Available online at www.sciencedirect.com
Computer methods

sc:ence@mnecr@ in applied

mechanics and
engineering

ELSEVIER Comput. Methods Appl. Mech. Engrg. 193 (2004) 3935-3956

www.elsevier.com/locate/cma

A weak coupling algorithm for seabed—wave
interaction analysis

J.G. Wang **, T. Nogami ™!, G.R. Dasari % P.Z. Lin °

& Tropical Marine Science Institute, National University of Singapore, 10 Kent Ridge Crescent, Singapore 119260, Singapore
° Department of Civil Engineering, National University of Singapore, 10 Kent Ridge Crescent, Singapore 119260, Singapore

Received 30 December 2002; received in revised form 22 October 2003; accepted 17 February 2004

Abstract

This paper proposes a weak coupling algorithm for the seabed—wave interaction analysis. This algorithm is based on
the error integration over a time interval and space along fluid—seabed interfaces. With this weak coupling algorithm,
seabed-wave interaction analysis can be easily carried out with a fluid solver in fluid domain and a meshless solver in
seabed domain independently. The fluid solver is based on a two-step projection method for Navier-Stokes equation.
The free surface of seawaters during wave propagation is traced through the volume of fluid (VOF). The meshless solver
is based on the Biot’s consolidation theory of saturated poroelasticity which considers the interaction of soil defor-
mation and pore water pressure in seabed. Data exchange at the interface between fluid and porous medium domains is
carried out through a point interpolation method. Interface condition is approximately satisfied in a variational sense
through an iteration scheme between two solvers. This algorithm does allow not only non-matching mesh along the
interface but also non-matching time step in different subdomains. Numerical examples show that this weak coupling
algorithm is able to capture the deformation of interface and improve the computation accuracy and efficiency.
© 2004 Elsevier B.V. All rights reserved.

Keywords: Wave load; Biot consolidation theory; Oscillatory pore water pressure; Wave-soil mass interaction; Finite difference
method; Meshless method

1. Introduction

The interaction of wave—porous medium such as seabed is a common engineering problem in coastal/
offshore engineering because there are two domains occupied by fluid and porous medium, respectively. A
simple model for this interaction problem is shown in Fig. 1. It has two subdomains, fluid domain and
porous medium domain (seabed). Fluid domain is full of seawater and has a free surface at the top surface.
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Fig. 1. Interaction problem of wave and porous medium.

When a wave is input from one side boundary, this wave will propagate in the water and generate wave load
on the fluid-seabed interface. If the seawater is shallow, the wave load is large enough to cause the porous
medium deformation and pore water flow. The seabed is deformable and saturated with pore water. When
the wave load applies to the seabed surface, excess pore water pressure and deformation of soil skeleton will
be generated in the seabed. The interface between the fluid domain and the porous medium will deform and
the pore water will flow in or out, too. This deformation of seabed produces a movable seabed surface. This
flow in/flow out (seepage) from the porous medium becomes a distributed sink for fluid domain. Both
deformation and seepage will affect the dispersion of water wave in the fluid domain [1], thus the water
pressure along the interface. On the other hand, the water pressure along the interface will cause defor-
mation and seepage in the porous medium. This interface can finally reach a balance position in this
seabed—wave interaction problem. How to analyze such an interaction problem and to achieve the balance
position are key issues in coastal/offshore engineering as well as in the field of fluid-structure interac-
tions [2].

Many numerical methods have been proposed to solve the interaction problem of fluid—structure [3-7].
A key issue is how to treat the compatibility condition (interface condition) along the interface between
fluid and solid domains. There are two classes of numerical algorithms to treat this compatibility condition:
The first one is the strong coupling algorithm which was proposed for the interaction problem of structure
and fluid [5]. At the interface, a compatibility condition, which ensures fluid and solid domains neither
detach nor overlap during deformation, is expressed as follows [6]:

;3'“: ls'nv (1)

where Vi, V are the velocities of fluid and structure at the time 7, respectively, and n is the unit vector along
normal direction of the interface. Theoretically, this coupling algorithm is complete because detaching and
overlapping can be completely avoided at any time. However, this strong coupling algorithm has several
demerits: First, this algorithm requires the discrete equations for structure and fluid domains to form a big
system equation. In this system equation, stiffness of solid and fluid are very different, thus the system
stiffness equation has bad condition number, usually causing numerical instability. Second, this algorithm
requires matching mesh size along the interface. Matching mesh size on the both sides of interface is difficult
in practice. For example, solid domain usually requires bigger mesh size than fluid domain in order to
achieve the same accuracy. Thus, it is difficult to generate a matching mesh on both sides of the solid—fluid
interface, particularly for the situations that mesh is independently generated in each subdomain. Treat-
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ment of non-matching mesh is an essential issue in the solid—fluid interaction problems. Some affordable
algorithms have been presented by using the Lagrange multipliers to impose this compatibility condition
[7]. Arbitrary Lagrangian Eulerian formulation (ALE) method is a typical hybrid method for the non-
matching mesh [8]. The methods based on the Lagrange multiplier technique satisfy the compatibility
condition in a variational sense and require complex formulations and additional degrees of freedom. Kim
proposed an interface element method (IEM) for non-matching interfaces in space based on moving least-
square-based meshless method [9,10]. This IEM is better than ALE because no intermediate interface media
is required and the accuracy is higher. Third, time-step size may be non-matching among subdomains. As
indicated in Eq. (1), the compatibility condition requires the same variables along the interface at the same
time. As we know, the time-step size depends on mesh size, material stiffness and wave frequency. In the
fluid-structure interaction problem, fluid domain requires much smaller time-step size than solid domain. If
the same time-step size is applied to both solid and fluid domains, the computation cost is much higher,
particularly in solid domain. Spurious effect may appear for porous medium problem if too small time-step
size is adopted [11]. Fourth, big system stiffness equation requires much more computational resources.
Fluid domain usually requires much finer mesh, thus much bigger freedom is introduced. If porous medium
and fluid domains combine together, the scale of the system stiffness equation becomes very big. Such a
system requires big amount of memory and more CPU time.

