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Abstract

The boundary node method (BNM) takes the advantages of both the boundary integral equation in dimension reduction and the moving

least-square (MLS) approximation in elements elimination. However, the BNM inherits the deficiency of the MLS approximation, in which

the shape functions lack the delta function property. As a result boundary conditions could not be exactly implemented for the BNM. In this

paper, a radial boundary node method (RBNM) is proposed. The RBNM uses radial basis functions (RBFs) instead of the MLS to construct

its interpolation. Consequently, the interpolation function could pass through nodes exactly, and the shape functions are of the delta function

property. The exponential (EXP) and the multiquadric (MQ) RBFs are used in the current RBNM, and their shape parameters are studied in

detail through some analyses of two-dimensional elastic problems. The suitable ranges of the shape parameters are proposed for both the EXP

and the MQ basis functions. It is found that the RBNM is as accurate as or even more precise than the BEM. This suggests that the current

RBNM could be robust and applicable.

q 2003 Published by Elsevier Ltd.
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1. Introduction

Partial differential equations are usually the mathemat-

ical expressions of physical problems. Analytical solutions

are always the first choice, but only a handful of simple

problems can be solved analytically. In most cases,

numerical methods are used to obtain approximate sol-

utions. The finite element method (FEM) [1] as a popular

tool has been well developed in the past years. However, the

FEM is still cumbersome for problems with large domains,

for which cases descretizing process is time consuming. To

overcome this difficulty associated with the FEM, the

boundary element method (BEM) [2] appears to be an

attractive alternative. In the BEM, only the boundary of the

domain needs to be discretized. This reduces the problem

dimension by one and thus largely reduces the time in

meshing. The BEM still uses elements to implement both

interpolation and integration. In case of large deformation or

moving boundary problems, the elements may be heavily

distorted, and thus the shape functions based on elements

could be of poor properties. This may cause the BEM results

unacceptable.

Over the past years, the element-free methods [3] have

been developed to overcome the difficulties associated with

‘elements’. Most element-free methods are based on the

moving least-square (MLS) [4] approximation and devel-

oped to solve domain problems. A boundary node method

(BNM) [5] combines the MLS with the boundary integral

equation (BIE) to deal with boundary-value problems [6].

The BNM is different from the BEM in nodal interpolation.

In the BNM, the nodes for interpolation are not bounded by

the integral element, while in the BEM the nodes for

interpolation completely coincide with the integral element.

The BNM not only inherits the advantage of the dimension

reduction, but also extends its capability to deal with

complicated boundaries such as moving boundaries. How-

ever, the BNM cannot exactly satisfy boundary conditions,

since its shape functions constructed by the MLS approxi-

mation lack the delta function property. Ref. [7] partly solved

this problem by introducing special strategy. A radial point

interpolation method (radial PIM) [8] was proposed to

construct the shape functions. The radial PIM has been

successfully applied to some domain problems in solid [8,9]

and in Biot’s consolidation problems [10,11]. The shape

functions derived by the radial PIM acquire the delta function

property, and thus the boundary conditions could be easily
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and exactly satisfied. Furthermore, in the radial PIM the

Cartesian co-ordinates can be directly applied to arbitrarily

distributed nodes. In the BNM a curvilinear co-ordinates

must be used, otherwise the singularity of the moment matrix

may occur whenever the boundary nodes lie on a straight line

[5]. The Cartesian co-ordinates are more straightforward

than the curvilinear co-ordinates, and thus the formulations

constructed by the radial PIM are more feasible.

Two kinds of radial basis functions (RBFs), the multi-

quadric (MQ) and the exponential (EXP) radial basis

functions [8], were used to construct the shape functions

in the radial PIM. The shape parameters involved in these

two basis functions were studied for domain problems [9].

Although the radial PIM has been extended to the BPIM

[12], the shape parameters have not been studied till now.

Previous works [9,13–15] have indicated that the optimal

shape parameters depend on both interpolation and weak

forms of governing equations. Therefore, it is necessary to

explore the suitable ranges of the shape parameters for the

BIE weak form.

