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IXQFWLRQ/ SHUIRUP WKH IROORZLQJ VWHSV LQ RUGHU1

4,1 )LUVW IDFWRU DQG EXW WKH IUDFWLRQ E\ FDQFHOLQJ FRPPRQ IDFWRUV1 /HDYH WKH FRPPRQ IDFWRUV LQ ERWKã²%³ â²%³ '2 127 5('8&(
WKH QXPHUDWRU DQG GHQRPLQDWRU1 :H DVVXPH \RX FDQ ILQG DOO UDWLRQDO DQG DOO LUUDWLRQDO UHDO ]HURV RI ERWK DQG 1 :Hã²%³ â²%³
DVVXPH WKH GHJUHH RI LV DW OHDVW 4/ VLQFH RWKHUZLVH/ LI LV D FRQVWDQW/ LV MXVW D SRO\QRPLDO LQ GLVJXLVH1â²%³ â²%³ í²%³

5,1 3HUIRUP D FRPSOHWH VLJQ DQDO\VLV RQ :KHQ \RX ODEHO WKH FULWLFDO QXPEHUV/ DQ\ ]HURV IURP IDFWRUV LQ WKH GHQRPLQDWRU PDí²%³À NH
í²%³ ã²%³1 2QO\ ]HURV LQ WKH QXPHUDWRU WKDW GR QRW DOVR DSSHDU LQ WKH GHQRPLQDWRU VKRXOG EH ODEHOHG DV 3*V1XQGHILQHG

6,1 ,Q WKLV VWHS \RX ZLOO GHWHUPLQH ZKLFK RI WKH XQGHILQHG SRLQWV IRXQG LQ VWHS 5 DUH DQG ZKLFK DUH VLPSO\³ YHUWLFDO DV\PSWRWHV
³ ´ LQ WKH JUDSK1 $OO XQGHILQHG SRLQWV FRUUHVSRQG WR HLWKHU YHUWLFDO DV\PSWRWHV RU KROHV1 7R GHWHUPLQH ZKLFK LV ZKLFK/ \RXKROHV
FDQ WHPSRUDULO\ FDQFHO DOO IDFWRUV FRPPRQ WR ERWK DQG $IWHU FDQFHOLQJ/ HDFK IDFWRU WKDW VWLOO UHPDLQV DQG PDNHV D 3ã²%³ â²%³À LQ
WKH QHZ FRPSOHWHO\ UHGXFHG GHQRPLQDWRU LV VWLOO DQ XQGHILQHG SRLQW/ EXW LW FRUUHVSRQGV WR D YHUWLFDO DV\PSWRWH LQ WKH JUDSK RI
í²%³À $ UDWLRQDO IXQFWLRQ PD\ KDYH PRUH WKDQ RQH YHUWLFDO DV\PSWRWH/ RU LW PD\ QRW KDYH DQ\ YHUWLFDO DV\PSWRWHV1 7KRVH IDFWRUV
WKDW FRPSOHWHO\ FDQFHO RXW RI WKH GHQRPLQDWRU/ DQG QR ORQJHU DSSHDU LQ WKH QHZ FRPSOHWHO\ UHGXFHG GHQRPLQDWRU/ FRUUHVSRQG WR
SRLQWV WKDW DUH KROHV LQ WKH JUDSK1 +DYLQJ GHWHUPLQHG ZKLFK XQGHILQHG SRLQWV DUH YHUWLFDO DV\PSWRWHV DQG ZKLFK DUH KROHV ZH
VKRXOG IXUWKHU ODEHO HDFK RI WKH XQGHILQHG SRLQWV IRXQG LQ VWHS 5 1 $W WKLV SRLQW \RX PD\ SXW EDFN DQ\ IDFWRUV \RX PD\ KDYH³
WHPSRUDULO\ FDQFHOHG1 &DQFHOLQJ LV RQO\ D GHYLFH XVHG WR IXUWKHU GLVWLQJXLVK DOO XQGHILQHG SRLQWV DV KROHV RU YHUWLFDO DV\PSWRWHV1

