
Engineering Mechanics 12
Homework Set 4: Solution

Solution to Problem 13.52

As the trajectory of the ball is circular and
since the desired information is the ball’s
speed, it is convenient to pose the problem us-
ing normal-tangential components. Further-
more, observing that the ability of the ball
to remain on a perfectly circular trajectory
impinges on a balance against the force of
gravity, we conclude that this problem is an
“~F = m~a-problem.”
We begin solution process with describing the
acceleration of the particle via its normal and
tangential components. Hence, with reference
to the figure above and using the appropriate
formulas from the equation sheet, we see that
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~a = an ên + at êt =
v2

ρ
ên + v̇ êt =

v2

R
ên + v̇ êt, (1)

where v is the particle’s speed and ρ = R because the trajectory is a circle of radius R.
As far as the description of the forces acting on the particle is concerned, with reference

to the figure above, we have that

~F = Fn ên + Ft êt + Fz k̂ = N sin β ên + 0 êt + (N cos β −mg) k̂. (2)

Recalling that ~F = m~a, that is, requiring that m times the quantities in (the last line of)
Eq. (1) be equal to the right had side of (the last line of) Eq. (2), we obtain the following
equations:

N sin β =
v2

R
, (3)

0 = v̇, (4)

N cos β −mg = 0. (5)

Notice that Eq. (4) implies that the speed of the ball must be constant to sustain the desired
motion. Now, rewriting Eq. (5) as follows:

N cos β = mg, (6)

and dividing Eq. (3) by Eq. (6) term by term we obtain

tan β =
v2

Rg
. (7)

The above equation can be solved for the speed to obtain

v =
√

Rg tan β. (8)
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Solution to Problem 13.60

As in the solution for Pb. 13.52, since one of pieces of information
to be found is the speed of the pendulum bob, and since the
trajectory of the bob is a circle, it is convenient to formulate the
solution of the problem using a normal-tangential framework.
We begin with providing a description of the acceleration using
normal tangential components. Hence, with reference to the
figure to the right and similarly to what was done in the previous
problem, we have that the acceleration takes on the form:
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~a =
v2

R
ên + v̇ êt, R = L sin θ, (1)

L being the length of the arm AB. Recalling that the arm AB is rotating at a constant
angular speed, and recalling that the speed of the pendulum bob is proportional to the
angular speed, we have that the speed of the pendulum bob is also constant. In turn, this
implies that v̇ = 0 and that the overall acceleration of the pendulum bob takes on the form

~a =
v2

L sin θ
ên. (2)

The free-body diagram (FBD) for this particular system is somewhat involved in that the
rigid nature of arm AB as well as its connection to the rotating shaft is such that the arm
AB can provide a force with components both along the arm itself and perpendicular to the
plane containing the points B, A, and C. Hence, with reference to the FDB in the figure,
the total external force acting on the pendulum bob must be given the following form:

~F = P sin θ ên + S êt + (P cos θ −mg) k̂, (3)

where P is the component of the force provided by the arm parallel to the segment AB and
S is the component of the force provided by the arm that is perpendicular to the plane BAC.

Now, by setting ~F equal to m~a, we obtain the following three equations:

P sin θ = m
v2

L sin θ
, (4)

S = 0, (5)

P cos θ −mg = 0. (6)

Equations (4)–(6) form a system of three equations in the three unknowns P , S, and v (the
mass of the pendulum bob, θ, and L are given). By solving such a system we obtain the
following solution:

P =
mg

cos θ
= 135.07 N S = 0 N v =

√
gL

(sin θ)2

cos θ
= 6.68 m/s (7)
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Solution to Problem 13.70

