairs. In no sense are survey data collected under controlled conditions and there
may be many important factors overlooked!

Dangers of using unplanned data
When we do regression calculations by the use of any selection procedure on
unplanned data arising from continuing operations and not from a designed
experiment, some potentially dangerous possibilities* can arise: such as-
a) Errorsin the model may not be random and may be due to joint effect of
severa variables.
b) Bias may be introduces.
c) Consequently, prediction equation becomes unreliable due to non-
considering the joint interaction and confounding effects.
d) Ranges becomes invalid for prediction.
e) Large correlations between predictors are seen.
However, by randomizing out the variables, some of these problems might be
avoided. Also common sense, basic knowledge of data being analyzed should be
employed.

Consequences of Model Misspecification

By deleting variable from the model, we may improve the precision? of the parameter
estimates of the retained variables even though some of the deleted variables are not
negligible. This is also true for the variance of a predicted response. Deleting

! These problems are well described in Montgomery, Peck (1992) “Introduction to Linear Regression
Analysis’, 2" ed., Page - 269.

2 The variance of the estimates of regression coefficients for variables in the reduced equation is not
greater than the variances of the corresponding estimated for the full model having all potential terms
in it. Deletion of variable decrease or, more correctly, never increases the variances of estimates of the
retained regression coefficients.



variables potentially introduces bias into the estimates of the coefficients of retained
variables are responses. However, if the deleted variables have small effects, the MSE
of the biased estimates will be less than the variable of the unbiased estimates. Thus,
the amount of bias introduced is less than the reduction in the variance. There is
danger in retaining negligible variables, that is, variables with zero coefficients or
coefficients less than their corresponding SE from the full model. This danger is that
the variances of the estimates of the parameters and the predicted response are
increased.

Purposes of Regression Equations

It is not usually meaningful to speak of the ‘best set’ of variables to be
included in the multiple regression models — there is no unique ‘best set’ of variables.
A regression equation can be used for severa purposes. The set of variables that may
be best for one purpose may not be best for another. The purpose for which a
regression equation is constructed should be kept in mind in the variable selection
process. Some of the purposes may be broadly summarizes as follows:

Prediction: One goal is to find a mode that provides best prediction of Y given
X, X,,...X, for some new observation or for a batch of new observation. In practice,

we emphasize estimating the regression of Y on the X’s — which expresses the mean
of Y asafunction of the predictors. Using this goal, we may say that our best model is
reliable if it predicts well in a new sample. When a regression equation is used for this
purpose, the variables are selected with an eye toward minimizing the MSE of
prediction.

Description: Alongside the question of prediction is the question of validity — that is,
of obtaining accurate estimates for one or more regression coefficient parametersin a
model and then making inferences about these parameters of interest. The purpose of
the equation may be purely descriptive, to clarify the nature of complex interacting
system. The goal hereisto quantify the relationship between one or more independent
variables of interest and dependent variable, controlling for the other variables. For
this use, there are two conflicting requirements® — (a) to explain as much of the
variation as possible (by including al or alarge number of possible variables) and (b)
for ease of understanding, to describe the process with as few variable as possible. In
situations where description the prime goal, we try to choose the smallest number of
independent variables that explains the most substantial part of the variation in the
dependent variable.

Control: A regression equation may be used as a tool for control. When a regression
model is used for control, accurate estimates of the parameters are important — which
implies that the SE of the regression coefficients should be small. The purpose for
constructing the equation may be to determine the magnitude by which the value of an
independent variable must be altered to obtain a specified value of dependent variable

(target response). When the regressors are highly collinear, the b ’s may be very poor
estimates of the effects of individual regressors.

These are the broad purposes of a regression equation : occasionally which functions
overlap and an equation is constructed for some or all these purposes.

% These conflicting objectives are well described in Montgomery, Peck (1992) “Introduction to Linear
Regression Analysis’, 2™ ed., Ch—7.



Steps in selecting Best Regression Mode!:

. Specify the potential terms to be included in the model
2. Specify acriterion for selecting a model

3. Specify astrategy for selecting variables

4. Evauate the model chosen

[ —

Step 1: Specify the potential termsto beincluded in the model

In applied fields (including the social and behavioral sciences) many independent
variable (such as, future income) are not directly measurable. Under such conditions,
investigators are often forced to prospect for potential independent variables® that
could conceivably be related to the dependent variable under study.

Therefore, in the first step, we try to find the potential terms or predictor
variables or functions of them that could be included in the model at any point in the
process of building models. While considering these terms, we have to consider the
some things such as whether there are any interaction, or multicollinearity problem, or
polynomial terms or some other transformed terms to be needed. Thus, the problem of
variable selection and the functional specification of the equation are linked to each
other. The questions to be answered while formulating regression equation are: Which
variables should be included, and in what form® should they be included? Although
ideally the two problems (variable selection and functional specification) should be
solved simultaneously, we shall for simplicity propose® that they be treated
simultaneoudly: we first determine the variables that will be included in the equation,
and after that, we investigate the exact form in which the variable enters. This
approach is just a smplification — but it makes the problem of variable selection more
tractable.

For convenience, suppose that Z,,Z,,...Z,, al functions of one or more of the

X's, represent the complete set of variables from which the equation is to be chosen
and that set includes any functions such as sguares, cross-products, logarithms,
inverses, and powers, thought to be desirable and necessary. Having a subset of these
predictor variables (or functions of them) can create all the possible models.

However, for sake of simplicity, we discuss the models involving the ssimple
predictor variables X, X,,...X, only for now — but the same techniques discussed

below can be applied to the functional terms Z,,Z,,...Z, mentioned above — and some
examples are also provided in this documentation about these.

* After such alengthy list has been compiled, some of the independent variables can be screened out —
because of measurement error correction, duplication removing. Typically, the remaining number of
independent variables that remain after the initial screening is still large.

> A variable can be included in the model in its original form, say x, or some transformed form, such as
squares, cross-products, logarithms, inverses, powers or combination of any of such forms.

® This approach is proposed by Chatterjee, Price (1991) “Regression analysis by Example”, 2™ ed., Ch-
9.



Step 2: Specify a criterion for selecting a model

An important and crucia step in selecting the best model is to specify the selection
criterion. A selection criterion is an index that can be computed for each candidate
model and used to compare models. Thus, given one particular selection criterion,
candidate models can be ordered from best to worst. This helps automate the process
of choosing the best model. However, this sel ection-criterion-specific process may not
find the ‘best’ model in a global sense. Nonetheless, using a specific selection
criterion can substantially reduce the work involved in finding a ‘good’” model.
Obvioudly, the selection criterion should be related to the goal of the analysis.

Many selection criterions for choosing the best model have been suggested.
Two opposed criteria of selecting aresultant equation are usually involved:

1. To make the equation useful for predictive purposes, we would like our
model to include as many X’s as are necessary to keep bias errors small, so
that reliable fitted values can be determined.

2. To keep the cost and variance of the predictions reasonably small, we
should like the equation to include as few X’s as possible.

The practical compromise between these extremes is what we call “Selecting the Best
Regression Equation”.

From statistical literatures, we present some of the criterions’ below:

Criterion 1: R,
Coefficient of multi pIe determination, R2IO isaratio of sum of squares—
,_ RSS, 1 S&E,

P SSTotal SSTotal
where the denominator is constant for all possible regressions.

- Unfortunately, R2 prowdes an inadequate criterion for subset selection.
Lte us explain it : R varies inversely with SSE,, but we know that SSE
can never increase as addltlonal independent variables are included in the
model. Thus R2 will be a maximum when all potential X variables are
included in the regression equation. Thus the reason for using R2 cannot
be to maximize Rzp, rather the intention is to find the point where addi ng
more X is not worthwhile because it leads to a very small increase in R,
Clearly, the determination of where diminishing returns set in is a
judgemental one.

- Rzp indicates that there are p parameters in k = p-1 predictors in the
regression equation on which R2p IS based.

- R2 does not take account of the number of parametersin the model.

- f the predlctors are randomly chosen from some distribution (say, normal)
then use of R? p May be satisfactory. However, if the explanatory variables
are fixed and controlled then R2 simply reflects the controlled variation in
the explanatory variables.

- For smple linear regression, with a given slope, the multiple correlation
can be increased or decreased by increasing or decreasing the variation of
the explanatory variables.

" See Wetherill, Duncombe, Kenward, Kollerstorm, Paul, Vowden (1986) “Regression Analysis with
Applications” Ch- 11 for more discussion about this topic.



. Criterion 2: R%
The adjusted coefficient of multiple determination is-

R 1. MESS ) a@n-16 SE
977 a5STotal 6 gn- pgSSTotal
&€ n-1p

which takes the number of parameters in the model into account through the degrees
of freedom. If the constant is not included in the subset model, then (n-1) is replaced
by n.

- R increases if and only if MESS decreases since SSTotal/(n-1) is fixed
for thegivenY.

- Good or desirable models will have large values of Ry

- R’ can never be negative just like R?,.

. Criterion 3: Cp,
The predicted values obtained from a regression equation based on a subset of
variables are generaly biased. To judge the performance of an equation we should
consider the MSE (with two components — variance and bias) of the predicted value
rather than variance.

