2. Electromagnetism fundamentals
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In this book, the whole theory of electromagnetism is derived from a couple
of elementary experiments.

From one experiment is derived the expression for electromagnetic force,
and from the other, the expression for magnetic field of current carrying
wire.

From these two experiments, so-called Lorentz equations are derived.

From Lorentz equations are derived Maxwell equations.

Figure II-1. Planet Earth behaves
as a gigantic magnet (magnetic
dipole). North pole of the magnet
points toward (geographic) South
Pole, and vice versa. The axis of the
dipole meets the Earth rotation axis
at an angle of about 11°.

Historical prelude

By the eighteenth century, it was known that every magnet is characterized
by two poles, one that attracts north pole of compass needle and the other
the south pole. Being that the same kinds of poles repel each other, and the
opposite poles attract each other, the pole of the magnet that attracts the
south pole of compass needle is named north, and vice versa. In the same
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time when he revealed the fundamental law of electrostatics, Charles-Au-
gustin de Coulomb showed that the magnetic force among magnetic poles is
inversely proportional to the square of the distance r between them:
Ho Quqn
417 2
where Qun, and Qn are named “magnetic masses”. Taking that north poles
have positive magnetic mass and south negative, it may conclude, in the
same manner as in electrostatic, that corresponding magnetic field (which is
inadequately named magnetic induction):
@2 B=_-,
q

m

(2-1) F=

b

and its lines of force “go” from north to south.

Figure II-2. Magnetic field has (by
convention) direction from north to south
magnetic pole. Direction of the magnetic
field may be determined by the direction
of magnetic needle north pole.

Rapid development of electromagnetism begun by the discovery that mag-
netic needle aligns itself perpendicularly to a current-carrying wire, which
Danish physicist @rsted (Hans Christian) published in the summer of 1820.
It was definite experimental evidence of the relationship between electricity
and magnetism, and led to many discoveries and experiments. Those experi-
ments we will reduce on two and from them (including the results obtained
in electrostatics) we will deduce the whole theory of electromagnetism.
Assuming that magnetism relates to current-carrying wires, the first experi-
ment should be based on study of force between such a wire and an ordinary
magnet. In the other experiment it should examine the force between two
current-carrying wires.



2.1 Basic experiments of electromagnetism

2.1.1. Electromagnetic force

In the first experiment, it is necessary to have two wide magnetic poles,
posed one in front of the other. Between these poles, it should set two fixed
parallel metal bars, connected at one side to a constant voltage source E, as
it may be seen on Fig. II-3a. On the other side of the bars, one should put a
metal conductor rod, which can freely move along the bars. The role of the
potentiometer R is to reduce the current of the so obtained circuit. The rod
should be tied to a dynamo-meter to measure electromagnetic force, which
will be exerted on it.

It is shown, by such experiments, that the electromagnetic force is propor-
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Figure I1-3. Tllustration of experiments that are used to determine mag-
netic field of current-carrying wire.

tional to the current I that flows through conductor rod, to the length Al of
the rod and to sine of angle, which rod makes with magnetic lines of forces,
as well as to the intensity of magnetic field B at the bar. All mentioned rela-
tions are involved in a single mathematical expression:

(2-3) AF =1-AIXB,

where X denotes vector products.



If the rod and magnetic lines are perpendicular, this expression is, simply:
(2-4) AF=1.AIB.

2.1.2. Magnetic field of current-carrying wire

In the following experiment, we will use the same accessories as in the pre-
vious, except that we will use a long wire with current I; in place of ordi-
nary magnet (Fig. I1-3b).
By this experiment, it is shown that there is no force between wires if they
are mutually perpendicular. If they are parallel, they attract each other if the
currents I and I; have the same directions, and repel in the case of contrary
directions. The intensity of the force is given by the expression:

L1
(2-5) AF, = uomm,
where d denotes the distance between wires and plo = 41107 N/A?, is a con-
stant of proportionality. Varying the distance d and current I, it is possible
to equalize forces AF and AF;:

I,1
2-6)  LAI'B=p,——Al.
(2-6) Ho 2med
From this expression, we have:
I,
2-7 = .
(2-7) B =y, 2rd

This result means that every long straight wire with current I generates in its
vicinity a circular magnetic field B, the intensity of which on distance r is
given by the expression:
I
2-8 B=p,—.
(2-8) Ho .