From a physical viewpoint, we expect that
when an object is placed on the wall of the
given conical centrifuge which is “too far” from
the axis of rotation the object will spiral up-
ward. By contrast, if we were to place the ob-
ject too close to rotation axis the object would
spiral inward to the bottom of the centrifuge.
Hence, it is reasonable to expect that two val-
ues of R can be found, say Rmin and Rmax, such
that for Rmin ≤ R ≤ Rmax the particle in ques-
tion will not move relative to the centrifuge
when placed on the centrifuge’s wall. In order
to find the values of Rmin and Rmax we need to
consider the two extreme cases corresponding
to impending slip downward (to find Rmin) and
impending slip upward (to find Rmax).
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Let’s pose the problem using the cylindrical coordinate system shown in the figure. The
acceleration is therefore described as follows:

~a = arêr + aθêθ + azk̂ = (r̈ − rθ̇2)êr + (rθ̈ + 2ṙθ̇)êθ + z̈k̂ (1)

Recalling that the angular centrifuge’s velocity is constant, that unless the m is sliding m
does not move neither in the radial nor in the vertical direction, the expression for the
acceleration can be simplified to read

~a =

{
−Rminω

2 êr for the impending slip downward case,

−Rmaxω
2 êr for the impending slip upward case,

(2)

where ω denotes the centrifuge’s angular speed.
Turning to the analysis of the free-body diagram (FBD) and with reference to the FBD

in the figure, we see that the total force acting on the mass consists of gravity and the
contact force that the centrifuge exerts on m. As it is customary, we decompose the contact
force into two components: (i) one normal, denoted by N , and (ii) the other tangent to
the contact surface, the latter being the wall of the centrifuge. In turn, it is convenient to
decompose the tangent component of the contact force into two contributions: one in the
θ-direction, denoted by fθ, and the other perpendicular to it, denoted by fn. Hence, the
total force acting on m takes on the form

~F =



(−N cos β + fn sin β) êr

+ fθ êθ

+ (N sin β + fn cos β −mg)k̂

for the impending slip downward case

(−N cos β − fn sin β) êr

+ fθ êθ

+ (N sin β − fn cos β −mg)k̂

for the impending slip upward case

(3)
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Impending Slip Downward

We now proceed to find the solution of the problem for the case characterized by impending
slip downward.

By setting ~F equal to m~a for this case we obtain the following three equations:

−N cos β + fn sin β = −mRminω
2, (4)

fθ = 0, (5)

N sin β + fn cos β −mg = 0. (6)

In addition to the above equations we must add the equation which translates into mathe-
matics the notion of impending slip:

f = µsN with f =
√

f 2
n + f 2

θ . (7)

This equation is important because it reminds us that the traditional form of the Coulomb
impending slip relation is expressed in terms of the magnitudes of the normal and tangent
components of the contact force.

Now, observing that Eq. (5) tells us that fθ is always equal to zero in this problem1

and substituting Eq. (7) into Eqs. (4) and (6) we obtain the following reduced system of
equations

N (cos β − µs sin β) = mRminω
2, (8)

N (sin β + µs cos β) = mg. (9)

Now, dividing Eq. (8) by Eq. (9) term by term and solving with respect to Rmin we obtain:

Rmin =
g

ω2

(
cos β − µs sin β

sin β + µs cos β

)
= 0.0451 m. (10)

Impending Slip Upward

The solution of this case is obtained in precisely the same manner as that followed in the
impending slip downward case. Hence, avoiding unnecessary repetition, the result that one
obtains in this case is as follows:

Rmax =
g

ω2

(
cos β + µs sin β

sin β − µs cos β

)
= 0.1276 m. (11)

Remark

A useful way to view the results obtained in this problem is to introduce the notion of friction
angle. For this purpose, let

φs = arctan µs or, equivalently µs = tan φs. (12)

1This result is due to two distinct kinematic conditions: (i) the angular speed of the centrifuge is constant;
and (ii) there is no motion in the r-direction.
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Roughly speaking, φs is just another way to indicate what the friction coefficient is. The rea-
son why we introduced φs here is that, making use of an elementary trigonometric identities,
it allows one to rewrite Eq. (10) and (11) in the following compact manner:

Rmin =
g

ω2

1

tan(β + φs)
and Rmax =

g

ω2

1

tan(β − φs)
. (13)
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Solution to Problem 13.72