The RBF was first used to solve partial differential

equations in the early 1990s. Kansa [16] was the pioneer who

adopted the MQ basis function to solve the Navier–Stokes

equation in fluid mechanics. His method was similar to the

finite difference method, but it is less sensitive to nodal

distribution. Collocation methods utilizing the RBFs have

been developed recently as promising element-free methods

[17–20], but they have three demerits. The first lies in their

treatment of internal and external boundary conditions. The

current methods are almost the same as the finite difference

method, and thus they may lose some properties of the system

stiffness matrix such as symmetry. The second demerit is that

higher derivatives of shape functions are required in

computation. This is sometimes difficult in practice. Mesh-

less methods based on the weak form, such as the radial PIM,

eliminate the above disadvantages [8]. The weak form

requires lower order of derivatives in internal points and

along boundaries. Finally, all the collocation methods are

developed to solve domain problems. In case of large

domains, their computation efficiencies may be very low. A

BNM with dimension reduction could be more promising.

A new numerical method, the radial boundary node

method (RBNM), is proposed in this paper. The RBNM is

formulated for two-dimensional (2D) elastic problems. It

combines the BIE and the RBFs to decrease the problem

dimension by one. This dimension reduction is useful for

infinite/semi-infinite domains problems. Furthermore, the

RBFs bring the following three merits to the current RBNM:

(1) interpolation is implemented by a cluster of nodes in

stead of elements, and thus tracing the large strain boundary

becomes easier; (2) the interpolation satisfies the delta

function property, so implementing boundary conditions in

the RBNM is much easier than that in the BNM; and 3)

the potential matrix singularities associated with use of only

polynomial basis [11] is avoided. The shape parameters are

studied in detail for the MQ and the EXP radial basis

functions. The ranges of the shape parameters suitable for

the current RBNM are found out. This is necessary to make

the current RBNM robust and applicable to real problems.

This paper is organized as follows: Section 2 presents the

boundary integral equation; Section 3 introduces numerical

implementation with the radial point interpolation; Section

4 studies the influences of shape parameters on the accuracy

of the RBNM and recommends the suitable ranges of the

shape parameters; and Section 5 presents the conclusion.

2. Boundary integral equation for 2D elasticity

For a 2D solid mechanics problem, the equilibrium

equation and the boundary conditions are

skj;j þ bk ¼ 0 in V ð1Þ

uk ¼ �uk on G1 ð2Þ

pk ¼ skjnj ¼ �pk on G2

where j; k ¼ 1; 2; skj is the stress tensor; bk is the component

of body forces; �uk and �pk are the prescribed displacement

and traction; and nj is the outward normal vector. The whole

boundary G ¼ G1 < G2:

Eq. (1) can be expressed as a boundary integral form [2]

clkðjÞukðjÞ þ
ð
G

pp
lkðX 2 jÞukðXÞdG

¼
ð
G

up
lkðX 2 jÞpkðXÞdG ð3Þ

where j denotes the position on the boundary where a unit

force is located; X denotes the location of any field point; up
lk

and pp
lk are the fundamental solutions which represent the

kth components of displacements and tractions due to a unit

point load in the l-direction; and clkðjÞ is a coefficient related

to the boundary smoothness.

3. Numerical implementation by the RBNM

3.1. Spatial discretization and boundary

The unknowns in Eq. (3) are the boundary displacement

uk and the traction pk. The boundary G is divided into NE

cells for integration, and in each cell, the integration can be

implemented by Gaussian quadrature. Approximations at

each Gaussian point can be expressed as

uk ¼
XND

x¼1

fkxux; pk ¼
XND

x¼1

fkxpx ð4Þ

where ND is the number of nodes in the influence domain. If

Eq. (4) is introduced into Eq. (3), a discrete system equation
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can be obtained as

ci
lkui

k þ
XNE

j¼1

XNG

m¼1

XND

x¼1

Wmðp
p
lkfkxJÞmux

¼
XNE

j¼1

XNG

m¼1

XND

x¼1

Wmðu
p
lkfkxJÞmpx ð5Þ

where NG is the total number of Gauss points in a

quadrature cell; Wm is the weight of Gaussian quadrature

including the area at mth Gaussian point; J is the Jacobian

matrix; ux and px are the nodal values at xth node; and fkx is

the shape function of x node to Gaussian point k.