The direction of the field is defined by the right screw rule.



2.2. Generalized Lorentz equations

Analyzing expressions (2-3) and (2-8) for electromagnetic force and mag-
netic field of a current-carrying wire we will obtain deeper expressions,
which will make easier understanding the theory of electromagnetism.

2.2.1. Lorentz force

Let’s look what happens inside a segment Al of current-carrying wire, on
which is exerted electromagnetic force (2-3):

AF =1-AIXB.
Assuming that the volume of the segment of the wire is

AV = S[A
and that (1-4):

1=1JIS,
electromagnetic force becomes:
(2-9) AF=AV-JXB.
If we denote by AN the number of free electrons that move by velocity ve
inside the segment AV of wire, the current density (1-3, Electrostatics) is:
@10) T=5T(-e)v.,
and the electromagnetic force:
(2-11) AF = AN(—e)v,XB,
It was Dutch physicist Hendrik A. Lorentz who supposed that electromag-
netic force originate from particular forces F., that are exerted on free elec-
trons, which moves by the velocity ve:
(2-12) F,=(—e)v.XB,
In the next step of inductive reasoning it is concluded that the same force
should be exerted on any charge particle g that moves by the velocity vq in
static magnetic field B:
(2-13) F=qv,XxXB.
This expression is verified experimentally and theoretically.

2.2.2. Induced electric field Eg

If a point charge g moves by velocity v, in electrostatic field Eq and static
magnetic field B, total force that is exerted on the charge is:

(2-14) F=q(Ey,+ v,xXB).

Taking that electric field is determined by the expression:

F
2-15) E=—,
(2-15) 7
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we get:

(2-16) E=E,+ Vv,XB.

Now, we have vq denoting the velocity of an arbitrary electric field detector,
instead of charge velocity vq. The first component is electrostatic field
(given by expressions 1-10 and 1-15, Electrostatics), while the second com-
ponent is induced electric field, which we will denote by Es:

(2-17)  Eg=v,XB.

This expression is obtained for a particle moving by the velocity vq = vq (the
particle has a roll of detector) in static magnetic field B. The particle would
detect the same electric field if it stayed in magnetic field B, which lines of
forces move by the opposite velocity vs = -vq:

(2-18) Epz =—vyXB.

P

s
L__L}/ < Figure II-4. Moving a) of
> charge g by the velocity
Es e/' s in static magnetic field
p) /6’ makes the same induced
B electric field as the
S moving b) of magnetic

field by the velocity
around static charge q.

a.

In case of particle (or arbitrary detector) moving by velocity vq = v, in mag-
netic field B, the lines of which move by the velocity vs, induced electric
field is given by the expression:

(2-19) Ep=(vy—vy)XB .

2.2.3. Induced magnetic field B

By similar reasoning, we will show that magnetic field B originates from
moving of electric field lines.

Let’s look upon expression for magnetic field on distance r from a long wire
through which flows current I:

(2-200 B= Moy -
Assuming that according to expressions (1-6, Electrostatics) and (2-10) the
current I is:
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AN AN

2-21) 1=7%(-eJv.S="r(—e)v,,
this expression becomes:
_ , AN(=e)
(2-22) B=y, e Al Ve
In the next step, we will integrate the Gauss equation:

(Electrostatics, 1-22) div Eq (r) = eﬂ
0
over a cylinder AC, with height Al, radius of base r and the axis of which
coincides with the wire:
2-23) [ divEqdv= | Ldv,
AV AV T 0
After integration it becomes:

(2-24) EQ~2r1TAI=M,
0
or:
AN(—e)
. E. =—"' "~/
(2-25) o 2e, 1Al

So, the expression for magnetic field (2-22) becomes:
(2-26) B=euEqv,.
Assuming that:

(2-27) c= L = 599792458-10° m/s
EoHo

coincide with the speed of light and the speed of free electrons v. inside the
wire correspond to side velocity of its lines ve of electrostatic field, we get:

1
(2-28) B= ?EQ Vg .