ø À í²%³ ã²%³, ,I KDV DQ\ / LW KDV RQO\ RQH KRUL]RQWDO DV\PSWRWH1 ,I WKH GHJUHH RI LV VWULFWO\ ODUJHU WKDQ WKRUL]RQWDO DV\PSWRWH KH GHJUHH
RI WKHQ GRHV QRW KDYH DQ\ KRUL]RQWDO DV\PSWRWH1 ,I WKH GHJUHHV RI DQG DUH WKH VDPH/ WKHQ WKH KRUL]RQWDOâ²%³ í²%³ ã²%³ â²%³

DV\PSWRWH LV WKH OLQH ZKHUH WKH FRQVWDQW ZKHUH LV WKH OHDGLQJ FRHIILFLHQW RI DQG LV WKH OHDGLQJ& ~ è è ~ ã ã²%³ â
ã

â
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å
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FRHIILFLHQW RI ,I WKH GHJUHH RI LV OHVV WKDQ WKH GHJUHH RI WKHQ WKH OLQH / ZKLFK LV WKH 0D[LV/ LV WKH KRUL]RQâ²%³À ã²%³ â²%³ & ~ ü % WDO
DV\PSWRWH1 ,Q WKLV FDVH/ DQG LQ WKLV FDVH RQO\/ WKH VLJQ DQDO\VLV LQ VWHS 5 ZLOO WHOO \RX ZKHWKHU WKH H[WUHPH HQGV RI WKH JUDSK³ OLH
HLWKHU DERYH RU EHORZ WKH DV\PSWRWH1 2WKHUZLVH/ SLFN D ODUJH SRVLWLYH QXPEHU DQG D ODUJH QHJDWLYH QXPEHU DQG FRPSDUH ZLWKí²%³
è WR GHWHUPLQH ZKHWKHU WKH JUDSK OLHV DERYH RU EHORZ WKH HQGV RI WKH OLQH WKDW LV WKH KRUL]RQWDO DV\PSWRWH1 <RX FDQ GHWHUPLQH LI
DQG ZKHUH FURVVHV RU WRXFKHV LWV KRUL]RQWDO DV\PSWRWH E\ VROYLQJ WKH HTXDWLRQ ZKHUH LV WKH KRUL]RQWDOí²%³ í²%³ ~ è & ~ è
DV\PSWRWH1 7KH HTXDWLRQ PD\ KDYH QR VROXWLRQV/ RU LW PD\ KDYH RQH RU PRUH VROXWLRQV1í²%³ ~ è

8,1 ,I WKH GHJUHH RI WKH RULJLQDO SRO\QRPLDO LV ODUJHU WKDQ WKH GHJUHH RI WKH RULJLQDO SRO\QRPLDO/ WKHQ IURP VWHS 7, Zã²%³ â²%³ H NQRZ
WKH JUDSK RI GRHV QRW KDYH D KRUL]RQWDO DV\PSWRWH1 ,I WKH GHJUHH RI LV H[DFWO\ RQH PRUH WKDQ WKH GHJUHH RI WKHQí²%³ ã²%³ â²%³ WKH
JUDSK RI KDYH ZKDW LV FDOOHG D 1 (YHQ LQ WKLV FDVH/ D UDWLRQDO IXQFWLRQ GRHV QRW KDYH WR KDYH D VODQWí²%³ PD\ VODQW DV\PSWRWH
DV\PSWRWH/ EXW OLNH D KRUL]RQWDO DV\PSWRWH/ LI KDV D VODQW DV\PSWRWH/ LW KDV RQO\ RQH VODQW DV\PSWRWH1 7KH VODQW DV\PSWRWHí²%³ LV
WKH OLQH ZKHUH LV WKH TXRWLHQW SRO\QRPLDO WKDW UHVXOWV ZKHQ \RX SHUIRUP ORQJ GLYLVLRQ RI SRO\QRPLDOV E\& ~ æ%b ñÁ æ% b ñ