The statement of the two-dimensional problem requires us to use polar coordinates. Hence
we have that the description of the particle’s acceleration takes on the form

~a = ar êr + aθ êθ = (r̈ − rθ̇2) êr + (rθ̈ + 2ṙθ̇) êθ. (1)

The problem states that the term vθ = rθ̇ is constant. This piece of information, along with
the description of the particle’s trajectory, which demands that

r =
R0

1 + e cos θ
, (2)

can be rewritten so as to provide a relationship between the angular velocity θ̇ and the
angular position θ:

vθ =
R0

1 + e cos θ
θ̇ ⇒ θ̇ =

vθ

R0

(1 + e cos θ). (3)

Differentiating the above relation with respect to time and using the chain rule we obtain:

θ̈ = −
(

ev2
θ

R2
0

)
(1 + cos θ) sin θ. (4)

As far as the determination of ṙ and r̈ is concerned, now that θ̇ and θ̈ are found, we can simply
proceed with taking the first derivatives of the Eq. (2) describing the particle’s trajectory,
i.e.,

ṙ =
R0e sin θ

(1 + e cos θ)2
θ̇ =

e sin θ

(1 + e cos θ)
vθ, (5)

followed by a differentiation with respect to time of the relationship here above, i.e.,

r̈ =
e(e + cos θ)

R0(1 + e cos θ)
v2

θ . (6)

When the particle P is at A, we have that θ = π/2 and the relationships obtained so far
simplify to

ar =
(e2 − 1) v2

θ

R0

and aθ =
e

R0

v2
θ . (7)

Finally, making use of Newton’s second law we obtain

Fr = mar = m
(e2 − 1) v2

θ

R0

= −400 N, (8)

and

Fθ = maθ = m
e

R0

v2
θ = 480 N. (9)
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Solution to Problem 13.76

To solve this two-dimensional problem we it is convenient to adopt the polar coordinate
system suggested by the statement of the problem. Observing that the distance b between
the origin O and the vertical guide is a constant, we can easily relate the radial coordinate
R the angular coordinate θ by way of the following relation:

R =
b

cos θ
. (1)

Next, recalling that θ̇ = ω, the latter being a constant, by differentiating R with respect to
time and making use of the chain rule, we obtain the following two relations:

Ṙ = b ω sec(θ) tan(θ). (2)

Differentiating the relation above with respect to time we obtain

R̈ = b ω2 sec(θ)
(
sec(θ)2 + tan(θ)2) . (3)

Recalling that using polar coordinates we have

~a = arêr + aθêθ = (R̈−Rθ̇2)êr + (Rθ̈ + 2Ṙθ̇)êθ, (4)

and making use of the relations obtained so far, we can now simplify the expression for the
acceleration of the point A as follows:

~a = 2 b ω2 sec(θ) tan(θ)2êr + 2 b ω2 sec(θ) tan(θ)êθ. (5)

Now we turn our attention to the free-body diagram in the figure
to the right. Due to the absence of friction and to the existence
of two contact surfaces, the rotating arm and the vertical guide,
respectively, we have that A is acted upon two contact forces,
Na and Ng, which are perpendicular to the rotating arm and the
vertical guide, respectively. In addition to these contact forces,
A is acted upon by gravity.

θ

mg

Na

Ng

êrêθ

Hence, we can provide the following expression for the total force acting on the collar:

~F = −(Ng cos θ + mg sin θ)êr + (Nθ + Ng sin θ −mg cos θ)êθ (6)

Next, Setting ~F equal to m~a we obtain the following system of two equations in the two
unknown Na and Ng:

−(Ng cos θ + mg sin θ) = 2 m b ω2 sec(θ) tan(θ)2, (7)

Na + Ng sin θ −mg cos θ = 2 m b ω2 sec(θ) tan(θ), (8)

which can be solved to obtain

Na = m sec(θ)
(
g + 2 b ω2 sec(θ)2 tan(θ)

)
,

Ng = −
(
m sec(θ)

(
g sin(θ) + 2 b ω2 sec(θ) tan(θ)2)) .

(9)
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