Assuming that electrostatic field of electrons has direction toward the wire,
that the direction of magnetic field is determined by right screw rule relating
to current in the wire, and that electrons (and electrostatic field lines) have
the direction of moving opposite to the direction of current, the expression
for magnetic field gets a vector form:

1
(2-29) B=vixEq.

By the analogue reasoning as in the case of induced electric field, we con-
clude that the same magnetic field is obtained in case of “static” electro-
static field Eq and detector moving by the opposite velocity va = -ve:

1
(230) B=—7V,XE,.



In case of moving electrostatic field by the velocity ve and detector by the
velocity v, the expression for magnetic field becomes:

1
(2:31)  B=(vp—vy)xEq.

Generalization of the expression for magnetic field

Being that every electric field can be divided to electrostatic and induced
components:

(2-32) E=E,+E,

it arises question, whether magnetic field originates only from electrostatic
field Es (as we get analyzing magnetic field of current-carrying wire), or
from total electric field E.

~1 O .
ve & . § Figure DS By the
€ B & reasoning, similar to the case
40 £ @ Z @ of Lorentz force, it is shown
‘ — < FL T that magnetic field around a
3§ Z wire originate from the
z moving electrostatic field .

It seems that it originates from the total field. Direct confirmation of this hy-
pothesis is the so named wave equation obtained from Maxwell’s equations.
So, the expression for total magnetic field becomes:

1
(2-33) B= g(vn—vd)xE ,

while the magnetic field that originates only from electrostatic field Eq (2-
31) we will name static magnetic field and denote by Bq:

1
(2-349) B, = ?(VE—vd)XEQ )

Maybe a same notation should be taken for a bar magnet field. It should em-
phasize that influence of induced electric field becomes significant only at
high frequencies of electric current in conducting wires.

Equations:

(2:19) Ep=(v,—vy)XB,
1

(2-33) B= E(VE—Vd)XE ,

as well as (2-31, i.e. 2-34), as a special case of (2-33) we will name the first
and the second Lorentz equation, respectively, being that they remind to



expression for Lorentz force. Similar expressions I found in “heretical”
book from late Thomas G. Barnes [2], where he cited the book [5] from
Leigh Page and Norman 1. Adams, Jr. (this last I didn’t succeed to get, wait-
ing on interlibrary loan for more then one year). From strange reason, they
neglected the velocity of detector v.

It is clear that B and Eq on right side are necessarily vector fields, while the
left sides (Es and Bg) are vector fields in 6-dimensional p-space.

Further, it is obvious that these equations are invariant to Galilean transfor-
mations, supposing that vector fields B and Eq are invariant. Actually, they
are invariant even to non-inertial frame transformations. Being that they
show a kind of interaction between detector and corresponding (magnetic or
electric) field, question is whether they support action at distance or not.



2.3. Solving electromagnetic fields

In this section we will solve some problems that arise in the electromagnetic
theory and practice.

2.3.1. Origin of the electromagnetic force

From the expression for electromagnetic force between current carrying
wires:
LI

2-5 AF, = Al
(2-5) 1= Moy 7 2md

as well as from the expression for corresponding magnetic field:

2-8 B=yp,—
(2:8) Hoo
it is generally accepted opinion that the electromagnetic force and the mag-
netic field originate from parallel electron moving.
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Figure II-6. (a) Detector moving near a currentless wire does not detect
magnetic field, because sum of the fields B, and B. (originating from
protons and electrons) is equal to zero. (b) When free electrons move
along the wire, the detector detects magnetic field B.

Let’s start with a wire without current in it. Furthermore, let a detector (of
magnetic field) moves by the velocity vq on distance r from the wire. By
this moving, the detector crosses the lines of electrostatic field Ey and Eeco,
which originate from (fixed) protons and electrons (whose mean velocity is
Z€ro), respectively, creating corresponding magnetic fields:

(2:35) By= (0 vy)XE , and
1
B,y = 5 (0-v)XE,.