GLYLGLQJ LQWR $IWHU SHUIRUPLQJ WKH ORQJ GLYLVLRQ LW KHOSV WR ZULWH ZKHUHâ²%³ ã²%³À í²%³ ~ æ%b ñ b áîæòêåïîá²%³áîæòêåïîá²%³
â²%³

LV DQRWKHU SRO\QRPLDO ZKRVH GHJUHH LV VWULFWO\ VPDOOHU WKDQ WKDW RI :H LPSOLFLWO\ DVVXPH WKH GHJUHH RI LV DW OHDVW 4â²%³À â²%³ 1 ,I
áîæòêåïîá²%³ í²%³ í²%³LV WKH FRQVWDQW 3/ WKHQ WKH JUDSK RI GRHV QRW KDYH D VODQW DV\PSWRWH EHFDXVH LV MXVW D OLQH ZLWK KROHV LQ LW
ZKHUHYHU ,I LV QRW WKH FRQVWDQW / WKHQ WKH OLQH LV D WUXH VODQW DV\PSWRWH IRU <RXâ²%³ ~ üÀ áîæòêåïîá²%³ ü & ~ æ%b ñ í²%³À
GHWHUPLQH ZKHWKHU WKH JUDSK LV DERYH RU EHORZ WKH VODQW DV\PSWRWH MXVW OLNH \RX GR IRU D KRUL]RQWDO DV\PSWRWH E\ SLFNLQJ D ODUJH
SRVLWLYH QXPEHU DQG D ODUJH QHJDWLYH QXPEHU IRU 1 7KH VLJQ RI WKH H[SUHVVLRQ IRU ODUJH GHWHUPLQHV ZKHWKHU W% %áîæòêåïîá²%³

â²%³ KH
JUDSK RI LV DERYH RU EHORZ WKH OLQH 7KH JUDSK RI ZLOO WRXFK RU FURVV LWV VODQW DV\PSWRWH OLQH ZKHUHYHUí²%³ & ~ æ%b ñÀ í²%³
áîæòêåïîá²%³ ~ ü â²%³ £ üÀ áîæòêåïîá²%³ ú í²%³DQG ,Q SDUWLFXODU/ LI LV D SRO\QRPLDO RI GHJUHH RU PRUH/ WKHQ WKH JUDSK RI
FRXOG WRXFK RU FURVV LWV VODQW DV\PSWRWH PRUH WKDQ RQFH1 ,W LV DOVR SRVVLEOH WKDW VLPXOWDQHRXVO\ LQáîæòêåïîá²%³ ~ â²%³ ~ ü

ZKLFK FDVH WKH IUDFWLRQ FDQ DQG VKRXOG EH UHGXFHG1áîæòêåïîá²%³
â²%³

7U\ JUDSKLQJ WKH IROORZLQJ UDWLRQDO IXQFWLRQV=
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6ROXWLRQV=

4 SURYLGHGí²%³ ~ ~ ~ %c ù % £ cùÀ
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7KLV JUDSK LV MXVW D OLQH ZLWK D KROH LQ LW DW % ~ cùÀ

5 1 7KH VLJQ DQDO\VLV IRU DSSHDUV EHORZ1
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1RWH WKDW WKH 0D[LV LV D KRUL]RQWDO DV\PSWRWH DQG WKH VLJQ DQDO\VLV FDQ EH XVHG WR WHOO ZKHWKHU WKH H[WUHPHV RI WKH JUDSK DUH D% ERYH RU
EHORZ WKLV OLQH1 7KH JUDSK RI DSSHDUV EHORZ1 7KH WKUHH YHUWLFDO DV\PSWRWHV DUH > DQGí²%³ % ~ cûÂ % ~ ü % ~ ùÀ



6 1 :H EHJLQ E\ JXHVVLQJ D FRXSOH RI ]HURV IRU WKH QXPHUDWRU SRO\QRPLDO DQG DSSO\LQJ V\QWKHWLFí²%³ ~
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VXEVWLWXWLRQ1 7KLV KHOSV XV FRPSOHWHO\ IDFWRU WKH QXPHUDWRU1 7KH GHQRPLQDWRU LV DOVR HDV\ WR IDFWRU1
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~ ²% b ù³²% c û³ % £ cú % £ ûÀ í²%³SURYLGHG DQG 7KH VLJQ DQDO\VLV IRU DSSHDUV EHORZ1