C.L. Mallows suggested a statistic as—
S,
C,="—"- (n- 2p)

S" 2

which takes into account both the bias as well as the variance where, SSE;, is the
residual sum of squares from a model containing p parameters (p is the number of

parameters in the model including b,) and $? =s* is the residua mean square from
the largest equation postulated containing all X’s (presumed to be a reliable unbiased
estimate of the error variance s ?).

- Closedly related to R?,

- Alsoreated to Rzadj

- Hasrelation with partial F statistic

- E(Cp) = p when thereis no bias in the fitted model

- Deviation of C, from p can be used as a measure of bias — and subsets of
variables that produce values of C, that are close to p are the desirable
subsets.

- Derivation of C, assumes unbiased estimators which may not always be
true.

- One disadvantage of C; is that it seems to be necessary to evaluate C, for
al (or most) of the possible subsets to alow interpretation. Also,
sometimes, the choice may not be clear.

- Selection of good subsets are done graphically by plotting C, versus p.
Sets of variables corresponding to points close to the line Cy=p are the
desirable subsets of variables to form an equation.

- Mallows suggested that good models will have negative or small Cy-p.



Criterion 4: Residual Mean Square (RMS)

With a p-term equation, the RMS (or MSE) is defined as—

(S),

n-p

- Used for the objective of forecasting

- Between two equations, the one with the smaller RMS is usually preferred

- Related to R?

- Also functionally related to R

- Hasrelation with partial F statistic

- Thiscriterion need not select the full model since both SSE, and (n-p) will
decrease as p increases; and thus RMS, may decrease or increase.
However, in most cases, this criterion will favor large subsets over smaller
ones.

(Rvs) =



Step 3: Specify a strateqy for selecting variables
The core step in choosing the best model is to specify the strategy for selecting
variables. Such a strategy is concerned with determining how many variables and aso
which particular variables should be in the final model. Traditionaly, such strategies
have focused on deciding whether a single variable should be added to a model or
whether a single variable should be deleted from a model. However, as computers
became more powerful, methods for considering all models simultaneously or more
than one variable per step (by generalizing single variable methods to deal with sets or
chunks of variables®) became practical.
However, there is no unique statistical procedure or strategy for doing this’

(then, | suppose | would not have to write this documentation this long if there was
any unigue procedure!). Let us consider some popular strategies:

1. All Possible Regressions Procedures

2. Backward Elimination Procedure

3. Forward Selection Procedure

4. Stepwise Regression Procedure
To add to the confusion, they do not all necessarily lead to the same solution when
applied to the same problem (although for many problems, they will achieve the same
answer). In fact, none of the variable selection procedures described above are
guaranteed to produce the best regression equation for a given data set — thisis due to
the fact that there is usually not a single best equation — but rather several equaly
good ones.

Strategy 1: All Possible Regressions Procedures
Whenever practical, the ‘al possible regressions’ procedure is to be preferred over
any other variable selection strategy. It alone is guaranteed to find the best model.
This procedure is very direct and applied equally well to both collinear and non-linear
data.

The *all possible regressions procedure requires that we fit each possible
regression equation associated with each possible combination of the no or k
independent variables that involves X, plus any number of the variables

X, X,,...X, .. Since each X; (having constant term b, always in the equation with or

without any of these predictors, wherei =1, 2, ..., k) can either be, or not be, in the
eguation, for k independent variables, in general, the number of models to be fitted

would be (§)+(¥)+(5)+..+(k)=2° (including the fit Y = b, +e) which makes

this procedure a rather cumbersome one. Once all 2 models have been fitted, we
assemble the fitted models into sets involved form O to k variables and then order the
models within each set according to some predefined criterion. The three criteria™®
most used are:

8 These so-called chunkwise methods for selecting variables can have subsequent advantages over
single variable selection methods such as : i) they efficiently incorporate into the analysis prior
knowledge and preferences about the set of variables, and ii) the number of possible models to be
evaluated is reduced. For more about this Chunkwise method, readers may consult Kleinbaum, Kupper,
Muller, Nizam (1998) “Applied Regression Analysis and other Multivariable methods’, 3 ed., page
400-1.

° If we knew the magnitude of the true random variance of the observations for any well-defined
problem, our choice of a best regression equation would be much easier. Unfortunately, we are rarely
in this position, so a great deal of personal judgement will be a necessary part of any of the methods
discussed here.

1911 fact, these three criteria are somewnhat related to one another.



1. Thevalue of R? achieved by the least squares fit.

2. Thevalue of <, the residual mean square.

3. TheC, statistic.
The choice of which equation is best to use is then made by assessing the patterns
observed.

When using this method, the most promising ones are identified using these
criterions and then carefully analyzed by examining the residual for outliers, auto-
correlation, or the need for transformations before deciding on the final model. The
various subsets that are investigated may suggest interpretations of the data that might
have been overlooked in a more restricted variable selection approach.

This method clearly gives an anayst the maximum amount of information
available concerning the nature of relationships between Y and the set of X's. It isthe
only method guaranteed to find the model having the most preferred criterions (in the
sense that any selection criterion will be numerically optimized for the particular
sample under study).

However, naturaly, using this strategy does not guarantee finding the correct
(or population) model and such findings may vary from sample to sample, even
though al the samples are chosen from the same population. Thus, consequently, the
choice of the best model may vary from sample to sample. In fact, in many situations,
several reasonable candidates for the best model can be found with different selection
criteria suggesting different best models.

Also, this strategy is not aways used because the amount of calculation
necessary becomes ‘impractical’ when the number of variables that was considered in
step 1 islarge. While it means that the investigator has ‘looked at all possibilities’, it
also means he has examined a large number of regression equation that intelligent
thought would often reject out of hand. The amount of computer time used is wasteful
and the sheer physical effort of examining all the computer printouts is enormous
when more than a few variables are being examined since the number of equations
and supplementary information that must be looked at may be prohibitive.

Example Data:
Let that we have the following data™ in c:\leafbrn.dat file.

i x1 X2 x3 y

1 3.05 1.45 5.67 0.34
2 4.22 1.35 4.86 0.11
3 3.34 0.26 4.19 0.38
4 3.77 0.23 4.42 0.68
5 3.52 1.10 3.17 0.18
6 3.54 0.76 2.76 0.00
7 3.74 1.59 3.81 0.08
8 3.78 0.39 3.23 0.11
9 2.92 0.39 5.44 1.53
10 3.10 0.64 6.16 0.77
11 2.86 0.82 5.48 1.17
12 2.78 0.64 4.62 1.01
13 2.22 0.85 4.49 0.89
14 2.67 0.90 5.59 1.40
15 3.12 0.92 5.86 1.05
16 3.03 0.97 6.60 1.15
17 2.45 0.18 4.51 1.49

1 This data is taken from Rao (1998) “ Statistical Research Methodsin the life Sciences’, Page 512 and
available for download at http://www.stat.ncsu.edu/~st512_info/raodate/LEAFBRN.DAT



18 4.12 0.62 5.31 0.51
19 4.61 0.51 5.16 0.18
20 3.94 0.45 4.45 0.34
21 4.12 1.79 6.17 0.36
22 2.93 0.25 3.38 0.89
23 2.66 0.31 3.51 0.91
24 3.17 0.20 3.08 0.92
25 2.79 0.24 3.98 1.35
26 2.61 0.20 3.64 1.33
27 3.74 2.27 6.50 0.23
28 3.13 1.48 4.28 0.26
29 3.49 0.25 4.71 0.73
30 2.94 2.22 4.58 0.23

Getting Help From Computer Packages: MINITAB: All Possible Regressions
Procedures

To get All Possible Regressions Proceduresin MINITAB (version 11 was used), first
we input our data as follows:

MIB > set cl

DATA> 3.05 4.22 3.34 3.77 3.52 3.54 3.74 3.78 2.92 3.10 2.86 2.78
2.22 2.67 3.12 3.03 2.45 4.12 4.61 3.94 4.12 2.93 2.66 3.17 2.79 2.61
3.74 3.13 3.49 2.94

DATA> end

MIB > set c2

DATA> 1.45 1.35 0.26 0.23 1.10 0.76 1.59 0.39 0.39 0.64 0.82 0.64
0.85 0.90 0.92 0.97 0.18 0.62 0.51 0.45 1.79 0.25 0.31 0.20 0.24 0.20
2.27 1.48 0.25 2.22

DATA> end

MIB > set c¢3

DATA> 5.67 4.86 4.19 4.42 3.17 2.76 3.81 3.23 5.44 6.16 5.48 4.62
4.49 5.59 5.86 6.60 4.51 5.31 5.16 4.45 6.17 3.38 3.51 3.08 3.98 3.64
6.50 4.28 4.71 4.58

DATA> end

MIB > nane cl 'X1'

MIB > nane c2 ' X2'

MIB > nane c3 ' X3'

MIB > set cl10

DATA> 0.34 0.11 0.38 0.68 0.18 0.00 0.08 0.11 1.53 0.77 1.17 1.01
0.89 1.40 1.05 1.15 1.49 0.51 0.18 0.34 0.36 0.89 0.91 0.92 1.35 1.33
0.23 0.26 0.73 0.23