Domain decomposition [12], partitioned procedure [13] and staggered scheme [14] were developed for
the fluid-structure problems through an iteration scheme. Because fluid and structure occupy different
subdomains, their system equations can be setup individually within their subdomains. This iteration
scheme makes the subdomains satisfy the compatibility of deformation at domain interfaces. Therefore, the
iteration scheme along the interface is the key issue for the success of domain decomposition algorithm. A
simplified iteration scheme, one-time-step delay algorithm, was widely used in coupling algorithms as an
approximation [15,16]. This algorithm relaxes the constraint in Eq. (1) into

Vion=V{¥.n (2)

This algorithm partially separates the fluid solver and the solid solver in space. If the time-step size is
sufficiently small, Eq. (2) has sufficient accuracy [17]. However, this algorithm still requires same time-step
size and same node distribution along the interface. Otherwise, non-matching interface algorithm has to be
introduced [7,9,10].

This paper proposes a weak coupling algorithm at the interface for the seabed—-wave interaction analysis.
The interface condition between fluid and porous medium domains is assumed to satisfy following weak
coupling criterion:

T
/0 IV = VE) -nfjde <, 3)

where ¢ is a tolerance error. Such a treatment can largely relax the constraints on the spatial distributions
of nodes along the interface as well as the time-step size in different subdomains. This treatment has
two important advantages: First, different solvers are used in fluid and porous medium domains inde-
pendently during whole process [0,7] (where T is an time interval). For example, finite difference
method with two-step projection method is used in fluid domain and radial point interpolation meshless
method (radial PIM) [18] is used in porous medium domain. Second, non-matching is allowed not only
for the spatial distributions of nodes along the interface, but also for the time-step size in different sub-
domains.

This paper is organized as follows: Section 2 describes the governing equations for fluid and porous
medium domains, respectively. In porous medium domain, the interaction of pore water pressure and soil
deformation is described by the Biot’s consolidation theory [19]. In fluid domain, the wave propagation
with free surface is governed by the Navier—Stokes equation and volume of fluid (VOF) [20]. The
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compatibility condition along the interface of fluid and porous medium domains is given, too. The
numerical strategy for fluid domain and porous medium domain is discussed in Section 3. A fluid solver is
based on the two-step projection method. The free surface of seawaters is traced through VOF in Eulerian
coordinates and the velocity at the bottom is changeable. A meshless solver for the porous medium is
developed from the Biot’s consolidation theory. This solver is suitable for the movable surface problems
under wave load. The treatment of interface condition through an iteration scheme is discussed in Section 4.
A data mapping between fluid and porous medium domains is proposed through radial point interpolation
technique. The initial condition is also suggested for the iteration scheme. Numerical examples on sinu-
soidal wave are studied to check the convergence of the weak coupling algorithm. Section 6 compares the
results of the current weak coupling algorithm with closed-form solution. The applicability of the current
algorithm to standing and solitary waves is explored. The conclusions are given in Section 7.

2. Governing equations for porous medium and fluid domains
2.1. Governing equation for porous seabed

This section considers only seabed domain V. If the seabed is fully saturated, it has two components of
soil skeleton and pore water. Soil skeleton and pore water interact at micro-level when an external load
such as wave load is applied to the seabed. This interaction can be described by macro-level Biot’s con-

solidation theory [19]. The Biot’s consolidation theory has following six physical concepts:

e Equilibrium equation of soil-water mixture

661»,- .
o, T mn (4)
Its incremental form in time interval [z, ¢ + Af]
0Acy; 00y .
JJrAbf_—(—’erﬁ) inV. (5)
Ox; Ox;
e Relationship of displacement and strain for soil skeleton
1 (0Aw; OAu;
Ag;; == - ! in V. 6
&ij 2(axj+axi> in (6)
e Constitutive law of soil skeleton in differential form
dO';j = Dijkl dSk[ in V. (7)
e Darcy’s seepage law for pore water flow
K;oP .
i=——— V. 8
q ), & B (8)

e Terzaghi’s effective stress principle
0ij = 0} + Pd. 9)
e Continuity equation

Gsv_%

= 10
ot axi’ ( )
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where 0;;, 0; and P are total stress tensor, effective stress tensor and excess pore water pressure at any
time ¢ and b; the unit body force. Au; is the displacement increment and Ag;;, Ag;; total stress and strain
increments in time interval [z, ¢ + Af]. ¢, is the discharge of excess pore water in ith direction. y,, is the
density of water, of which the value can be taken as 10 kN/m? in SI system. D is the material matrix of
soil skeleton determined by constitutive law of materials. Kj; is permeability tensor of soil skeleton which
usually has non-zero components K, in x-direction and K, in y-direction, respectively. &, is the volume
strain of soil skeleton:

- au,-
o @x,- '

&

(11)

For soil skeleton boundary

u; = 17{,‘() on S[, X [0, OO),

an;=T; onS, x [0,00),
where n = {n; n, n;} is the outwards normal direction and »; is its directional cosine.
For pore fluid boundary

P=P onsS,x][0,00),
gi=¢qio on S, x [0,00).

For periodicity boundary

{Hm0=ﬂﬁ+ﬁﬁ

uy(x;8) = uy(x + Y; ) on Sy x [0, 00), (14)

where Y is the wavelength. Subscripts ‘1" and ‘r’ refer to the left and right side boundaries.
Initial condition

ll,':O _
{PO onV x0". (15)

The whole boundary of domain V' is closed: S; U S, USy =S, US, USy. The interface boundary condition
at the top surface of the porous medium domain is of special importance in the current algorithm. We will
discuss it in details later.

2.2. Governing equation for wave propagation in fluid domain

The motion of incompressible fluid in a bounded domain € is described by Navier—Stokes equations. In
the Eulerian coordinates, continuity and momentum equations are expressed as follows:

an _ aU, aU, 1 0P 1 Grij

_0 — L = i — 1 Q
ox; ot Y ox; P 6x,—+g p Ox; n

; (16)

where i, j = 1,2 for two-dimensional flows. U; denotes the ith component of the velocity, p the density of
fluid, P the water pressure, g; the ith component of gravitational acceleration. 1; is the viscous stress tensor
which is (where u is a viscosity coefficient):

_ jou au, 2 U
Tif_ﬂ(axj+ axi 35ij axk>' (17)

A big issue to simulate the wave propagation in open space is to trace the free surface during computation.
Because Eulerian coordinates basically are fixed, additional governing equation must be introduced to
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describe this motion of free surface. The volume of fluid (VOF) method [20] provides a robust alternative
for updating the free surface. Its basic idea is to trace the density change within each computational cell.
The free surface can be determined through the density distribution at the corner of each cell [3]. A gov-
erning equation for the density is as follows:

ap op
U—=0. 18
R (18)
In the VOF, the density of a fluid in each computational cell is defined as the averaged density in the cell.

The p =1 if a cell is full of water, otherwise, 0 < p < 1.
2.3. Boundary conditions

The boundaries for fluid domain include the interface between fluid and porous medium, free surface
boundary and virtual boundary at both sides.

2.3.1. Conventional fluid boundary conditions

The virtual boundary is not physical boundary. This boundary is designed to reduce the size of com-
putational domain. In this paper, virtual boundary refers to the left and right hand sides of fluid domain.
Wave sources in seas are usually from horizontal infinity. All domain-based numerical methods such as
finite difference method and finite element method are difficult to treat infinite domain. A simple way is to
truncate the infinite domain into a finite computable domain through a cut-off boundary condition or
virtual boundary. This virtual boundary is sometimes called periodic boundary for sinusoidal wave. Free
surface is another important boundary for wave propagation in seawater. The top surface of fluid domain
in Fig. 1 is the free surface. This free surface boundary condition has kinetic and dynamic components. The
kinetic condition describes the change of geometry, while the dynamic condition gives the continuity of
stress components that is as follows:

oU; oU;
pP— ny 19
,u( ox;  Ox; )n =0 (19)

where g, is a prescribed normal stress applied on the free surface.

2.3.2. Interface conditions

Interface between fluid and porous media domains is of special importance. Present interface algorithm
is different from the algorithm that regards the porous medium as rigid skeleton [3,21] because the porous
medium is deformable. Porous medium domain has the velocity of soil particles and the flux of pore water
as well as pore water pressure, while fluid domain has flow velocity and water pressure. Fig. 2 describes the
relationship of the flux, velocity of particles and flow velocity along the interface. If the flow velocity of pore
water is relative to the skeleton of porous medium, the mass conservation equation, if the fluid is
incompressible, can be expressed as follows:

(q,-n—l—l'l/(l—n))-n:U”-n

20
P1:P117 ( )

where P; is pore water pressure in porous medium and P; water pressure in fluid domain. Uy is the flow
velocity in fluid domain. n is the porosity of porous medium and n is the normal unit of interface. 0, refers
to the velocity of soil particles which is obtained through the differentiation of displacement: u; = a“ . The
flux q, is obtained through the Darcy law after the distribution of pore water pressure is known: q, = qk &

If fluid viscosity is included, a shear stress induced by the horizontal fluid flow should be applied torthe
surface of the porous medium. This shear stress is computed using Eq. (17).
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Fig. 2. Continuity of the mass at the interface (u;: the velocity of fluid particles, u;: the displacement of soil particles, and g;: discharge
of pore water).