Eq. (5) can be expressed in matrix form as follows:

Hu ¼ Gp ð6Þ

where H and G are the assembled matrices with coefficients

determined from Eq. (5); and u and p are the global nodal

displacement and traction vectors, respectively, which

satisfy the boundary conditions as shown in Eq. (2).

Taking all unknowns to the left side, Eq. (6) can be

rewritten into the following form:

Ax ¼ F ð7Þ

where x is the unknown; A is the system stiffness matrix;

and F is the known vector determined by the known

boundary conditions. The shape functions in Eq. (4) for

interpolation will be determined by a radial boundary node

interpolation as below.

3.2. Radial boundary node interpolation

In an influence domain with ND scattered nodes, the

displacement u can be approximated as

uðXÞ ¼ BTðXÞa ð8Þ

where BiðXÞ is a RBF and ai is a coefficient. They are

expressed in vectors as

BTðXÞ ¼ ½B1ðXÞ;B2ðXÞ;…;BNDðXÞ� ð9Þ

aT ¼ ½a1; a2;…; aND�

Let the approximation expressed by Eq. (8) pass through all

the ND scattered nodes, that is

û ¼ B0a ð10Þ

where

û ¼ ½u1; u2;…; uND�
T ð11Þ

B0 ¼

B1ðx1;y1Þ B2ðx1;y1Þ · · · BNDðx1;y1Þ

B1ðx2;y2Þ B2ðx2;y2Þ · · · BNDðx2;y2Þ

..

. ..
. . .

. ..
.

B1ðxND;yNDÞ B2ðxND;yNDÞ · · · BNDðxND;yNDÞ

2
666666664

3
777777775
ð12Þ

Thus, a can be obtained as

a¼B21
0 û ð13Þ

and the displacement is expressed as

uðXÞ ¼FðXÞû ð14Þ

where the shape function vector is

FðXÞ ¼BTðXÞB21
0

¼ ½f1ðXÞ;f2ðXÞ;…;fkðXÞ;…;fNDðXÞ� ð15Þ

and its component is

fkðXÞ ¼
XND

i¼1

BiðXÞ �Bi;k ð16Þ

where �Bi;k is the element of matrix B21
0 :

It is noted that the displacement and the traction are

discretized using the same shape functions as given in Eq.

(4). Although Eq. (14) has the same form as that based on

the radial PIM [9], their influence domains are different. The

RBNM has an influence domain only along boundary, while

the radial PIM has an influence domain within problem

Fig. 1. Comparison of node selection procedure for the RBNM and the

radial PIM.

Fig. 2. Cantilever beam subjected to end loading.
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domain. Fig. 1 shows the difference between the two

methods.

Two particular forms of RBFs [8] will be studied in this

paper. One is the EXP RBF [21], and the other is the MQ

RBF [22]. The EXP RBF has the following form

Biðx; yÞ ¼ exp 2b
ri

rmax

	 
2
 !

ð17Þ

where b is a shape parameter.

The MQ RBF has the following form

Biðx; yÞ ¼
ri

rmax

	 
2

þR

 !q

ð18Þ

where q and R are shape parameters, and rmax is the maximum

distance of neighborhood node within an influence domain. It

is noted that the R instead of R2 [8] is used. Fig. 4. Displacements along the lower boundary (EXP basis).

Fig. 3. L2-error with different b for the EXP RBF.
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4. Shape parameters in the RBNM and applications

This section will study the shape parameters through

cantilever beam problem and apply these shape parameters to

other problems. In the radial PIM, Wang and Liu [8,9]

proposed the suitable shape parameter as b ¼ 0:002–0:03 for

theEXPRBFandq ¼ 0:98–1:03for theMQRBFs.However,

whether these shape parameters are applicable to the RBNM

or not has not been examined yet. In this paper, normalized

EXP and MQ RBFs are used, so how the shape parameters are

different from that in the radial PIM should be studied.