DATA> end

MIB > nane cl10 'Y

Now, we fit all possible cases using 3 predictors, which are -
Model -1: Y ~ e[weusualy do not show it]

Model -2: Y ~Xi+e

Model -3: Y ~ Xote

Model -4: Y ~ Xste

Model -5: Y ~ X+Xst+e

Model -6: Y ~ X+Xot+e

Model -7: Y ~ Xo+Xzt+e

Model -8: Y ~ X1+ Xo+Xste

For convenience of separating each command from outputs, we made them bold:




MTB > REGRESS'Y' on 1 predictor 'X1' #[ Model - 2]

Regr essi on Anal ysi s

The regression equation is
Y = 2.63 - 0.592 X1

Pr edi ct or Coef St Dev T P
Const ant 2. 6257 0. 3610 7.27 0. 000
X1 -0. 5916 0. 1085 -5.45 0. 000
S = 0.3404 R-Sq = 51.5% R-Sq(adj) = 49.8%

Anal ysi s of Variance

Sour ce DF SS VS F P

Regr essi on 1 3. 4460 3. 4460 29.75 0. 000

Error 28 3. 2435 0.1158

Tot al 29 6. 6895

Unusual Observations

bs X1 Y Fit StDev Fit Resi dual St Resid
19 4. 61 0. 1800 -0.1016 0. 1572 0. 2816 0.93 X

X denot es an observati on whose X value gives it large influence.

MTB > REGRESS'Y' on 1 predictor 'X2' #[ Model - 3]

Regr essi on Anal ysi s

The regression equation is
Y = 1.01 - 0.397 X2

Pr edi ct or Coef St Dev T P
Const ant 1. 0063 0. 1303 7.72 0. 000
X2 - 0. 3965 0. 1299 -3.05 0. 005
S = 0.4234 R-Sq = 25. 0% R-Sq(adj) = 22.3%

Anal ysi s of Variance

Sour ce DF SS M F P

Regr essi on 1 1.6700 1.6700 9.32 0. 005

Error 28 5.0196 0.1793

Tot al 29 6. 6895

Unusual Observations

bs X2 Y Fit StDev Fit Resi dual St Resid
27 2.27 0. 2300 0. 1061 0. 2051 0.1239 0.33 X
30 2.22 0. 2300 0. 1260 0.1991 0. 1040 0.28 X

X denot es an observati on whose X value gives it large influence.
MTB > REGRESS'Y' on 1 predictor ‘X3 #[ Model - 4]

Regr essi on Anal ysi s

The regression equation is

Y = 0.311 + 0.0807 X3

Predi ct or Coef St Dev T P

Const ant 0. 3107 0. 3988 0.78 0. 443
X3 0. 08066 0. 08360 0. 96 0. 343



S = 0.4809 R-Sq = 3.2% R-Sq(adj) = 0.0%

Anal ysi s of Variance

Sour ce DF SS VS F P
Regr essi on 1 0.2152 0.2152 0.93 0. 343
Error 28 6.4743 0. 2312

Tot al 29 6. 6895

MTB > REGRESS'Y' on 2 predictor 'X1','X2' #[ Model - 5]

Regr essi on Anal ysi s

The regression equation is
Y = 2.65 - 0.529 X1 - 0.290 X2

Pr edi ct or Coef St Dev T P
Const ant 2.6531 0. 3157 8. 40 0. 000
X1 -0. 52855 0. 09696 -5.45 0. 000
X2 -0. 28996 0. 09336 -3.11 0. 004
S = 0.2975 R-Sq = 64.3% R-Sq(adj) = 61.6%

Anal ysi s of Variance

Sour ce DF SS Y F P
Regr essi on 2 4. 2999 2. 1499 24. 29 0. 000
Error 27 2.3897 0. 0885

Tot al 29 6. 6895

Sour ce DF Seq SS

X1 1 3. 4460

X2 1 0. 8538

MTB > REGRESS'Y' on 2 predictor 'X1','X3' #[ Model - 6]

Regr essi on Anal ysi s

The regression equation is
Y =2.17 - 0.611 X1 + 0.111 X3

Pr edi ct or Coef St Dev T P
Const ant 2.1689 0. 4147 5.23 0. 000
X1 - 0. 6105 0. 1037 -5.89 0. 000
X3 0.11149 0. 05659 1.97 0. 059
S = 0.3241 R-Sq = 57. 6% R-Sq(adj) = 54.5%

Anal ysi s of Variance

Sour ce DF SS Y F P
Regr essi on 2 3. 8537 1.9268 18. 35 0. 000
Error 27 2.8358 0. 1050

Tot al 29 6. 6895

Sour ce DF Seq SS

X1 1 3. 4460

X3 1 0. 4077

Unusual Observations
bs X1 Y Fit StDev Fit Resi dual

St

Resi d



30 2.94

0. 2300

0. 8846

0. 0687

-0. 6546

R denotes an observation with a | arge standardi zed resi dual

MTB > REGRESS'Y' on 2 predictor 'X2','X3' #[ Model -7]

Regr essi on Anal ysi s

The regression equation is

Y = 0.165 - 0.545 X2 + 0.206 X3

Pr edi ct or Coef St Dev T P

Const ant 0. 1654 0. 3148 0. 53 0. 604

X2 - 0. 5450 0.1268 -4.30 0. 000

X3 0. 20645 0.07183 2.87 0. 008

S = 0.3773 R-Sq = 42. 5% R-Sq(adj) = 38.3%

Anal ysi s of Variance

Sour ce DF SS Y F P

Regr essi on 2 2. 8460 1. 4230 10. 00 0. 001

Error 27 3.8435 0. 1424

Tot al 29 6. 6895

Sour ce DF Seq SS

X2 1 1.6700

X3 1 1.1761

Unusual Observations

Obs X2 Y Fit StDev Fit Resi dual
19 0.51 0. 1800 0. 9528 0. 0928 -0.7728

R denotes an observation with a | arge standardi zed resi dual

MTB > REGRESS'Y' on 3 predictor 'X1','X2''X3 #[ Model

Regr essi on Anal ysi s

The regression equation is

Y =1.81 - 0.531 X1 - 0.440 X2 + 0.209 X3

Pr edi ct or Coef St Dev T P

Const ant 1.8110 0. 2795 6. 48 0. 000

X1 -0. 53146 0. 06958 -7.64 0. 000

X2 -0. 43964 0. 07304 -6.02 0. 000

X3 0. 20898 0. 04064 5.14 0. 000

S = 0.2135 R-Sq = 82.3% R-Sq(adj) = 80.2%

Anal ysi s of Variance

Sour ce DF SS Y F P

Regr essi on 3 5.5047 1.8349 40. 27 0. 000

Error 26 1.1848 0. 0456

Tot al 29 6. 6895

Sour ce DF Seq SS

X1 1 3. 4460

X2 1 0. 8538

X3 1 1. 2049

Unusual Observations

Obs X1 Y Fit StDev Fit Resi dual

3 3.34 0. 3800 0. 7973 0. 0544 -0.4173

10 3.10 0.7700 1.1695 0.0783 -0. 3995

St

-2.07R

Resi d
-2.11R

-8]

St

Resi d
-2.02R
-2.01R




R denotes an observation with a | arge standardi zed resi dual

Now, we look at the R%, &°, C, statistics to assess all the equations.

< Criterion-1 Check: R?

We divide the equations in 4 sets according to inclusion of predictors (O predictor case

omitted from the table):
1 predictor 2 predictor 3 predictor
Model2 51.5% Model5 64.3% Model8 82.3%
Model3 25.0% Model6 57.6%
Model4 3.2% Model 7 42.5%

Similarly we can find another table for R
1 predictor 2 predictor 3 predictor
Model2 49.8% Model5 61.6% Model8 80.2%
Model3 22.3% Model6 54.5%
Model4 0.0% Model 7 38.3%

Obviously, model one (with predictor X;) has the largest value, that is, it explains the
most of it! We examine the leaders in each set, and it will become clear that in 1-
predictor case, model-1 and 2 (with predictor X; and X, respectively has explaining
power over X3) and in 2-predictor case, model-5 will be the preferred one (although
model-6 is the closest competitor). However, in 3-predictor case, model-8 has the
greatest explaining power. If we look carefully, the models with X; and X, has the
most largest values over any others. So, according to this R? criteria, we prefer model-
5 (Note that, this is not a clear-cut solution and other information, such as knowledge
of the characteristic should always be added to enable to take such decisions).

Also, examining the correlation (we have calculated this next in our
discussion) of each predictor variable to dependent variable Y, we see Ixiy = -
0.71773, Ixoy =-0.49964, rxsy = 0.17937 where X; is highly correlated with Y, and

Xz is moderately correlated with Y (X3 is correlated with Y with smaller and weaker
magnitude) — which is consistent with our taken decision.