3. Numerical strategy in fluid and porous medium domains

Iteration scheme is used in the current numerical strategy. Fig. 3 gives the iteration loop among fluid
domain @, porous medium domain ¥ and interfaces. This loop has three components, fluid solver, porous
solver and interface solver. Fluid solver computes the fluid velocity and water pressure in domain Q and
water pressure along the interface when the fluid velocity is given at the interface. This is a FDM solver
which is developed from discretizing Navier—Stokes equation in Section 2.2. Porous solver is formulated by
discretizing the Biot’s consolidation theory in Section 2.1 through meshless methods [11,22,23]. It can give
displacement and pore water pressure in domain ¥ and particle velocity as well as flux along the interface if
pore water pressure is given along the interface. Interface solver maps the data across the interface and
checks the convergence of the iteration.

3.1. Porous solver for porous medium domain
Meshless method is employed to discretize the Biot’s consolidation theory in Section 2.1. Because the

seabed surface may experience large deformation or moving boundary during wave propagation, meshless
methods are better than FEM for such problems. Let us consider a time interval of [¢,¢+ Af]. The

Fluid solver
For fluid domain ()

Velocity Water pressure

Interface solver

Pore water Particle
pressure velocity & flux

Porous solver
For porous domain (V)

Fig. 3. Iteration among different domain solvers.
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displacement increments of soil skeleton are Au in the time interval and pore water pressure is P at the time
t + At. We discretize above spatial variables Au and P with a radial PIM [18] and temporal domain by finite
difference method. The final system equation is obtained as follows [11,22,23]:

[K K, ]{Au}_{AFb+AFt+Fr} 1)
K, —AtK,|| P At(1 - O)K,P" [’

where K is the stiffness matrix of soil skeleton, Ky corresponds to the seepage force on the soil skeleton. 0 is
a parameter for time integration [11]. The force in Eq. (21) has three sources: body force increment (AFy),
traction force increment (AF,) and residual force (F,) due to un-equilibrium at the previous time step. Let
the Au,, P, denote the displacement increments and pore water pressure within porous medium domain 7.

Au;, P; are the displacement increment and pore water pressure along the interface, respectively. Therefore,
above equation can be rewritten as follows:

K K Kiz Au, F..(P;)
K21 K22 K23 Pa = Fpu(P[) . (22)
K3 K3y K Au; Ful(Pl)

This equation indicates that pore water pressure P; generates not only pore water pressure and displace-
ment within the porous medium domain, but also the displacement increment Au; as well as flux along the
interface. Once the fluid solver gives the wave load, the response of porous medium is completely deter-
mined.

3.2. Solver for fluid domain

Navier—Stokes equation is basically strongly non-linear due to its advection term. An effective numerical
algorithm, two-step projection method [24,25], is well developed for the numerical solutions of Navier—
Stokes equation. After spatial and temporal discretizations, the Navier—Stokes equation has following
discrete form:

Sit Sz Su U, Fy(Uy)
S Sn Su P, p =< Fu(Uy) ¢, (23)
Sat Su Sy Py Fup(Un)

where U,, P, are velocity and water pressure within fluid domain and P; the water pressure along the
interface. The velocity Uj; along the interface can be calculated after the Biot’s consolidation problem is
solved in porous medium domain. Therefore, the water pressure P; along the interface is completely
determined by Eq. (23). Eq. (23) is a non-linear equation, because its stiffness matrix is the function of water
pressure and velocity, S;; = S;;(Us, Py, Py). An iteration algorithm such as two-projection method is
implemented to solve this equation.

4. Treatment of interface condition
4.1. Weak coupling at the interface

Treatment of compatibility condition along the interface is an important issue for the problems of fluid—
solid interactions [2,3,21]. Different coupling schemes have different treatments. For example, a strong
coupling scheme [5] is formulated if the porous medium domain expressed by Eq. (22) is coupling with the
fluid domain expressed by Eq. (23) at each time step and at each interface node. This strong coupling
scheme requires much more computer resource and special numerical techniques. We can relax the com-
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patibility condition to a variational sense or integration over zone, formulating a weak coupling scheme as
expressed in Eq. (3). Weak coupling algorithm allows different domains to use different numerical strategy
such as finite element method, finite difference method or meshless method. This relaxation of compatibility
conditions can allow different nodes and time-step sizes within each subdomain.

The current iteration algorithm is shown in Fig. 4. Along the interface of fluid domain, the input data is
the velocity of fluids which is the summation of the particle velocity and flux of pore water from the porous
medium as indicated in Fig. 2. The output data along this interface is water pressure P;, where superscript n
denotes the nth iteration between fluid and porous medium domains. This water pressure is used as the
input of pore water pressure along the interface of porous medium (see Eq. (20)). For porous medium
domain, the output along the interface is the flux (relative velocity) of pore water and particle velocity of
soil. Their summation is denoted as V' which is equal to the velocity of fluid Uj;. If following relative errors
are satisfied, the iteration is said to be convergent:

[ 175" — Pyl

< g (0 0)
e ’ 12|

<& (%), (24)

where the norm is defined as an integral over time interval [0, 7] as well as the interface:

1) = / / Wrldsde, - ) = / / v dsd, (25)
0 S

where S refers to the interface. ¢;, ¢, are relative errors for the velocity of soil particle and flux from porous
medium domain as well as water pressure for fluid domain at the interface, respectively. Eq. (25) is also
applicable to water pressure Py.