4.1. Cantilever beam under end loading and error criterion

A cantilever beam as shown in Fig. 2 is studied as an

example. The plane stress condition is assumed. The elastic

constants are the shear modulus G ¼ 8000 MPa and

the Poisson ratio n ¼ 0:20: The Young’s modulus can be

Fig. 5. Displacement and shear stress along the middle section (EXP

basis).

Fig. 6. L2-error with different R and q for the MQ RBF.
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computed from E ¼ 2ð1 þ nÞG: A total loading P ð¼ 4000

kNÞ is applied at the free end in such a way that the shear

stress has a parabolic distribution with the maximum value

of tmax ¼ 1:5MPa: Analytical solutions can be found for this

problem [23],

ux¼2
Pðy2h=2Þ

6EI
ð6L23xÞxþð2þvÞ y2

h

2

	 
2

2
h2

4

" #( )

uy¼
Pðy2h=2Þ

6EI
3v y2

h

2

	 
2

ðL2xÞþð4þ5vÞ
h2x

4
þð3L2xÞx2

" #

ð19Þ

sxðx;yÞ¼2
PðL2xÞðy2h=2Þ

I

syðx;yÞ¼0

sxyðx;yÞ¼
P

2I

h2

4
2 y2

h

2

	 
2
" # ð20Þ

where I¼h3=12:

An L2 error norm is defined to evaluate the RBNM

performance:

1 ¼
1

lf lmax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN
i¼1

ðf n
2 f eÞ2

vuut £ 100 ð%Þ ð21Þ

where 1 is the percentage L2 error over N nodes; f n and f e

refer to the nodal values obtained by the numerical method

and exact solutions, respectively; lf lmax is the maximum

value of f over N nodes. Here f may be a component of

displacements or tractions. The radius of the influence

domain is 2.5 times of rmaxðCI ¼ 2:5Þ: This can encompass

3–7 nodes in each influence domain. A corner node is

regarded as the end point of a boundary.

4.1.1. Shape parameter b for the EXP radial basis function

Fig. 3 shows the L2 errors for the displacements and the

shear stress along the middle section and the lower

boundary. Fig. 3(a) is the case with 24 nodes and Fig. 3(b)

Fig. 7. L2-error for q varying from 0.9 to 1.05.
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is the case with 48 nodes. The curves for both cases have the

similar patterns although the error is lower for the 48-node

case. It is true that the loading distribution at the end of the

beam can be described more accurately by using more

nodes. It is also observed that the L2 error fluctuates when b

,0.03 and becomes stable when 0:03 # b # 0:1: This

range of shape parameters is different from that shown in

the radial PIM [8,9]. Possible reasons for this difference

may be due to the interpolation implemented only along

the boundary and the use of the weak form of BIE in the

current RBNM. Fig. 4 compares the displacements along the

lower boundary and Fig. 5 compares the displacement and

shear stress along the middle section. The results obtained

by the BEM [2] and the analytical solution are also plotted

for comparison. The numerical results obtained for the 24-

node case when the shape parameter b ¼ 0:038 for the EXP

RBF. The results show that the current RBNM produces

results in good agreement with the analytical solutions.

Furthermore, shape parameter b that ranged from 0.03 to 0.1

could produce steady results and small errors as well.

4.1.2. Shape parameters R and q for the MQ radial

basis function

Fig. 6(a)–(d) show the L2 errors computed with varying

shape parameters R and q for 24-node case. Similar results

can be obtained for the 48-node case so they are not shown

here. Fig. 7(a)–(c) shows the L2 errors due to the fine tuning

of the shape parameter q around 1. Generally there are two

obvious regions where the L2 errors approach to zero. One is

in the immediate vicinity of q ¼ 1; and it does not change

with different values of R. The other is located at some place

where 0 , q , 1 and moves with varying values of R.

When R increases, the second region approaches to origin

and finally vanishes when R $ 2:0: This observation is

different from that obtained by the radial PIM in which only

the first region was observed [9]. When q ¼ 1; the L2 errors

become very large. This may be due to the singularity of the

matrix B0 at q ¼ 1:

Fig. 8. Displacements of the lower boundary with the MQ basis.

Fig. 9. Displacement and shear stress along the middle section with the MQ

basis.

Fig. 10. Circular cavity under internal pressure.