Getting Help From Computer Packages. SAS:. Correlation
For correlation analysis (we calculated below more than we need now, for sake of
future need), we use SAS:

DATA LEAFBURN,
I NFI LE ' C. LEAFBRN. DAT' FI RSTOBS = 2;
INPUT | X1 X2 X3Y;

X1SQ = X1*X1; X2SQ = X2*X2; X3SQ = X3* X3;
XIX2 = X1*X2; X1X3 = X1*X3; X2X3 = X2*X3;
LABEL X1 = 'Percentage of N trogen'

X2 = 'Percentage of Chlorine'

X3 = ' Percentage of Potassiuni

Y = 'Log(leafburn tine) in seconds';

RUN;

PROC CORR DATA = LEAFBURN NOSI MPLE;
TI TLE ' PEARSON CORRELATI ON applied in | eafburn data';

VAR Y;



WTH X1 X2 X3 X1SQ X2SQ X3SQ X1X2 X1X3 X2X3;

RUN,

And the output is (edited to bring down in one page):

PEARSON CORRELATI ON applied in | eafburn data

9 "WTH Variables: Xl
X1X2
1 'VAR Variables: Y

Correl ati on Anal ysis

X2
X1X3

X3
X2X3

X1SQ

X2SQ

X3SQ

Pearson Correlation Coefficients / Prob > |R wunder Ho: Rho=0 / N = 30

X1
Per cent age

X2

Per cent age
X3

Per cent age
X1SQ

X2SQ

X3SQ

X1X2

X1X3

X2X3

< Criterion-2 Check: &

Similarly, we can find tables with residual mean squares (). First, from calculations,

we find the values of s;

of Nitrogen

Y

0.71773
0. 0001

- 0. 49964

of Chlorine

of Potassi um

0. 0049

0. 17937
0. 3429

-0.70088

0. 0001

-0.46991

0. 0088

0. 16175
0. 3931

- 0. 58094

0. 0008

-0.28035

0. 1335

-0.36784

0. 0455

1 predictor 2 predictor 3 predictor
Model2 0.3404 Model5 0.2975 Model8 0.2135
Model3 0.4234 Model6 0.3241
Model4 0.4809 Model7 0.3773

And then sguare each of them, or we can get them directly from each model’s

ErrorMSS from the ANOV A table as follows:

1 predictor 2 predictor 3 predictor
Model2 0.1158 Model5 0.0885 Model8 0.0456
Model3 0.1793 Model6 0.1050
Model4 0.2312 Model7 0.1424
Average 0.1754 Average 0.1119 Average 0.0456

Sometimes, this criteria provides best cut-off point for the number of variables in
regression. However, looking at the tables, we see that all ErrorMSS values are too




small fraction to be compared! Thus, we choose no model according to s° criteria
Also, due to functional relation to s with R?, sometimes, the model chosen by these
two criteria are the same.

Getting Help From Computer Packages. R: All Possible Regressions Procedures
we go for R (R.1.7.1 was used here). In R console, we give the following commands
to get the output of MINITAB we just used (we do not show the outputs below):

> options(pronpt=" R > ")
R > leafbrnl<-read.table("c:\\Ileafbrn.dat", header =T)
R > || eafbrn.datal<-data.frane(leafbrnl)

R > summary(l m(y~x1, dat a=l eaf brn. datal));
anova(l my~x1, dat a=l eaf brn. dat al))

R > summary(l m(y~x2, dat a=l eaf brn. datal));
anova(l my~x2, dat a=l eaf brn. dat al))

R > summary(Il m(y~x3, dat a=l eaf brn. datal));
anova(l my~x3, dat a=l eaf brn. dat al))

R > summary(l m(y~x1+x2, dat a=I eaf brn. dat al));
anova(l my~x1+x2, dat a=l eaf brn. dat al))

R > summary(Il m(y~x1+x3, dat a=I eaf brn. dat al));
anova(l my~x1+x3, dat a=l eaf brn. dat al))

R > sunmmary(l m(y~x2+x3, dat a=I eaf brn. dat al));
anova(l my~x2+x3, dat a=l eaf brn. dat al))

R > summary(l my~x1+x2+x3, dat a=| eaf brn. dat al));
anova(l my~x1+x2+x3, dat a=l eaf brn. dat al))

# However, there are other efficient ways to performthe above
anal ysis using R (and al so S-plus) — such as -

R > auto.fitl <- Imy ~ x1, data=l eafbrn. datal)

R > auto.fit2 <- update(auto.fitl, .~ + x2-x1)

R > auto.fit3 <- update(auto.fit2, .~ + x3-x2)

R > auto.fit4 <- update(auto.fitl, .~ + x2)

R > auto.fit5 <- update(auto.fitl, .~. + x3)

R > auto.fit6é <- update(auto.fit2, .~. +x3)

R > auto.fit7 <- update(auto.fitl, .~ + x2+x3) # or Imy~.,

dat a=l eaf brn. datal) all nom nal scal ed covariates are saved to the
data frame as factors.

R > anova(auto.fitl, auto.fit2, auto.fit3,auto.fit4,auto.fit5,
auto.fit6,auto.fit?7)
Anal ysi s of Variance Table

Model 1: y ~ x1

Model 2: y ~ x2

Model 3: y ~ x3

Model 4: y ~ x1 + x2
Model 5: y ~ x1 + x3
Model 6: y ~ x2 + x3
Model 7: y ~ x1 + x2 + x3

--( rest are omtted)--

R > summary(auto.fitl); summary(auto.fit2?2); sunmary(auto.fit3);
summary(auto.fit4); sunmary(auto.fit5); summary(auto.fit6);
summary(auto.fit7)

R > anova(auto.fitl); anova(auto.fit2); anova(auto.fit3);
anova(auto.fit4); anova(auto.fit5); anova(auto.fit6);
anova(auto.fit7)



Now, to get C,, we command —

attach(Il eaf brn. dat al)

| eaf brn2 <- cbi nd(x1, x2, x3,y)

X<-cbi nd(x1, x2, x3)

Y<-y

det ach()

library(l eaps) # we use | eaps package downl oaded from CRAN
[ eaps(X Y, int=TRUE, nethod=c("Cp"), names=NULL, df=NROA X))

V00000
VVVYVYVYVYV

$whi ch

1 2 3
TRUE FALSE FALSE
FALSE TRUE FALSE
FALSE FALSE TRUE
TRUE TRUE FALSE
TRUE FALSE TRUE
FALSE TRUE TRUE
TRUE TRUE TRUE

WNNNNPRFP PP

$l abel
[1] "(Intercept)" "1" "2 "3"

$si ze
[1] 2223334

$Cp
[1] 45.17853 84.15366 116.07786 28.44100 38.23239 60.34516

4. 00000

% Criterion-3 Check: C,
We now get al the C, values from our above calculations:

Model Co
45.17853
84.15366
116.07786
28.44100
38.23239
60.34516
4.00000

(N[OOI |WIN

Now, we have to judge graphically. We draw the plot here: To draw the figure of
(p,Cp), we write the following commands in R-console:

R > cp<-c(45.17853, 84.15366, 116.07786, 28.44100, 38.23239,
60. 34516, 4.00000)
R > p<-c(rep(2,choose(3,1)),rep(3,choose(3,2)),rep(4,choose(3,3)))

# (Since, total nunber of nodels with two paraneters, p are (f) = 3,
total number of nodels with three paraneters, p are (3) = 3, total

nunber of nodels with four paraneters, p are (3) = 1)



R > plot(p,cp, pch="0", main="Mllows Cp", sub="Using Leafburn
Data", x|l ab="Nunber of paraneters in volved", ylab="Mllows Cp"
xl'imec(0,12), ylimec(0,120), type="p", axes =T, col =1)

R > segnments(0,0,4,4) # Since full nodel has p = 4 and Cp = 4.

Mallows Cp
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o _| 0
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wn
& 8 0
T
0
= %3_ 0
0
o _|
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| | | | | | |
0 2 4 6 8 10 12

Number of parameters in volved
Using Leafburn Data

Note that, since we are only interested in C,, values that are close to p, in the figure
largest Cy's come from models that are clearly so biased that we can eliminate them
from consideration immediately. That is, regression equations with little bias will
have values of C, that fall near the line C, = p. From the figure, model-1,5,6,8 are
close to this line and model-8 is the closest (on the line since for the full model, C, = p
exactly). But the subset model would be preferred to the full model since the full
model would involve a larger total mean square error, and therefore, model 5 is the
best candidate. So we choose model-5 on the basis of C,. This matches our choice on
the basis of R? too. However, this may not always the case.

Also, another sort of plot is recommended is p vs (C, — p) where models with
small or negative (C, — p) are preferred. Anyway, this method also leads to the same
conclusion we have just arrived.




Certain shortcuts have been suggested'® (One of which is “Best Subset”
Regression discussed next) which do not involve computing the entire set of equations
while searching for the desirable subsets. But with a large number of variables, these
methods still involve a considerable amount of computation.

Therefore, many aternative methods have been suggested as computationally
feasible for approximating the ‘all possible regressions’ procedure. Although these
methods are not guaranteed to find the best model, they can (with careful use) glean
essentially al the information from the data needed to choose the best model.