Wave 81:/1 ode Input (1) Output (1) | velocity & Pressure

in fluid domain

Free Surface

- Fluid Domain
V.
Solver
6
g Output (2) Interface
......................................................... NUTELEEE .
Motion of Seabed Water Pressure
(Velocity) on Seabed
.............. R PR
3 =
Input (2) © Porous Domain g
Y
> Solver
Bottom Boundary Conditions Output (2) - Displacement &
& »| Pore Water Pressure
Periodic Boundary Conditions in domain

Fig. 4. Iteration algorithm between two solvers.
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4.2. Initial values for iterations

Linear wave theory provides a good initial value for iterations. Let a sinusoidal wave propagate in
irrotational and incompressible waters. If the seabed surface is non-movable and impermeable, the water
pressure at the seabed interface is obtained from the linear wave theory [26]:

p__ PS8H
2 cosh(kh)

and the velocity of fluid particles is

cos(kx — wt) (26)

gkH 1
vl =51 ox — oof),
e 2w cosh kh cos(ix — o) (27)
l']ylzth = 07

where dispersion equation determines the relation of the angular velocity w, the wave number &, and the
depth of still water #:

o’ = kg tanh kh, (28)

where H is wave height, and g the gravity. U, is the velocity along x-direction and U, is the velocity along y-
direction. That the vertical velocity is zero means there is no flow in the normal direction. If the fluid is real
(no viscosity), fluid particles can slip along the interface. However, when wave load applies to deformable
seabed, the soil particle will move and pore water will flow in or out, thus the vertical velocity is non-zero.
This non-zero velocity can be computed through iterations between fluid and porous medium domains.

4.3. Data mapping at the interface

The data exchange between fluid and porous medium domains can be carried out through a data-
mapping algorithm along the interface. This data-mapping algorithm is important to the current weak
coupling algorithm. This is a unique channel to exchange data because the current weak algorithm solves
the responses of fluid and porous medium domains independently. If porous medium and fluid domains
have identical node distribution along both sides of the interface as shown in Fig. 5(a), no data mapping is
required in space. In practice, it is difficult to keep identical node distribution along the interface for both

More nodes in fluid

Fluid

IRRRNRA

Porous medium

Porous medium

Less nodes in soil

® . .
Data exchange X Interpolation point

at each node point e Support node for ®

o Support node for X
(@ (b)

Fig. 5. Data-mapping algorithm at the interface: (a) strong coupling with one-to-one data mapping and (b) weak coupling with radial
PIM mapping.
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fluid and porous medium domains because the stiffness is much bigger difference. For the non-matching
node distribution as shown in Fig. 5(b), a data mapping is required to exchange the data between two sides
of the interface. Furthermore, fluid domain usually requires much smaller time-step size than porous
medium domain. Data mapping is also necessary in time domain. This paper adopts the radial PIM [18] to
construct the interpolations for both spatial and temporal domains along the interface. The principle for
the radial PIM is briefly described as below.

There is a set of arbitrarily distributed points P(x;)(i = 1,2,...,n) within an influence domain, where »
is the number of nodes, and approximation function u(x) has value u; at each node point x;. Radial PIM
method constructs this #(x) through these nodes and the function values at these points. We express this
approximation function u(x) by a linear combination of radial basis B;(x) and polynomial basis p;(x):

u(x) = 3 B(x)a, + 3 P(x)b, = B'(x)a + P (x)b, (29)
=1 =
where g; is the coefficient for B;(x) and b, the coefficient for p;(x) (usually, m < n). The vectors are defined as
a = lay ay a3 --- a,),
b'=[b, by, --- bl
. (61 2 ] (30)
B (x) = [Bi(x) By(x) Bs(x) --- B.(x)],
Pix)=[p(x) p(x) -+ pa(x)].

The radial basis function B;(x) is only function of distance in space. For example, in two-dimensional space,
the radial basis function is

Bi(x) = Bi(r;) = Bi(x,y), (31)
where 7; is a distance between interpolating point (x,y) and node (x;, ;) defined as

r=[(x— xi)2 + (v _yi)2]§~ (32)
Polynomial basis functions have following monomial terms:

Pix)=[1 x y & xp » -] (33)

Let the u(x) pass through all n scattered points within the influence domain, and the coefficients a; and b, in
Eq. (29) can be completely determined. For example, the interpolation at the kth point has

Uy :u(xk7yk) :ZaiBi(xkayk)+ijp_/(xk7yk)a k: 1,2,...,1’1. (34)
i=1 j=1

The polynomial term is an extra-requirement. Following constraint can insure the uniqueness of this
approximation:

> Plxiwa; =0, j=12,...m. (35)
i=1
Above two equations are expressed in matrix form as follows
By Po|fa| Ju a| Ju
IR R R &

where the nodal vector for function values is

C=lu w ous o u. (37)
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The coefficient matrix B, on unknowns a is