Fig. 11. Displacement and stresses of the interior section along r-

coordinate.
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The above figures show that errors are small when the

shape parameter q ranges from 0.96 to 0.99 or from 1.01 to

1.05. Although errors near q ¼ 1 are small for any value of

R, smaller R is still suggested since B0 has a smaller matrix

condition number for smaller R.

The results computed by the BNM are compared with

those computed by the BEM and the analytical solutions in

Figs. 8 and 9. The shape parameters for the MQ RBF are

taken as R ¼ 0:5 and q ¼ 0:99: Compared with the BEM,

the current RNBM produces results in better agreement with

analytical solutions for both displacements and stresses.

4.2. Circular cavity in an infinite medium under

internal pressure

This example demonstrates the applicability of the

shape parameters that are obtained from the cantilever

beam problem. Fig. 10 describes a circular cavity in an

infinite medium subjected to an internal pressure. This is a

curved boundary problem. The internal boundary is

discretized with 24 nodes, and node 18 is completely

fixed to prevent from rigid body displacements. The shape

parameter b ¼ 0:04 is used for the EXP basis function.

Fig. 11 shows the comparisons of displacements and

stresses computed by the RBNM, the BEM and the

analytical solutions. They are in good agreement.

Fig. 12(a)–(d) studies the shape parameters R and q for

the MQ basis function. These curves have similar patterns

to those of cantilever beam problem as shown in Fig. 6.

The shape parameters obtained from the cantilever beam

problem can be also used for the cavity problem.

4.3. Half-space problem under stripe loading

This example will use the shape parameters obtained

from the cantilever beam problem. A plane strain half-space

Fig. 12. L2-error with different R and q for the MQ RBF.
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problem as shown in Fig. 13(a) is studied. For convenience,

a bounded domain is considered to develop its numerical

model, and some specified point is treated as the reference.

Fig. 13(b) shows the arrangement of nodes. The shape

parameters for the MQ basis function are taken as R ¼ 0:5

and q ¼ 0:99: Fig. 14(a) and (b) shows the comparison of

the displacement and the stresses, respectively. The

displacement uz is along the upper boundary. The

distributions of the stresses are along a horizontal plane

located at z ¼ z0: The results computed by the RBNM are

very close to the analytical solutions and, in some cases, are

even better than those computed by the BEM. This further

indicates the excellent capability of the current RBNM.

5. Conclusions

This paper presents a new boundary node method—the

RBNM for the 2D elastic problems. The RBNM is

formulated by combining the redial PIM with the BIE.

Two RBFs, the MQ and the EXP basis functions, are

incorporated into the RBNM. The shape parameters are

studied in detail for a cantilever beam problem and a cavity

problem. The shape parameters are also applied to the

cavity problem for the EXP basis function and a half-space

problem for the MQ basis function. The following

conclusions can be drawn from these studies:

First, the RBNM can get as accurate results as the BEM

and sometimes the RBNM can get even higher accuracy

than the BEM. This is due to its higher accuracy of

interpolation. The RBNM uses a cluster of nodes instead of

elements to construct its interpolation. This makes the node

more easily add or remove. Therefore, the RBNM is more

effective than the BEM for solving problems with moving

boundaries.

Second, suitable ranges of shape parameters are obtained

in this study. Numerical examples indicate that the suitable

ranges of shape parameter b ¼ 0:03–0:1 for the EXP basis

function and q ¼ 0:96–0:99 or 1.01–1.05 regardless of

shape parameter R for the MQ basis function. In addition,

the accuracy is generally acceptable as long as shape

Fig. 13. Nodal model for half-plane problem.

Fig. 14. Distribution of displacement and stresses.
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parameter R ranges from 0.05 to 2.0. Above shape

parameters are suitable not only for cantilever beam

problem, but also for cavity and half-space problems.

Third, in use of the MQ basis function, errors would

reach their lowest in two regions. The first one is near q ¼ 1

regardless of the value of R. The second region of q where

the errors would reach their minimums is sensitive to shape

parameter R. When R is small, the second region would

approach to the origin as R increases. When R $ 2:0; the

second region would vanish. This phenomenon was not

observed in the radial PIM.
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