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Abstract

Wave-induced transient response of seabeds is numerically analyzed through a radial
point interpolation meshless method (radial PIM). The Biot’s consolidation theory is
employed and incorporated with virtual boundary conditions to describe this wave-induced
transient response of the seabed. Displacement and pore water pressure are spatially dis-
cretized by the radial PIM with the same shape function. Compactly supported basis func-
tions are proposed to obtain a banded system equation. Because the radial PIM passes
through all nodal points within an influence domain, essential boundary conditions as well
as virtual boundary conditions can be easily implemented at local level. Fully implicit inte-
gration scheme is used in time domain to avoid spurious ripple effect. The proposed algor-
ithm is assessed through the comparison of numerical results with closed-form solution or
finite element solutions.
# 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The wave-induced transient response of seabed soils is an important topic in

coastal engineering, offshore structures, and wave propagation in geological medium
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(Sumer et al., 2001). Seabed soils are generally modeled as two-phase media com-
prising deformable soil skeleton and pore water. A water-filled porous medium
theory proposed by Biot (1941) is successful in analyzing this transient response
(Madsen, 1978; Okusa, 1985; Hsu and Jeng, 1994). This transient response prob-
lem can be solved in either frequency domain (Jeng and Lin, 1996) or time domain
(Karim et al., 2002). They used finite element method (FEM) and finite difference
method (FDM) to discretize spatial variables (Mase et al., 1994). FEM or FDM is
successful in most transient responses of the seabed. However, for those problems
with heavy element distortion such as large deformation and moving boundary
problems, FEM confronts difficulty in remeshing their problem domains when
adaptive computation is carried out. For those problems, the numerical methods,
which do not depend on any element such as meshless methods, have salient
advantages.
Remarkable progress has been made for the development and application of

meshless methods in recent years. For example, element-free Galerkin method,
based on Galerkin weak forms for energy integration and moving least square
method (MLS) in constructing shape functions over a cluster of scattered nodes,
has been widely applied to various problems such as solid mechanics (Belytschko
et al., 1996) and deformable multiphase porous media (Modaressi and Aubert,
1998; Karim et al., 2002). Regarding a continuum problem as a discrete system,
reproducing kernel particle method (Liew et al., 1995) introduced a correction
function and a window function to improve the smoothed particle hydrodynamic
method. This kernel particle method is successful in the simulation of impact,
blasting and elastoplastic deformation problems (Liew et al., 2002). Because the
shape functions of the MLS do not have delta function properties at nodes and
node index instead of nodal value participates the computation in the system equa-
tion, special effort has to be made to implement essential boundary conditions
(Belytschko et al., 1996). A radial point interpolation meshless method (radial
PIM) was proposed to avoid this disadvantage of MLS (Wang and Liu, 2002a).
This radial PIM has the shape functions with delta function properties. Another
famous merit of the radial PIM is that radial basis functions map multi-dimen-
sional spaces into one-dimensional space. In one-dimensional space, basis functions
are easily chosen to satisfy the smoothness of the interpolation and to avoid the
singularity in constructing shape functions. Further, the radial PIM employed mix-
ture of radial and polynomial basis functions to achieve the accuracy of poly-
nomials in interpolation.
Radial basis functions have been successfully applied to partial differential equa-

tions in solid mechanics and fluid mechanics. The first solution was obtained by
Kansa (1990) for computational hydrodynamics. His algorithm is similar to FDM,
however the sensitivity of solutions to nodal distributions within a problem domain
is significantly reduced. This property significantly improves the robustness of the
meshless methods based on radial basis functions. Collocation method based on
radial basis functions, as a truly meshless method, was developed as an effective
meshless method (Fasshauer, 1997). The collocation method brings two demerits
into meshless methods: the boundary conditions at internal and external bound-
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aries are not easily treated. Current treatments are almost the same as FDM.
Furthermore, higher order derivatives of shape functions are required compared to
the weak form. This requirement is not easy to be satisfied in practice, because
higher smoothness will make the shape functions complicated. The meshless meth-
ods based on the weak form like Galerkin method can avoid above two demerits,
although background mesh is required for integration. The radial PIM which is
based on weak form has been successful in solid mechanics problems (Wang and
Liu, 2002a) and consolidation problems (Wang et al., 2002). The shape parameters
in multiquadric and exponential basis functions were also studied for domain pro-
blems (Wang and Liu, 2002b) and boundary problems (Xie et al., 2003) in solid
mechanics.
This paper will study the wave-induced transient response of a seabed using