Being that:
(2-36) Ep = -Eeo,
total magnetic field that detector detects is equal to zero:
(2-37) Bo=Beo + By =0.
On the other hand, when there is a current I along the wire, two groups of
electrons and protons may be distinguished. In the first group are those elec-
trons that do not move along the wire and the same number of protons,
which we will name compensated protons. As we have just seen, their mag-
netic field By is equal zero. In the other group are free electrons that move
along the wire by the mean velocity v, and the rest of (motionless) protons,
that are the same in number. The corresponding magnetic fields are:

1

(2-38) B, = Cz(vef—vd)erf , and

1
B,y= ?(O_Vd)XEp(f) ,

where ef in index denotes free electrons, and p(f) denotes just the corre-
sponding number of protons (which are, obviously, not free). Assuming that
Eyp = -Eef, the total magnetic field is:

1
(2-39) B=B,+By; =5V, XE,.

2 Vef

This expression agreeing with the expression (2-28) explains why it seems
that magnetic field of current-carrying wire originates only from free elec-
trons. It is self-evident that this field does not depend on the speed of its de-
tector.

We are now able to explain little bit deeply the electromagnetic force by
which a long wire with current I; acts on a segment Al of another parallel
wire with current I. We will notice that according to just obtained result,
both protons and electrons detect the same magnetic field:

1
(2'40) B = ?Veflx Eefl 3

where ver; denotes mean velocity of free electrons in the first wire.
If we denote by vs the displacement velocity of the magnetic field, induced
electric fields that detect protons and (tied and free) electrons are given by
the expressions:
(2-41)  Eg, =(0—vp)XB,

Epo = (0—vy)XB

Ep = (vy—Vvg)XB,
where Egeo denotes electric field that is detected by electrons tied to its nu-
clei, while Eg. denotes the field that is detected by free electrons.



Let's denote by AN, the number of protons in segment Al of second wire,
and by ANe and AN the number of tied and free electrons, respectively.
Obviously:
(2-42) AN, = AN, +AN,.
The force exerted on the segment is:
(2-43) AF = AN eEy+AN, (—e) Egy+ ANy (—e) Eg;,
where e = 1.6021773300"° C denotes the charge of proton. Combining with
previous two expressions, we obtain:
(2-44) AF= ANef'e'(EBp_EBef) ,
and:
(2-45) AF = ANy e v XB.
Taking in mind, that the number of free electrons inside a segment of wire
Al corresponds to the number of free electrons that pass the starting cross-
section S of the wire during the time necessary for a free electron to pass
from the beginning to the end of the segment ( ANy ;= ANy s 4, ):

A
(2-46) ANgewv,= AQA,~2—: = %-m =1-Al,
we get the expression:
(2-47) AF=1-AIXB,
that agrees with the expression (2-3) for electromagnetic force.

2.3.2. The law of Biot-Savart

The law of Biot-Savart is the name for the expression for the magnetic field
AB in a detector (whose position is defined by vector r,), and that originates
from current segment Al' (whose position is determined by vector Ar') along
of which flows (constant) current I (Fig. II-7). That field consists from the
field AB. that originates from free electrons, and the field AB, that origi-
nates from uncompensated protons of that segment (2-38):

1

(2-48) AB, = g(vef—vd)XA E, and
1
CZ

Being that the current segment can be treated as point charge, the corre-
sponding electrostatic fields are:

AB, ) = (O—vd)XAEp(f) .