“Best Subset” Regression

An alternative to performing all regressions is to use a program that provides a listing
of the best E (experimenter choose E) equations with one predictor variable in, two in,
three in ... and so on via examining some pre-selected criterion or criterions, not by
examining all 2 equations (choice being arbitrary — so that the equations that should
be included in the list, do not), b, being included in all these equation. Possible

drawback of this procedure is, it tends to provide equations with too many predictors
included.

Getting Help From Computer Packages: MINITAB: Best Subset Regression

To get “Best Subset” Regression in MINITAB (version 11 was used), we use the
BREG command to get the best subset (we will go for only best 5 one here). Also
note that, to allow a bit more complexity (as is the case in most of the real life data),
we use the full model including all the product and interaction terms so that all
possible cases be larger (2°=512 possible models, where as in the previous simple
case, we had 2°=8 possible models). Also, it is worth mentioning that the following
commands are the continuation of our previous MINITAB works.

MIB > LET ¢4 = (cl * c1l)
MIB > LET ¢5 = (c2 * c2)
MIB > LET ¢6 = (c3 * c3)
MIB > LET ¢7 = (cl * c2)
MIB > LET ¢8 = (cl * c3)
MIB > LET ¢9 = (c2 * c3)
MIB > name c4 ' Xl1sdq'
MIB > name c5 ' X2s(q'
MIB > name c6 ' X3s(q'
MIB > name c7 ' X1X2'
MIB > nanme c8 ' X1X3'
MIB > name c9 ' X2X3'

MIB > BREG 'Y on 9 predictor 'X1'-'X2X3";
SUBC> BEST 5.

12 We call this approach as “Best subsets algorithms’. To learn more about this, readers may consult
Neter, Wasserman, Kutner (1983) “Applied Linear Regression Models’, page — 428-9.



Best Subsets Regression #(edited)
Response is Y

XX XX XX
123112
R- Sq XX Xsss XXX
Var s R- Sq (adj) Cp S 1239gqq233
1 51.5 49.8 47.7 0.34035 X
1 49.1 47.3 51.3 0.34864 X
1 33.7 31.4 74.7 0. 39785 X
1 25.0 22.3 88.1 0. 42340 X
1 22.1 19.3 92.5 0.43146 X
2 64.3 61.6 30.3 0.29750 X
2 63.0 60.3 32.2 0.30257 X X
2 62.7 60.0 32.7 0. 30393 X
2 62.0 59.2 33.7 0.30668 X X
2 61.5 58.7 34.5 0.30877 X X
3 83.2 81.3 3.5 0.20794 X X X
3 82.3 80.2 4.9 0.21347 X X X
3 82.2 80.1 5.1 0. 21425 X X X
3 82.0 79.9 5.4 0.21516 X X X
3 82.0 79.9 5.4 0.21525 X X X
4 85.8 83.5 1.7 0.19524 X X X X
4 856 83.3 1.9 0.19628 X X X X
4 850 82.6 2.8 0.20023 X X X X
4 84.7 82.3 3.2 0. 20217 X X X X
4 84.4 81.9 3.7 0. 20430 X X X X
5 86.0 83.1 3.2 0.19724 X X X X X
5 86.0 83.1 3.3 0.19743 X X X X X
5 86.0 83.1 3.3 0.19762 X X X X X
5 85.9 83.0 3.4 0.19791 X XX X X
5 85.8 82.8 3.6 0.19902 X X X X X
6 86.8 83.3 4.1 0.19598 X XX X X X
6 86.4 82.9 4.6 0.19865 X X XXX X
6 86.4 82.9 4.7 0.19879 X X X XXX
6 86.1 82.5 5.1 0.20072 X X X XXX
6 86.1 82.5 5.1 0.20092 X X X X X X
7 86.8 82.6 6.0 0.20023 XX XXX X X
7 86.8 82.6 6.1 0.20033 XXX XXX X
7 86.8 82.6 6.1 0.20038 XXX X XXX
7 86. 7 82.5 6.2 0.20078 X X XX XXX
7 86.6 82.4 6.3 0.20151 X X XXXX X
8 86.8 81.8 8.0 0.20472 XXX XXXX X
8 86.8 81.8 8.0 0.20491 XXX XX XXX
8 86.8 81.8 8.1 0.20499 X X X XX XXX
8 86.8 81.7 8.1 0.20536 X X XXX XXX
8 86.2 81.0 8.9 0.20933 X XXX XX XX
9 86.8 80.9 10.0  0.20977 XXX XXX XXX

Now, we compare the above sets according to our criterion to choose the best ones.



Strategy 2: Backward Elimination Procedure (BE)
In the backward elimination procedure™, we proceed as follows:

1.
2.

We determine the fitted regression equation containing all independent variables.
We determine the partial F statistic* for every variables in the model as thought it
were the last variable to enter, and determine the partial F value or p-vaue
associated with the test statistics.

Focus on the lowest observed F statistic (or equivaently, on the highest p-value).
Compare the p-value with a pre-selected significance level (called a -to-remove)
or some pre-selected F value (say, Fremove) and decide whether to remove the
variable under consideration: (@) If Faa < Femove, remove that X from
consideration, that is, the variables are dropped on the basis of their smallest
contribution® to the reduction of SSE (b) If Fea > Fremove, the variable is not
dropped, the backward elimination ends, and the selected model consists of
variables remaining in the model.

Re-compute the regression equation for the remaining variables with in next
iterations when one X is dropped in the previous step. We check for overadl F. If
significant, then we go for partial F values to hunt down the smallest one as
before.

Getting Help From Computer Packages: SAS: Backward Elimination procedure
In SAS (6.12 version was used), we write the following simple program™® to run
Backward Elimination procedure:

DATA LEAFBURN,

I NFI LE ' C. LEAFBRN. DAT' FI RSTOBS = 2;
INPUT | X1 X2 X3Y;

X1SQ = X1*X1; X2S8Q = X2*X2; X3SQ = X3*X3;
X1X2 = X1*X2; X1IX3 = X1*X3; X2X3 = X2*X3;

LABEL X1 = 'Percentage of N trogen'
X2 = 'Percentage of Chlorine'
X3 = ' Percentage of Potassiuni
Y = 'Log(leafburn tine) in seconds';

RUN;

PROC REG DATA = LEAFBURN,

MODEL Y = X1 X2 X3 X1SQ X2SQ X3SQ X1X2 X1X3 X2X3
/ METHOD = BACKWARD SLS=0. 05;
TI TLE ' BACKWARD net hod applied in | eaf burn data';

RUN;

And the output is (edited to bring down to continuity):

13 This backward elimination is satisfactory, especialy for statisticians who like to see al the variables
in the equation once in order ‘ not to miss anything’.

4 Partial F statistic test whether adding the last variable to the model significantly helps predict the
dependent variable, given that the other variables are already in the model.

> This is equivalent to deleting the variable which has the smallest t ratio (the ratio of the regression
coefficient to the standard error of the coefficient) in the equation.

16 Note that, we used the model with product or interaction terms — not the simple one. This is due to
the fact that from the simple model, no variable gets out since al are significant. So, for sake of
showing the iteration, we use this large model.



BACKWARD net hod applied in | eafburn data 1
09: 15 Sunday, April 6, 1997

Backward Elimnation Procedure for Dependent Variable Y

Step O Al'l Variabl es Entered R-square = 0.86843763 C(p) = 10. 00000000

DF Sum of Squar es Mean Square F Prob>F
Regr essi on 9 5. 80943087 0. 64549232 14.67 0.0001
Error 20 0. 88008913 0. 04400446
Tot al 29 6. 68952000

Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squar es F Prob>F
| NTERCEP 2. 83480862 2.31997871 0. 06570163 1.49 0.2359
X1 -0.99723502 0. 82571547 0. 06418460 1.46  0.2412
X2 -1.48841367 0. 70621440 0. 19546582 4.44  0.0479
X3 0. 23897966 0. 67404955 0. 00553140 0.13 0.7266
X1SQ 0. 03272485 0. 14059983 0. 00238387 0.05 0.8183
X2SQ 0. 15868300 0. 15514366 0. 04603513 1.05 0.3186
X3SQ 0. 00962489 0. 04916718 0. 00168631 0.04 0.8468
X1X2 0. 36525296 0. 16678915 0.21103213 4.80 0.0406
X1X3 -0.00507684 0. 14575910 0. 00005338 0.00 0.9726
X2X3 -0.11113607 0.11635591 0. 04014485 0.91 0.3509
Bounds on condition nunber: 341. 5785, 13718. 76

step 1 Variable X1X3 Remove R square = 0.86842965 C(p) = 8.00121315

DF Sum of Squares Mean Square F Prob>F
Regr essi on 8 5.80937749 0. 72617219 17.33  0.0001
Error 21 0. 88014251 0. 04191155
Tot al 29 6. 68952000

Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squar es F Prob>F
| NTERCEP 2.88166159 1.84468774 0. 10227605 2.44  0.1332
X1 -1. 00256670 0. 79187170 0.06718164 1.60 0.2194
X2 -1.47102434 0. 48745695 0. 38168131 9.11 0.0066
X3 0. 22012217 0. 39185463 0.01322548 0.32 0.5802
X1SQ 0. 03018558 0.11732818 0. 00277414 0.07 0.7995
X2SQ 0. 15709568 0. 14472963 0. 04937956 1.18 0.2900
X3SQ 0. 00997938 0. 04694440 0. 00189397 0.05 0.8337
X1X2 0. 36293282 0. 14922904 0. 24790168 5.91  0.0240
X2X3 -0.11249065 0. 10702442 0. 04630211 1.10 0.3052
Bounds on condition nunber: 155. 8208, 6668. 081
BACKWARD net hod applied in | eafburn data 4

09: 15 Sunday, April 6, 1997

step 2 Variable X3SQ Removed r-square = 0.86814652 C(p) = 6.04425360

DF Sum of Squar es Mean Square F Prob>F
Regr essi on 7 5.80748352 0. 82964050 20.69 0.0001
Error 22 0. 88203648 0. 04009257
Tot al 29 6. 68952000

Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squar es F Pr ob>F
| NTERCEP 2.59480924 1.23018314 0. 17837550 4.45  0.0465
X1 -0.92793959 0. 69422925 0.07163042 1.79 0.1950
X2 -1.50309785 0. 45334913 0. 44073019 10.99 0.0031
X3 0. 30117527 0.08841438 0. 46521811 11.60 0.0025
X1SQ 0.01910754 0.10281339 0.00138476 0.03 0.8543
X2SQ 0. 14250490 0. 12462339 0. 05242330 1.31 0.2651
X1X2 0. 36379697 0. 14590066 0. 24926857 6.22 0.0207
X2X3 -0.09926809 0. 08518266 0. 05444786 1.36 0.2564



Bounds on condition nunber:

120. 2678

3217. 799

step 3 Variable X1SQ Removed Rr-square = 0. 86793952

DF Sum of Squar es
Regr essi on 6 5. 80609876
Error 23 0. 88342124
Tot al 29 6. 68952000

Par anet er St andar d
Vari abl e Esti mat e Error
| NTERCEP 2.38083750 0. 42414460
X1 -0.80104107 0. 12272532
X2 -1.50994889 0. 44226268
X3 0. 30357162 0. 08561359
X2SQ 0.14196017 0. 12194598
X1X2 0. 36767850 0.14133487
X2X3 -0.10077359 0. 08299778

Bounds on condition nunber:

73. 09516

Mean Square

0
0

96768313
03840962

Type |

Sum of Squar es

[eNeoNoNeNaN T

. 21024033
. 63636896
. 44771732
. 48292195
. 05205208
. 25994282
. 05662400

1333. 842

step 4 Variable X2SQ Removed r-square = 0. 86015838

DF Sum of Squar es
Regr essi on 5 5. 75404668
Error 24 0. 93547332
Tot al 29 6. 68952000

Par anet er St andar d
Vari abl e Esti mat e Error
| NTERCEP 2.48826630 0.41703577
X1 - 0. 79045487 0. 12329024
X2 -1. 38346935 0.43187025
X3 0. 24736925 0.07122382
X1X2 0. 34604080 0. 14114027
X2X3 -0.04621282 0. 06900296

Bounds on condition nunber:

71. 83096

Mean Square

1
0

15080934
03897805

Type |

Sum of Squar es

OQOOOORrEF

. 38760949
. 60220063
. 39999325
. 47017662
. 23430032
. 01748274

Ap)

BACKWARD net hod applied in | eafburn data
09: 15 Sunday,

step 5 Variable X2X3 Removed R square = 0.85754493

DF Sum of Squar es
Regr essi on 4 5.73656394
Error 25 0. 95295606
Tot al 29 6. 68952000

Par anet er St andar d
Vari abl e Esti mat e Error
| NTERCEP 2.56225921 0. 39767468
X1 -0. 75684515 0.11136536
X2 -1. 45069754 0.41538339
X3 0. 20685617 0. 03717964
X1X2 0. 29940802 0.12140740

Bounds on condition nunber:

54. 34849

BACKWARD net hod applied in | eafburn data

Mean Square

1
0

43414098
03811824

Type |

Sum of Squar es

oORrORR

427.

. 58242492
. 76054330
. 46493086
. 17993845
. 23182986

3103

09: 15 Sunday,

Ap)

= 4.07572221
F Pr ob>F
25.19 0. 0001
F Pr ob>F
31.51 0. 0001
42. 60 0. 0001
11. 66 0. 0024
12.57 0. 0017
1.36 0. 2563
6.77 0. 0160
1. 47 0. 2370
= 3.25860414
F Pr ob>F
29.52 0. 0001
F Pr ob>F

35. 60 0. 0001
41. 11 0. 0001
10. 26 0. 0038
12. 06 0. 0020
6.01 0. 0219
0. 45 0. 5094
8

April 6, 1997
= 1.65589899
F Pr ob>F
37.62 0. 0001
F Pr ob>F
41.51 0. 0001
46. 19 0. 0001
12. 20 0. 0018
30. 95 0. 0001
6. 08 0. 0209
April 6, 1997

Al'l variables left in the node

are significant at the 0.0500 |evel



Sumrary of Backward Elimnation Procedure for

Vari abl e Number

Step Renmoved I'n
Label

1 X1X3 8

2 X3SQ 7

3 X1SQ 6

4 X2SQ 5

5 X2X3 4

Parti al

R**2

0. 0000

0. 0003

0. 0002

0. 0078

0. 0026

Model

R**2

0. 8684

0. 8681

0. 8679

0. 8602

0. 8575

Ap)

. 0012

. 0443

. 0757

. 2586

. 6559

Dependent Variable Y

0. 0012

0. 0452

0. 0345

1. 3552

0. 4485

Pr ob>F

0.9726

0. 8337

0. 8543

0. 2563

0. 5094



Strategy 3: Forward Selection Procedure (FS)
In the forward selection procedure®’, we proceed as follows:

1. The forward selection procedure starts with an equation containing no explanatory
variable, only a constant term.

2. Select thefirst variable to enter the model the variable most highly correlated with
the dependent variable, and then fit the associated straight-line regression
eguation.

3. If theoverdl F test for this regression is not significant, stop and conclude that no
independent variables are important predictors. If the test is significant, include
this variable in the model.

4. Determine the partid F statistic and p-value'® associated with each remaining
variable based on a regression equation containing that variable and variable
initially selected.

5. Focus on the variable with the largest partial F statistic: if the test is significant
(compared to predetermined Fener OF a -to-enter value), add the new variable to
the regression equation. If not significant, we do not include the variable in our
model.

6. At each subsequent step, determine the partial F statistics for the variables are not
yet in the model, and then add to the model the variable with the largest partial F
statistic value (if it is statistically significant). At any step, if the largest partial F
statistic value is not significant, no more variables are included in the model and
the process is terminated — that is, the procedure is terminated when the last
variable entering the equation has an insignificant regression coefficient or al the
variables are included in the equation.

Note that, forward selection procedure and backward elimination procedure does not
necessarily lead to the same choice of final model. Also, it is studied that forward
selection procedure tends to agree with all possible regressions for small subset sizes
but not for large ones — whereas backward elimination algorithm tends to agree with
all possible regressions for large subset sizes but not for small ones.

Getting Help From Computer Packages. SAS : Forward Selection procedure

In SAS (6.12 version was used), we write the following simple program (DATA step
is omitted since it is just like the one used in Backward Elimination) to run Forward
Selection procedure:

PROC REG DATA = LEAFBURN
MODEL Y = X1 X2 X3 X1SQ X2SQ X3SQ X1X2 X1X3 X2X3
/ METHOD = FORWARD SLE=0. 10;
TI TLE ' FORWARD et hod applied in | eafburn data';
RUN;

" Draper, Smith do not recommend forward selection procedure unless it is specially desired never to
remove variables that were retained at earlier stage. For details, readers may consult Draper, Smith
(1998) “Applied Regression Analysis’, Third ed., Page 338-343. Also see Chatterjee, Price (1991)
“Regression analysis by Example’, 2 ed., Ch-9, and Montgomery, Peck (1992) “Introduction to
Linear Regression Anaysis’, 2™ ed., Ch —7, where they recommend the Backward elimination
procedure over Forward selection procedure for variable selection. Also, backward elimination
procedure is better able to handle multicollinearity than the forward sel ection procedure.

18 Or some suggests that the variable that enters the equation as the second variable is one which has
the highest correlation with Y given that it is adjusted for the 1% variable included.