Bi(x1,01) Balxi,;) oo Bu(xi,n)
o [ ) B -
Bilwny) Balwny) o Bulwnn) ],
The coefficient matrix P, on unknowns b is
Pi(xi, ) Pxiy) o Bl )
. Pl(x:ZayZ) Pz(x?ayz) Pm(x.27y2) (39)
Pilo) Pond) o Paln )] e

The distance is directionless, By (x;, ;) = Bi(xx, ). Unique solution is obtained if the inverse of matrix G or
B, exists:

(i}-o(5)

The approximation function or interpolation is finally expressed as
w0 = (870 P16 { ) = pow e

where the matrix of shape functions ¢(x) is defined by

o(x) =[d:1(x) ¢(x) -+ d(x) - 9,(X)],

5ux) = 3" BNIGu + 3P (X)Gue )
i=1 j=1

where Gy is the (i,k) element of matrix G™'.
Gaussian radial function is widely used in mathematics:

Bi(x,y) = exp ( - c(r: )2> : (43)

where ¢ (¢ = 0) is a shape parameter [27], and 7. is the radius of an influence domain.

Take an original function y = sin(x) as an example to check the interpolation accuracy. Fig. 6 shows the
interpolation accuracy for the function when the interpolation procedure is as follows: First, a cluster of
data point is generated along the x-axis. These nodes are uniformly distributed with an increment of 0.5 in
domain [0, 7.5]. These node points are used to determine shape functions in which the shape parameter is
taken as ¢ = 2.0. Second, functions values at these node points are calculated from the original function
y =sin(x). Thus, an interpolation is completely determined by shape functions and nodal values. Third,
error function is computed through comparing interpolation and original function in the domain [0, 7.5]. In
this domain, a set of new nodes with an increment of 0.1 is generated. Interpolation and original function
values are calculated at each node. Their difference was summarized to form an error function. The same
procedure is applied to form error function of derivative. Fig. 6(a) compares the function and derivatives
within this domain and Fig. 6(b) is their error functions. The accuracy of interpolation is non-homogeneous
at each node. The accuracy is higher in the central part and lower near edges, but is within 1%. Therefore,
the current interpolation method can be applied to the data mapping along interface.
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Fig. 6. Accuracy of curve fitting with radial point interpolation method: (a) comparison of data point and interpolation curve and

(b) absolute error for curve fitting in whole domain.

For the current interface, above radial PIM is applied to a spatial-temporal coordinates which is
composed of a curvilinear coordinate in space and time coordinate. All the equations are the same if a
generalized distance including temporal dimension is used.

5. Verification of weak coupling algorithm

5.1. Initial condition

As pointed out in Section 4.2, the seabed is supposed to be fixed in the first iteration. The water pressure
in the fluid domain is obtained through the fluid solver. Then the water pressure along the interface is
applied to the porous medium. The porous solver computes particle velocity of soil and flux of pore water.

Velocity Uy (m/s)

(a) time (s)

Velocity Uy (m/s)

(b)

X coordinates(m)

Fig. 7. Velocity U, distribution along the seabed surface (sinusoidal wave): (a) velocity at the center of the interface and (b) velocity

distribution along interface when time t = 5 s.
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For a sinusoidal wave, the summation of flux and particle velocity is still harmonic as shown in Fig. 7 which
has following form:

U, = + q, = Vy sin(kx — o). (44)
The particle velocity of soils can be calculated from the displacement history:

. Ou ut+At —u )

=5~ > T (45)

The flux of pore water (g;) at the soil-fluid interface is determined through Darcy’s law:
_ & PO2) = P'(n)
oo =n

where y, is the y-coordinates at the interface and y; is a point in porous medium domain but near the
interface.

(46)

t

5.2. Computation parameters

A sinusoidal wave is assumed to be period of 5 s, wave height of 0.5 m, and water depth of 5 m. Thus the
wavelength is approximate 30 m. The water has viscosity of 1.0 x 107 if it is considered. The soil domain is
taken as 30 m in horizontal length and 10 m in thickness. We consider stiff soil and soft soil. The stiff soil
has the Young modulus of 4.0 x 10* kN/m?, Poisson’s ratio of 0.3, porosity of 0.4 and isotropic permeability
of 1.728 x 1073 m/s. Pore water is assumed to be incompressible. The unit weight of water was taken as 10
kN/m?. The soft soil has the Young’s modulus of 4.0 x 10> kN/m? and the other parameters are assumed to
be the same as stiff soil. A finite difference grid is used for fluid solver and a meshless model is generated for

srids for fluid

Fig. 8. Grids for finite difference method and node distribution for meshless method.



J.G. Wang et al. | Comput. Methods Appl. Mech. Engrg. 193 (2004) 3935-3956 3949

porous solver. This numerical model is shown in Fig. 8 in which the interface is amplified for details. The
finite difference grid spaces 0.3 m horizontally and 0.1 m vertically. The meshless model is constructed with
node spacing of 0.75 m horizontally and 0.25 m vertically. This example uses uniform distribution of nodes
over whole porous medium domain, because the effect of regular or irregular distributions of nodes is
neglectable for meshless solver [11,22,23]. Although both domains are discretized by uniform distribution
of nodes, nodes are still un-matching along interface.