_AQ 11’
4TFEO |rd—r'|3 ’

(2-49) AE,(ry) =_AEp(f)(rd)=

where r'-rq denotes vector that links the current segment with the detector.
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From the relation:

LAl
(2-50) AQ=TAt=-—>—
Vef
the above expression becomes:
—I-Al' rg—r'

- AE, ——AE
(&5t A vy r—r |

The total magnetic field AB becomes:
2-52) AB=AB,+AB = iy LAl Feor
(2-52) of 0= "2 g vy, -

Taking in mind that current segment Al' has the opposite direction from the
velocity of free electrons ver, we obtain the final expression for the law of

Biot-Savart:
Ho LAI'X(rg—r')

4T[' ‘rd —r "3
where we used the expression:
1 8
2.54) Cc= = 2.99792458-10 " m/s |
( ) V& Ho
The obtained expression may be written in the form:
J(r')X(r,—r'
My J(r) (d3 )AV,,
41T |rd —r '|
where we used the relation (4) for current density:

(2-56) J-AV'= és'-m' = LAI',

(2-53) AB(ry)=

>

(2-55) AB(ry) =

2.3.3. The law of Laplace

We are able now to obtain the expression for the electromagnetic force be-
tween two current elements I, and, I, with currents I, and I, at places deter-
mined by vectors r; and r».
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The magnetic field that originates from the first element at the place of the
second element is, according to (2-53):
My I-ALXr,

(2-56) ABl(l‘Z) = E Fiz

Applying the expression for electromagnetic force that acts on the second
current element:

(2-57) AF,(r,) =L-ALXB,,

we have finally:

uy LI-ALX(ALXr
(2-58) AF(r,) ==~ < 1XTy)

rlZ



References

(1]

(2]

(3]

(4]

(5]

(6]

(7]
[8]
(]

[10]

[11]
[12]

[13]

Arfken, George, Mathematical Methods for physicists, Academic Press, New
York and London. (1968)

Barnes, Thomas G., Foundations of Electricity and Magnetism, 3rd Ed., Thomas
G. Barnes, Publisher, El Paso. (1977)

Galeczki, George, Beyond Maxwell-Lorentz Electrodynamics,

nc-galeczge@netcologne.de

Griffiths, David J., Introduction to Electrodynamics, 3rd Ed., Prentice Hall Upper
Saddle River, New Jersey, 1999.

Jackson, John D., Classical Electrodynamics, John Wiley & Sons, Inc., New
York, London, Sydney, 1962.

Maxwell, James Clerk, A Treatise on Electricity and Magnetism (I used Russian
translation: [Dkeumc Krepk Makcsest, Tpakmam 06 31ekmpuuecmee u
mazHemusme, B IByX Tomax, “Hayka”, Mocksa 1989).

Page, Leigh and Norman 1. Adams, Jr., Principles of Electricity and Magnetism,
2nd Ed., D. Van Nostrand Co., Inc., New York. (1958)

Phipps Thomas E. Jr, “On Hertz’s Invariant Form of Maxwell’s Equations”,
Physics Essays 6 /2 (1993) 249-256.

Purcell, Edward M., Electricity and Magnetism, McGraw-Hill Book Company,
New York. (1965)

Smirnov, A Course of Higher Mathematics, Volumes I, II, Translated by D. E.
Brown, Translation edited by I. N. Sneddon, Pergamon Press, Addison-Wesley
Publishing Company, Inc., Reading, Massachusetts, Palo Alto, London, 1964.
Stephensen, Geoffrey and Kilmister, Cleve William, Special Relativity for
Physicists, Mineola, Dover Publications Inc., 1987.

Thidé, Bo, Electromagnetic Field Theory, Upsilon Books, Uppsala, Sweden
(Freely downloadable from www.plasma.uu.se/CED). (2004)

Waser , André, On the Notation of Maxwell’s Field Equations, copyright ©
(2000) by AW-Verlag; www.aw-verlag.ch


http://www.aw-verlag.ch/
mailto:nc-galeczge@netcologne.de

	2. Electromagnetism fundamentals
	Historical prelude
	2.1 Basic experiments of electromagnetism
	2.1.1. Electromagnetic force
	2.1.2. Magnetic field of current-carrying wire

	2.2. Generalized Lorentz equations
	2.2.1. Lorentz force
	2.2.2. Induced electric field EB
	2.2.3. Induced magnetic field B
	Generalization of the expression for magnetic field


	2.3. Solving electromagnetic fields
	2.3.1. Origin of the electromagnetic force
	2.3.2. The law of Biot-Savart
	2.3.3. The law of Laplace

	References