And the output is (edited to bring down to continuity):

FORWARD net hod applied in | eafburn data

Forward Sel ection Procedure for

Variable X1 Entered'® & square = 0.51513526

1
09: 11 Sunday,

April 6, 1997

Dependent Variable Y

Step 1 C(p) = 47.70872455
DF Sum of Squares Mean Square F Prob>F
Regr essi on 1 3. 44600764 3. 44600764 29.75 0.0001
Error 28 3.24351236 0.11583973
Tot al 29 6. 68952000
Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squar es F Prob>F
| NTERCEP 2. 62570402 0.36102426 6.12740075 52.90 0.0001
X1 -0.59161367 0.10846980 3. 44600764 29.75 0.0001
Bounds on condition nunber: 1, 1
FORWARD net hod applied in | eafburn data 2
09: 11 Sunday, April 6, 1997

step 2 Variable X2 Entered R square = 0.64277444 C(p) = 30.30512594
DF Sum of Squar es Mean Square F Prob>F
Regr essi on 2 4.29985245 2.14992623 24.29  0.0001
Error 27 2. 38966755 0. 08850621
Tot al 29 6. 68952000
Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squares F Pr ob>F
| NTERCEP 2.65313172 0. 31569264 6.25118617 70.63  0.0001
X1 -0. 52854935 0. 09696245 2.62989015 29.71  0.0001
X2 -0.28996442 0. 09335597 0. 85384481 9.65 0.0044
Bounds on condition nunber: 1. 045859, 4.183438
FORWARD net hod applied in | eafburn data 3
09: 11 Sunday, April 6, 1997
step 3 Variable X1X3 Entered r-square = 0.83194018 C(p) = 3.54831144
DF Sum of Squares Mean Square F Prob>F
Regr essi on 3 5. 56528044 1. 85509348 42.90 0.0001
Error 26 1.12423956 0. 04323998
Tot al 29 6. 68952000
Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squares F Pr ob>F
| NTERCEP 2.81116779 0. 22258374 6. 89719006 159.51 0. 0001
X1 -0.83761159 0. 08864063 3.86104768 89.29 0.0001
X2 -0.44384158 0.07118282 1.68109032 38.88 0.0001
X1X3 0. 06396689 0.01182441 1.26542799 29.27 0.0001
Bounds on condition nunber: 2.102865, 15. 4095
FORWARD net hod applied in | eafburn data 4
09: 11 Sunday, April 6, 1997

19 X1 was checked first since it has high (-0.71773) correlation with Y. See the correlation analysis we
did before.



step 4 Variable X1X2 Entered r-square = 0.85602137

DF Sum of Squar es Mean Square
Regr essi on 4 5.72637209 1.43159302
Error 25 0. 96314791 0. 03852592
Tot al 29 6. 68952000

Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squares
| NTERCEP 3. 42752155 0.36741719 3. 35269782
X1 -1.01577141 0. 12079559 2.72422384
X2 -1.28629282 0.41743124 0. 36581606
X1X2 0. 25065706 0. 12258008 0.16109165
X1X3 0.06178217 0.01121227 1.16974660
Bounds on condition nunber: 54.8172, 434.8229

FORWARD net hod applied in | eafburn data

09: 11 Sunday,

F

37.16

87.02
70.71

30. 36

April

C(p) = 1.88750833

Pr ob>F

0. 0001

Pr ob>F

. 0001
. 0001
0050
. 0515
. 0001

coooo

6, 1997

No ot her variable nmet the 0.1000 significance |eve

Sumrary of Forward Sel ecti on Procedure for

Step

4

Vari abl e Number Partia

Ent er ed I'n R *2
Label

X1 1 0.5151
Percent age of Nitrogen

X2 2 0.1276
Percent age of Chlorine

X1X3 3 0. 1892
X1X2 4 0. 0241

Mode

R**2

0.5151

0. 6428

0. 8319

0. 8560

Ap)

47.7087
30. 3051
3. 5483

1. 8875

Dependent Variable Y

29.7481

9. 6473

29. 2652

4.1814

for entry into the nodel

Pr ob>F

0. 0001

0. 0044

0. 0001

0. 0515



Strategy 4: Stepwise Regression Procedure (SW)

Stepwise regression procedure®™ is a modified version of forward selection procedure
that permits reexamination, at every step, of the variables incorporated in the model in
previous steps, that is, it has added proviso that at each stage the possibility of
deleting a variable as in Backward elimination.

1.

The stepwise regression procedure starts off by choosing an equation containing
the single best X variable (here we select that X most correlated with Y and build
afirst order linear regression equation with that variable). We test for partial F*
value for that variable when no X’s are in the equation (b, isawaysin). If that is

significant (compared to pre-selected F-to-enter value), we keep it in the model
and attempts to build up with subsequent additions of X’s one a atime aslong as
these additions are worthwhile.

The order of addition is determined by using some equivalent criteria® - (a) the
largest partial F test value. (b) the largest t-statistic value. (c) the highest sample
partial correlation of a variable not in the model with Y given the previously
retained predictors aready in the model. (d) the R? by judging which variable
increases it more than others - to select which variable should enter next (from all
the predictor variables not aready in the regression model). The highest partial F
value is compared to a F-to-enter (pre-selected) value.

After a variable has been added, the equation is examined (by testing overall
regression for significance, improvement of R?, and the partial F values for all the
variables aready in the model — not just the most recent entered) to see if any
variable should be deleted. A variable that entered at an early stage may become
superfluous at a later stage because of its relationship with other variables
subsequently added to the model. To check this possibility, at each step we make a
partial F test for each variable currently in the model, although it were the most
recent variable entered, irrespective of its actua entry point into the model. The
variable with the smallest (lowest) non-significant partial F value® (if there is
such a variable) is removed and an appropriate fitted regression equation is then
computed for all the remaining variables till in the model. Note that, if there is
more than one non-significant partia F values, we delete only one variable with
lowest non-significant partial F and we take no further action about the others. We
remove only the smallest non-significant partial F variable at a time and ‘think
again’!

The mode is refitted with the remaining variables: the partial Fs are obtained and
similarly examined and so on. This testing of the “least useful predictor currently
in the model” is carried out at every stage of the stepwise regression procedure.
The whole process is continuous until no more variables can be entered (i.e., the
best candidate cannot hold its place in the equation) or removed.

% Draper, Smith prefers and recommends stepwise regression procedure as the best of the variable
selection procedures that makes economical use of computer facilities, and it avoids working with more
X’s than are necessary while improving the equation at every stage. For details, readers may consult
Draper, Smith (1998) “Applied Regression Analysis’, Third ed., Page 338 (opinion). However,
Wonnacott, Wonnacott (1981) “Regression: A second course in Statistics’, page 495-8 cited some
problems involved in this procedure when the regressors are not orthogonal.

21 Some programs based on stepwise regression procedure use a t-test using the relation F(1,v)=t*(v).

2 These criteria are well-stated in Weisberg (1980) “Applied linear regression”, ch—8.

% Compared to an appropriate F percentage point called F-to-remove.



Choice of *Stopping Rules' for Stepwise regression procedures
The choice of F-to-enter and F-to-remove will largely determine the character of the
stepwise regression procedure. It iswise to set -

(@) F-to-enter greater than F-to-remove or

(b) a -to-enter smaler than a -to-remove
to provide ‘protection’ for predictors already admitted to the equation. Or else, one
sometimes rejects predictors just admitted. Also, it is possible to set them both
equals**. Another popular choice of F-to-enter and F-to-remove is equal to 4 which is
roughly correspond to the 5% level of the F-distribution. On theoretica grounds,
some suggest using the 25% point of the F-distribution as Fener and 10% point of the
appropriate F-distribution for Fremove>>.The choice of values for Feyxe and Fremove IS
largely a matter of the personal preference of the analyst, and considerable latitude is
often taken in this area.

Advantages of Stepwise Regression

Only variables significantly linearly related to Y are included in the model. The
analyst may select minimum significance levels for inclusion or removal. Accounts
for effect on whole model of adding new independent variable's rather than effect on
Y inisolation. Computationally efficient.

Disadvantages of Stepwise Regression

Many t-tests (or one variable F-tests) will have been done, so there is a high
probability that at least one independent variable's will have been included when it
should not have been. Some multicollinearity may remain. Usually only first order
terms are considered for the model, since the number of higher order terms which are
potential candidates for inclusion increases rapidly with the number of independent
variables. This may result in some important correlations between Y and higher order
terms never being tested. Accordingly, any higher order terms that are suspected of
being significantly correlated with Y should be considered in the Stepwise analysis.

A Note about Stepwise Regression

Stepwise regression can only serve as a partial tool for screening variables already
being considered for inclusion. It should always be preceded by a selection process
based on fundamentals & expert judgement. It should aso be followed by an “All
possible’ analysis using the results of the stepwise, and finally by analyses in which
al relevant higher order terms (polynomia & interaction etc) are included. Stepwise
can again be used at this stage.

# Draper, Smith recommends @ = 0.05 (for much conservative cases) or 0.10 for both tests. For
details, readers may consult Draper, Smith (1998) “ Applied Regression Analysis’, Third ed., Page 342-
343. Also see Montgomery, Peck (1992) "Introduction to Linear Regression Anaysis', 2nd ed., page
297-8 and Wetherill, Duncombe, Kenward, Kollerstorm, Paul, Vowden (1986) “Regression Analysis
with Applications’ page 235-6 for related subject materials.

% some authors call F-to-enter as F-IN and F-to-remove as F-OUT.