1RWH WKDW WKH JUDSK RI LV MXVW D SDUDEROD ZLWK WZR KROHV LQ LW1í²%³

7 1 :H FDQ JXHVV RQH URRW WR WKH QXPHUDWRU SRO\QRPLDO E\ SHIRUPLQJ V\QWKHWLF VXEVWLWXWLRQ1í²%³ ~
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7R FRPSOHWHO\ IDFWRU WKH QXPHUDWRU ZH PXVW VROYH WKH TXDGUDWLF HTXDWLRQ= 5 1% b ó% c ú ~ üú



:KHQ ZH GR WKLV/ ZH ILQG WKH WZR URRWV DUH :H ZLOO FDOO WKH WZR URRWV DQG ZKHUH% ~ À ò ñ ò ~ � cøÀõûúú
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7KH VLJQ DQDO\VLV IRU LV=í²%³

%HFDXVH WKH SRLQWV 8 DQG DUH VR FORVH WRJHWKHU LW PD\ EH GLIILFXOW WR UHDG WKH VSDFH EHWZHHQ WKHVH SRLQWV/ EXW WKH VLc ò ~ cøÀõûúú JQ
RYHU WKH VKRUW LQWHUYDO EHWZHHQ DQG LV .1c÷ cøÀõûúú

:H QRWH WKDW WKH OLQH LV WKH RQO\ YHUWLFDO DV\PSWRWH IRU 1 LV XQGHILQHG DQG KDV D KROH DW 6LQFH WKH GHJUHH% ~ c÷ í²%³ í²%³ % ~ úÀ RI
WKH QXPHUDWRU LV H[DFWO\ RQH PRUH WKDQ WKH GHJUHH RI WKH GHQRPLQDWRU ZH ORRN IRU D VODQW DV\PSWRWH E\ SHUIRUPLQJ ORQJ GLYLVLRQ1
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SURYLGHG

7KLV VKRZV WKH OLQH LV D VODQW DV\PSWRWH1 7KH JUDSK RI DSSHDUV EHORZ1 7KH VODQW DV\PSWRWH LV QRW GUDZQ1& ~ ú% c û í²%³
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7KH VLJQ DQDO\VLV IRU LV=í²%³

6LQFH WKH GHJUHHV RI ERWK WKH QXPHUDWRU DQG GHQRPLQDWRU DUH WKH VDPH/ WKH OLQH LV D KRUL]RQWDO DV\PSWRWH1& ~ ~ û
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7R GHWHUPLQH ZKHWKHU WKH JUDSK LV DERYH RU EHORZ WKH KRUL]RQWDO DV\PSWRWH RQ WKH IDU OHIW/ ZH OHW DQG FRPSXWH% ~ cûüü
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;<93: 2Q WKH OHIW/ WKH JUDSK LV EHORZ WKH OLQH

7R GHWHUPLQH ZKHWKHU WKH JUDSK LV DERYH RU EHORZ WKH KRUL]RQWDO DV\PSWRWH RQ WKH IDU ULJKW/ ZH OHW DQG FRPSXWH% ~ bûüü
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4133<8< 4 2Q WKH ULJKW/ WKH JUDSK LV DERYH WKH OLQH