5.3. Convergence study

The convergence rates are shown in Fig. 9(a) for stiff soil and Fig. 9(b) for soft soil, respectively. The
time interval for integration is taken as [0, 10s] for stiff soil and [0, 8s] for soft soil. Only 3—4 iterations are
required to satisfy convergence criterion (¢; = 0.01% and &, = 0.01%) regardless of the viscosity of fluid.
When the soil is soft, the flux and the particle velocity at the interface are higher. This velocity is far away
from the initial value as shown at the first iteration in Fig. 9(b). After the first iteration, the velocity and the

14 ¢
g
1.2 +
1t
S 9
g 0.8 % - Vi§cosity;1.0676
g o Viscosity =1.06-6 g —%— Without viscosit
:: 0.6 —— Without viscosity g
2 Z
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< 04 %
-2 [~2
0.2
0 ¥ ~d—— — R o
0.2 L L L ' 2 L L s
1 2 3 4 5 (b) 1 2 3 4
(a) Iteration Iteration
<
é —-- T=1s
3] —— T=3s
g --— T=5s
© -8~ T=8s
2 —— T=10s
s
©
=4
& @
3 4
(c) Iteration

Fig. 9. Convergence rate of the weak coupling algorithm: (a) stiff soil case, (b) soft soil case and (c) convergence under different time
intervals (stiff soil).
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water pressure approach to true values. Furthermore, the viscosity of fluid has a little effect on the con-
vergence rate, because the convergence rate is higher without viscosity.

The effect of time intervals on convergence rate is shown in Fig. 9(c). This figure is obtained for the stiff
soil. When the time interval is short, the convergence is fast although the initial iteration has less accuracy.
After only two iterations, the accuracy is sufficient high. Longer time interval involves more iteration, but
the total computation time is still lower. Table 1 compares the computation time in each process. The
shorter the time interval, the more time consumes in the data exchange and the longer total time is.
Determination of a suitable time interval before computation is difficult. If the problem is almost linear in
time domain, longer time interval is recommended. Otherwise, shorter time interval is used to capture the
non-linear properties along the interface. The accuracy of the current weak coupling algorithm depends on
the accuracy of fluid solver, porous solver and interface solver. Fluid solver is non-linear due to free surface
and advection. However, the porous solver is linear if the interface deformation is small. When the
deformation of porous medium is small, the integration of above relative error can be carried out along
only initial interface. Otherwise, the integration should be along the updated interface. Fig. 10 compares the
final distribution of water pressures with the closed-form solution of Eq. (26) when the soil is stiff. The
current water pressure is a little lower than the closed-form solution, because the closed-form solution
assumes a fixed and impermeable seabed.

Table 1
Time consumed in each process
Interval T (s) Steps for fluid solver Steps for porous solver Iterations in each T Times for data exchange
10 5000 100 4 4
8 5000 100 4 8
5 5000 100 3 6
3 5000 100 3 12
1 5000 100 3 30

Note: (1) two periods are computed, (2) above interval is longer than the time steps for both fluid solver and porous solver. If the
interval is smaller than the time step of porous solver but longer than fluid solver, the data exchange time will increase dramatically.

— Closed-form of Eq.(33)
—-— Current method

0.5

Water pressure (kN/m2 )
=

time (s)

Fig. 10. Comparison of the current method with closed-form solution (stiff soil).
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6. Parametric study

This section will explore the advantages of the current weak coupling algorithm through numerical
examples and parametric study. Water pressure and velocity of soil particles along the interface are main
concerns. The wave types included sinusoidal wave, standing wave and solitary wave.

First, water pressure along the interface is compared between the current method and closed-form
solution. Fig. 11(a) shows a typical distribution of water pressure for the fixed seabed and the current
coupling seabed when the soil is soft. The top surface of the soft seabed will move greatly under water
pressure. This motion has some impact on the water pressure along the interface. For example, if the
velocity of seabed surface can reach the magnitude of 1.15x 10~! m/s, the water pressure along the interface
will increase approximately 17% as shown in Fig. 11(b). Fig. 12 compares vertical displacements along the

— First iteration
—o— Final iteration

Water pressure on seabed (kPa)
o
Water pressure on seabed (kPa)

-2
-3
4 . . . . . . . . . ]
0 1 2 3 4 5 6 7 8 9 . 33
() time (s) (b) X-coordinates (m)

Fig. 11. Initial and final water pressure along interface (soft soil): (a) water pressure variation in time and (b) water pressure variation
in space.

— First iteration
—-— Final iteration

— First iteration
—-— Final iteration

Displacement, Uy (m)
=
Displacement, Uy (m)

0 5 10 15 20 25 30 30 5 10 15 20 25 30
(a) Distance (m) (b) Distance (m)

Fig. 12. Comparison of vertical displacement: (a) for stiff soil and (b) for soft soil.
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interface at initial and final iterations. The displacement is little different for stiff soil; however, the dif-
ference is obvious for soft soil. The current algorithm predicts higher displacement. This result is consistent
with the water pressure along the interface. Therefore, the stiffness of seabed has strong effect on the
distribution of both water pressure and displacement along the interface. The pore water pressure and drag
force within the porous medium will be affected correspondingly. Furthermore, for sinusoidal waves, the
wave-induced water pressure along the interface can be normalized by wave height if the ratio of wave
height to water depth is less than 0.14 as shown in Fig. 13.