Getting Help From Computer Packages. SAS. Stepwise procedure

In SAS (6.12 version was used), we write the following simple program (DATA step
is omitted since it is just like the one used in Backward Elimination) to run Stepwise
procedure: here we demonstrate what happens if F-to-enter smaller than F-to-remove:

PROC REG DATA = LEAFBURN
MODEL Y = X1 X2 X3 X1SQ X2SQ X3SQ X1X2 X1X3 X2X3
/ METHOD = STEPW SE SLE=0. 10 SLS = 0. 05;
TI TLE ' STEPW SE net hod applied in | eaf burn data';
RUN;

The output is as follows:

STEPW SE et hod applied in |eafburn data 8
08: 00 Sunday, April 6, 1997

St epwi se Procedure for Dependent Variable Y

step 1 Variable X1 Entered R square = 0.51513526  C(p) = 47.70872455

DF Sum of Squar es Mean Square F Prob>F
Regr essi on 1 3. 44600764 3. 44600764 29.75 0.0001
Error 28 3.24351236 0.11583973
Tot al 29 6. 68952000

Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squar es F Prob>F
| NTERCEP 2. 62570402 0.36102426 6.12740075 52.90 0.0001
X1 -0.59161367 0.10846980 3. 44600764 29.75 0.0001
Bounds on condition nunber: 1, 1
STEPW SE et hod applied in |eafburn data 9

08:00 Sunday, April 6, 1997

step 2 Variable X2 Entered R-square = 0.64277444  C(p) = 30.30512594

DF Sum of Squar es Mean Square F Prob>F
Regr essi on 2 4.29985245 2.14992623 24.29  0.0001
Error 27 2. 38966755 0. 08850621
Tot al 29 6. 68952000

Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squar es F Pr ob>F
| NTERCEP 2.65313172 0. 31569264 6.25118617 70.63  0.0001
X1 -0. 52854935 0. 09696245 2.62989015 29.71  0.0001
X2 -0.28996442 0. 09335597 0. 85384481 9.65 0.0044
Bounds on condition nunber: 1. 045859, 4.183438
STEPW SE et hod applied in | eafburn data 10

08:00 Sunday, April 6, 1997

step 3 Variable X1X3 Entered R square = 0.83194018 C(p) = 3.54831144

DF Sum of Squares Mean Square F Prob>F
Regr essi on 3 5. 56528044 1. 85509348 42.90 0.0001
Error 26 1.12423956 0. 04323998

Tot al 29 6. 68952000


wildscop


Par amet er St andar d Type |

Vari abl e Estimat e Error Sum of Squar es F Prob>F
| NTERCEP 2.81116779 0. 22258374 6. 89719006 159.51 0. 0001
X1 -0.83761159 0. 08864063 3.86104768 89.29 0.0001
X2 -0.44384158 0.07118282 1.68109032 38.88 0.0001
X1X3 0. 06396689 0.01182441 1.26542799 29.27 0.0001
Bounds on condition nunber: 2.102865, 15. 4095

STEPW SE et hod applied in | eafburn data 11

08:00 Sunday, April 6, 1997

step 4 Variable X1X2 Entered r-square = 0.85602137 C(p) = 1.88750833

DF Sum of Squar es Mean Square F Prob>F
Regr essi on 4 5. 72637209 1. 43159302 37.16 0.0001
Error 25 0. 96314791 0. 03852592
Tot al 29 6. 68952000

Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squares F Prob>F
| NTERCEP 3. 42752155 0.36741719 3. 35269782 87.02 0.0001
X1 -1.01577141 0. 12079559 2.72422384 70.71  0.0001
X2 -1.28629282 0.41743124 0. 36581606 9.50 0.0050
X1X2 0. 25065706 0. 12258008 0. 16109165 4.18 0.0515
X1X3 0.06178217 0.01121227 1.16974660 30.36 0.0001
Bounds on condition nunber: 54.8172, 434.8229
STEPW SE et hod applied in |eafburn data 12

08: 00 Sunday, April 6, 1997
step 5 Variable X1X2 Removed r-square = 0.83194018 C(p) = 3.54831144

DF Sum of Squares Mean Square F Prob>F
Regr essi on 3 5.56528044 1. 85509348 42.90 0.0001
Error 26 1.12423956 0. 04323998
Tot al 29 6. 68952000

Par amet er St andar d Type |
Vari abl e Estimat e Error Sum of Squares F Pr ob>F
| NTERCEP 2.81116779 0. 22258374 6. 89719006 159.51 0. 0001
X1 -0.83761159 0. 08864063 3.86104768 89.29 0.0001
X2 -0.44384158 0.07118282 1.68109032 38.88 0.0001
X1X3 0. 06396689 0.01182441 1.26542799 29.27  0.0001
STEPW SE et hod applied in |eafburn data 13

08:00 Sunday, April 6, 1997

Bounds on condition nunber: 2.102865, 15. 4095

Al variables left in the nodel are significant at the 0.0500 |evel
The stepwi se method terninated because the next variable to be entered was
just renoved

Sumrary of Stepw se Procedure for Dependent Variable Y

Vari abl e Nunber Parti al Mbde
Step Ent ered Renpved I'n R**2 R**2 C(p) F Prob>F
Label
1 X1 1 0.5151  0.5151  47.7087 29.7481  0.0001

Percent age of Nitrogen



2 X2 2 0.1276 0.6428  30.3051 9.6473 0.0044
Percent age of Chlorine

3 X1X3 3 0. 1892 0. 8319 3.5483 29. 2652 0. 0001
4 X1X2 4 0. 0241 0. 8560 1. 8875 4.1814 0. 0515
5 X1X2 3 0. 0241 0. 8319 3. 5483 4.1814 0. 0515

Getting Help From Computer Packages: S-plus. Stepwise procedure
To demonstrate the functionality of S-plus, we do the above procedure again in S-plus
(version 4 was used):

> | eafbrnl<-read.table("c:\\leafbrn.txt", header=T)

> | eaf brn. dat al<-dat a. frane(l eaf brnl)

> attach(l eaf brn. datal)

> x1sQ<- x172; x2sQq<- Xx2"2; x3sQ<- X3"2; x1x2<- x1*x2; x1x3<- x1*x3; X2x3<- Xx2* X 3;

> | eafbrn <- chind(l eafbrnl, x1sq, x2sq, x3sq, x1x2, x1x3, x2x3)

> det ach()

> | eaf brn. dat a<- dat a. frane(| eaf brn)

> attach(l eaf brn. dat a)

> X<- cbi ndgxl, x2, x3, x1sq, x2sq, x3sq, x1x2, x1x3, x2x3) # X*¢

> Y<-y # Y

> stepwise(X Y, intercept=T, tolerance=1.e-07, nmethod="efroynson", size.nmx
= ncol (X),f.crit=c(4,4), plot=T) #here F-to-enter and F-to-renobve are equal
$rss:

[1] 3.2435124 2.3896675 1.1242396 0.9631479

$si ze:
[1] 12 3 4

$whi ch?®:
x1 x2 x3 x1sq x2sqg x3sq x1x2 x1x3 x2x3

1(+1) T F F F F F F F F

20+2) T T F F F F F F F

3(+¢) T T F F F F F T F

4+7) T T F F F F T T F

$f . stat:

[1] 29.748064 9.647287 29.265229 4.181384

$nmet hod:

[1] "efroymson" #note that, in the process x1x2 still remains in the nodel

A careful ook at the outputs will reveal that, the results of SAS and S-plus differ
(decision regarding X1X») which is due to selection of SLE > SLS and f.crit values.

% X isamatrix of explanatory variables. It can aso be a data frame. Each column represents avariable
and each row represents an observation (or case). This should not contain a column of ones unless the
argument intercept is FALSE. The number of rows of x should equal the length of y, and there should
be fewer columns than rows. Missing values are allowed. If a data frame, x is coerced into a numeric
matrix, hence factor data are transformed to numeric values using the function codes.

1Y isaavector response variable. Missing values are allowed.

% | ogical matrix with as many rows as there are returned subsets. Each row is alogical vector that can
be used to select the columns of x in the subset. For the forward method there are ncol (x) rows with
subsets of size 1, ..., ncol(x). For the backward method there are ncol (x) rows with subsets of size
ncol(x), ..., 1. For Efroymson's method there is arow for each step of the stepwise procedure. For the
exhaustive search, there are nbest subsets for each size (if available). The row labels consist of the
subset size with some additional information in parentheses. For the stepwise methods the extra
information is +n or -n to indicate that the n-th variable has been added or dropped. For the exhaustive
method, the extrainformation is#i wherei is the subset number.



Choice of model:

While the procedures discussed do not necessarily select the absolute best model, they
usually select an acceptable one. However, dternative procedures have been
suggested in attempts to improve the model selection. One proposal was - Run the
stepwise regression procedure with given level for acceptance and rejection. When the
selection procedure stops, determine the number of variables in the final selected
model. Using this number of variables, say g, do al possible sets of q variables from
the k original variables and choose the best set : however, the added advantage (using
stepwise regression procedure result as a priori) of this procedure is minor.

Step 4: Evaluate the model chosen

Having specified the potential terms or variables to be included in the model, the
criterion for selecting a model and the strategy for applying the criterion, we must
conduct the analysis as planned to get our required model. The goodness of fit of the
model chosen should certainly be examined by the usua regression diagnostic
methods to demonstrate that the model chosen is reasonable for the data at hand.