7KH JUDSK RI DSSHDUV EHORZ1 7KH OLQHV DQG DUH ERWK YHUWLFDO DV\PSWRWHV1í²%³ % ~ ü % ~ ú



9 SURYLGHG DQGí²%³ ~ ~ ~ ~ % % £ û % £ ùÀ
% c ø% b ù% %²% c ø% b ù³ %²% c ù³²% c û³
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7KLV JUDSK LV MXVW D OLQH ZLWK WZR KROHV LQ LW1 1RWH WKDW HYHQ WKRXJK WKH GHJUHH RI WKH QXPHUDWRU LV H[DFWO\ RQH PRUH WKDQ WKH GHJUHH RI
WKH GHQRPLQDWRU/ WKHUH LV QR VODQW DV\PSWRWH1 7KH JUDSK RI DSSHDUV EHORZ1í²%³
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:H EHJLQ E\ WU\LQJ WR IDFWRU WKH QXPHUDWRU1 :H JXHVV LV D URRW DQG WU\ V\QWKHWLF VXEVWLWXWLRQ1% ~ ú
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6R ZH PD\ QRZ ZULWH í²%³ ~ ~
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7KH GLVFULPLQDQW RI WKH TXDGUDWLF LV VR WKH UHPDLQLQJ WZR URRWV RI WKH QXPHUDWRU GR QRW FRPH RXW HYHQ1% c % c ûü ~ ü øûú

:H OHW 51:3489 DQG 61:3489 GHQRWH WKH WZR URRWV WR WKLV TXDGUDWLF1ò ~ � c ñ ~ �
û c øû û b øû

ú ú

l l

7KHQ DQG WKH VLJQ DQDO\VLV IRU LV=í²%³ ~ í²%³
²% c ú³²% c ò³²% c ñ³

ú²% c ø³²% b ù³

7KH WZR XQGHILQHG SRLQWV FRUUHVSRQG WR YHUWLFDO DV\PSWRWHV/ DQG% ~ cù % ~ øÀ



6LQFH WKH GHJUHH RI WKH QXPHUDWRU SRO\QRPLDO LV H[DFWO\ RQH PRUH WKDQ WKDW RI WKH GHQRPLQDWRU/ ZH SHUIRUP ORQJ GLYLVLRQ WR VHH LI WKHUH
LV D VODQW DV\PSWRWH IRU WKLV JUDSK1

û
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6LQFH WKH UHPDLQGHU LV QRQ]HUR ZH KDYH D VODQW DV\PSWRWH DQG ZH PD\ ZULWH

í²%³ ~ ² % c û³ b ~ ² % c û³ b ~ ² % c û³ b
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7KH OLQH LV WKH VODQW DV\PSWRWH1& ~ % c ûû
ú

7KH JUDSK RI DSSHDUV EHORZ1 7KLV SDUWLFXODU IXQFWLRQ KDV WKH XQXVXDO SURSHUW\ WKDW LW FURVVHV LWV VODQW DV\PSWRWH DW WKH Sí²%³ RLQW
²úÁ ü³ % % � cùDQG WKLV SRLQW LV DOVR DQ 0LQWHUFHSW LQ WKH JUDSK1 7KH JUDSK OLHV EHORZ WKH VODQW DV\PSWRWH ZKHQ DQG LW OLHV DERYH WKH
VODQW DV\PSWRWH ZKHQ % � øÀ



; SURYLGHGí²%³ ~ ~ ~ ~ % £ ûÀ
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7KH VLJQ DQDO\VLV IRU LV=í²%³

:H FDQ VHH WKDW DW ZH KDYH D KROH LQ WKH JUDSK1% ~ û

6LQFH WKH GHJUHH RI WKH QXPHUDWRU LV H[DFWO\ RQH PRUH WKDQ WKDW RI WKH GHQRPLQDWRU ZH SHUIRUP ORQJ GLYLVLRQ WR ZULWH LQ WKHí²%³ IRUP=

í²%³ ~ % b ~ %b ~ %b % £ ûÀ
% c û ²% c û³ h û û

% c û ²% c û³ h ²% b % b û³ % b % b ûù ú ú
SURYLGHG

)URP WKLV ODVW HTXDWLRQ ZH FDQ GHWHUPLQH WKDW KDV D VODQW DV\PSWRWH WKDW LV WKH OLQHí²%³ & ~ %À
7KH JUDSK RI LV VKRZQ EHORZ1 ,W LV LQWHUHVWLQJ WR QRWH WKDW OLHV DOO RQ RQH VLGH +DERYH, LWV VODQW DV\PSWRWH1í²%³ í²%³