Second, the current weak coupling algorithm is applicable to other linear waves. For example, a standing
wave is the superposition of linear waves. If a standing wave exists in the fluid domain, the current algo-
rithm still uses ¥, = 0 to start the first iteration. After the second iteration, the velocities of seabed surface at
different times are shown in Fig. 14. These velocities will revise the distribution of water pressure along the
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Fig. 13. Effect of wave height on the water pressure along interface.
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Fig. 14. Vertical velocity of soil particles along the interface under standing wave.
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interface in the subsequent iteration. Conventional method assumes the seabed fixed to get water pressure
along the interface, and applies this water pressure to a deformable seabed [22,23] and gets pore water
pressure and displacement along the interface. Therefore, conventional method is the zero-order iteration
of the current algorithm. Obviously, the current method is of higher accuracy because the effect of seabed
motion is considered. Furthermore, in geotechnical engineering, closed-form solution for the response of
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Fig. 15. Water pressure and particle velocity along interface (solitary wave): (a) pore water pressure and (b) vertical velocity of particle.
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the seabed is only developed if the water pressure along the interface can be analytically expressed. For
general wave types, it is impossible to obtain an analytical expression of the water pressure along interface,
thus is impossible to get a closed-form solution of seabed response. In the current algorithm, only numerical
distribution of water pressure is required along the interface. This largely simplifies the requirement along
interface and improves the computation accuracy.

Third, the current weak coupling algorithm is also applicable to non-linear water waves such as solitary
wave. Solitary wave is neither oscillatory nor does it exhibit a trough. A solitary wave lies entirely above the
still-water level. Because both its wavelength and its period are infinite, only the ratio of wave height to
water depth is the wave parameter. A wavelength is defined as L = 2Zand k = %. Furthermore, celerity is
¢ =+/g(h+ H). The current algorithm generates wave-induced water pressure through iteration between
the fluid and the porous medium domains. If the wave height is H = 2.7 m and the water depthis A = 5.0 m,
the wavelength is approximately 30 m. Above parameters are used in the computation of fluid domain. The
porous medium is stiff soil. Fig. 15(a) shows the pore water pressure along the interface after four iterations
and Fig. 15(b) shows the vertical velocity of soil particles. This velocity partially represents the motion
of seabed surface under solitary wave. The contours of pore water pressure at t = 1 and 3 s are shown in
Fig. 16. They are all positive.

7. Conclusions

This paper presents a weak coupling algorithm to study the wave-seabed interaction problem. This
algorithm uses spatial and temporal integration over the interface and a time interval to treat the fluid—
seabed interface condition. Data exchange is implemented by a radial point interpolation method. This
method is particularly suitable for non-matching node distributions and non-matching time-step sizes in
fluid and the porous medium domains. Numerical studies were carried out to check the convergence and
accuracy of the current algorithm. Following conclusions are made from these studies.

First, the weak coupling algorithm is usable in the seabed-wave interaction problems whether the waves
are linear or non-linear. For linear wave, our examples use the ratio of wave height to water depth of 0.14.
The convergence can be achieved within 3-5 iterations over a range of time intervals. For non-linear wave
such as solitary wave, the convergence can be also achieved within 3-5 iterations.

Second, this weak coupling algorithm allows different subdomains to use different solvers independently.
This provides an effective way to capture the characteristics in each subdomain. For example, the fluid
solver is based on a two-step projection method, and the porous solver is based on a meshless method. Two
solvers are completely different in numerical algorithms. The finite difference method can easily capture the
discontinuity of derivatives and the free surface in fluid domain, while the meshless method can easily adapt
the local intensity of stress/strain in porous medium. The weak coupling algorithm can take full advantages
of the solvers in different domains.

Third, this weak coupling algorithm allows non-matching distribution of nodes not only in space but
also in time domain. The data exchange is carried out by the radial point interpolation along the interface
of fluid and porous medium domains. This property of non-matching in spatial and temporal dimensions is
especially useful in the fluid—solid interaction problems because fluid domain usually requires denser grid
nodes and smaller time-step size. The spatial and temporal integration relaxes the consistency constraint
along the interface. If a closed-form solution in a subdomain is available, the solver in that subdomain can
be completely replaced and the convergence can be also improved. Anyway, the fixed seabed can be always
used as the initial value in the iterations of the current algorithm.

Fourth, seabed properties will affect the wave propagation in seawaters and thus the water pressure
along the interface. A big difference between the current weak coupling algorithm and the conventional
method lies to the particle velocity along the interface. The velocity is important to the sediment transport
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near the interface. Stiff soil has lower velocity of particles and soft soil has higher velocity. If this velocity is
higher than some critical value, the water pressure at the interface will increase significantly.
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