radial PIM with a compactly supported radial basis function. This algorithm has
advantages over those meshless methods that use the MLS to construct their shape
functions. First, wave-induced water loading can be easily implemented. When
water wave propagates over a seabed, a cyclic water pressure will exert on the sea-
bed surface, thus causing pore water in the seabed to flow and seabed to deform.
This transient fluctuation of pore water pressure generates the transient reduction
of effective stresses. The seabed may lose its strength momentarily during a cyclic
wave (Sakai et al., 1992). Second, virtual boundary conditions are easily treated
within the framework of the current algorithm. Virtual boundaries refer to these
boundaries due to cut-off when only one-wave or longer domain is used as the
computational domain. Because wave is usually periodic and the seabed is layered,
the transient response of the seabed is usually periodic. For sinusoidal waves, these
virtual boundaries are periodic. Thus, the virtual boundaries are also called per-
iodic conditions in this paper. Karim et al. (2002) proposed a revised variational
principle to treat these periodic boundaries. Such a treatment will enlarge the size
of the global stiffness equation and the stiffness matrix obtained is not symmetric.
This makes the solution process consume more CPU time. Jeng and Lin (1996)
adopted periodic conditions in their numerical simulation of water wave–soil inter-
action problems through FEM algorithm. The current algorithm in this paper
introduces periodic boundary conditions through only assigning the same
unknowns. The implementation can be achieved at the Gaussian integration pro-
cess, which is much simpler and more efficient. Third, the water over the seabed
and the pore water in the seabed will interact each other, affecting wave train and
wave dispersion equation within water domain. In order to take the interaction
into account, a solver for the transient response of the porous medium is necessary.
The current algorithm is designed as a porous solver for the coupling of the wave–
seabed interaction problem.
The current algorithm is based on the Biot’s consolidation theory under wave

loading. For simplification, acceleration is temporarily omitted, which is reasonable
for long period wave. This paper is organized as follows: the Biot’s consolidation
theory is expressed through six physical concepts in Section 2. Such an expression
can easily take the compressibility of pore fluid and the anisotropy of permeability.
Furthermore, the anisotropy of soil skeleton can be included in the constitutive
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laws of soils. As a preliminary study, our effort is limited to only linear elastic
seabed. A Galerkin weak form is developed through a global equilibrium at each
time step. Section 3 states the discretization of the weak form. The radial PIM
technique is employed to discretize two spatial variables, displacement and excess
pore pressure, with the same shape functions. For time domain, a fully implicit
scheme is used to avoid spurious ripple effect. Section 4 discusses the numerical
implementation for periodic boundary condition and wave load condition. Section
5 briefs the radial point interpolation method and compactly supported radial basis
functions. As an extension of the Wendland’s compactly supported radial basis
functions, the current radial PIM includes both polynomial and radial basis func-
tions. Section 6 studies a numerical example to assess the current algorithm. The
numerical results obtained by the current algorithm are compared with Madsen’s
and Hsu and Jeng’s closed-form solutions (Madsen, 1978; Hsu and Jeng, 1994) or
FEM results. Finally, several key parameters such as influence domain size, time
step size, and radial basis functions are studied to check its accuracy and efficiency.

2. Biot’s consolidation theory and its weak form

This section describes a wave-induced seabed response problem as shown in Fig. 1.
The seabed is composed of pore water and porous soil skeleton. These two phases
interact with each other under wave loading. For the interaction of pore water and
porous skeleton, Biot’s consolidation theory (Biot, 1941) provides a good macro-
level description. If acceleration is not considered, this theory is composed of six
physical concepts as following:

Fig. 1. Wave-induced transient response of seabed.
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. Equilibrium equation of soil–water mixture
@rij
@xj

þ bi ¼ 0 in V ð1Þ

Or its incremental form in time interval ½t; tþ Dt�
@Drij
@xj

þ Dbi ¼ �
@rtij
@xj

þ bti
� �

in V ð2Þ

. Relationship of displacement and strain for soil skeleton

eij ¼
1

2

@ui
@xj

þ @uj
@xi

� �
in V ð3Þ

. Constitutive law of soil skeleton in differential form

dr0
�iij
¼ Dijkldekl in V ð4Þ

. Darcy’s seepage law for pore water flow

qi ¼ �Kij
cw

@P

@xj
in V ð5Þ

. Terzaghi’s effective stress principle

rij ¼ r0
ij þ Pdij ð6Þ

. Continuity equation including the compressibility of pore water

@ev
@t

¼ � @qi
@xi

þ n0b
@P

@t
ð7Þ

The volumetric strain of soil skeleton is given as:

ev ¼
@ui
@xi

ð8Þ

where rij , r0
ij and P are total stress tensor, effective stress tensor and excess pore

water pressure (pore water pressure is called later) at any time t and bi the unit
body force. Dui is the displacement increment and Drij , Deij total stress and strain

increments in time interval ½t; tþ Dt�. The discharge of excess pore water is qi in the
ith direction. cw is the density of water. In SI system, its value can be taken as 10
kN/m3. Dijkl is the material matrix of soil skeleton determined by the constitutive

law of materials. Kij is a permeability tensor of soil skeleton which usually has non-

zero components Kx in x direction and Ky in y direction, respectively. The porosity

of the seabed is n0 and the compressibility of the pore water is denoted as b.

2.1. For soil skeleton boundary

ui ¼ �uui0 on S�uu 
 ½0;1Þ
r0
ijnj ¼ �TT i on Sr 
 ½0;1Þ

�
ð9Þ

where n ¼ fn1 n2 n3g is the outward normal direction and ni is its directional
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cosine. The traction boundary and the essential boundary form conventional
boundaries. A periodic boundary is additional to express the periodicity of the sea-
bed response on virtual boundaries. The displacements of soil skeleton satisfy fol-
lowing periodicity on these virtual boundaries:

uiðyþ YÞ ¼ uiðyÞ on SY 
 ½0;1Þ ð10Þ

Essential, traction and periodicity boundaries form complete boundaries of this
problem. They have following relationship (U is an empty set):

S�uu [ Sr [ SY ¼ C S�uu \ Sr ¼ U S�uu \ SY ¼ U SY \ Sr ¼ U ð11Þ

2.2. For pore fluid boundary

P ¼ P0 on Sp 
 ½0;1Þ
qi ¼ qi0 on Sq 
 ½0;1Þ

�
ð12Þ

The pore water pressure P0 at the interface (SP) can be estimated through linear
wave theory (Madsen, 1976). The bottom (Sq) is usually impervious (qi0 ¼ 0). On
the virtual boundaries (SY ), the pore water pressure should satisfy periodicity
boundary condition as:

Pðyþ YÞ ¼ PðyÞ on SY 
 ½0;1Þ ð13Þ

2.3. Initial condition

ui ¼ 0
P ¼ 0

on V
 0�
�

ð14Þ

The variables within the time interval of [t, tþ Dt] are of interest. If one-step
incremental approach is adopted in time domain, the variables are all known at
time t. The displacement increments of soil skeleton satisfies the weak form of the
equilibrium Eq. (2) as

ð
V

fdðDeÞgT Dr0f gdvþ
ð
V

d
@Dui
@xi

� �� �T
fPgtþDtdv�

ð
Sr

d D�uuð Þf gTfngPtþDtds

�
ð
Sr

d D�uuð Þf gT D�TTf gds�
ð
V

d D�uuð Þf gTfDbgdv ¼ �
ð
V

fdðDeÞgT r0tf gdv

þ
ð
Sr

d D�uuð Þf gT �TTf gtdvþ
ð
V

d D�uuð Þf gT btf gdvð15Þ

where dðD�uuÞ is the variational of displacement increment. The ‘‘d’’ denotes the var-
iational. The term at the right hand side includes the un-balanced force at the pre-
vious time step. This un-balanced force can be automatically corrected in the next
step. Thus Eq. (15) can prevent error from accumulation. This auto-corrector is
especially useful in incremental computation schemes for dissipation problems.
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The weak form of the continuity equation is obtained as follows:

1

cw

ð
V

@dP
@xi

� �T
Ki

@P

@xi

� �
dvþ

ð
V

fdPgT @

@t

@Dui
@xi

� �
dv�

ð
V

n0bdP
@P

@t
dv� 1

cw

ð
Sq

fdPgTfqgds ¼ 0ð16Þ

where dP expresses the variational of the pore water pressure. Compared with our
previous results (Wang et al., 2002), the periodicity condition does not modify the
weak form.

3. Discretization of weak forms

A spatial discretization for displacement and pore water pressure is as follows:

u ¼
Pn
i¼1
Niui P ¼

Pn
i¼1

NiPi ð17Þ

where ui; Pi are nodal displacement and pore water pressure, respectively. The
shape function Ni can be determined through either radial PIM (Wang and Liu,
2002a) or FEM (Sandhu and Wilson, 1969). Using the same shape functions for
the pore water pressure and the displacement is effective to the solution of Biot’s
consolidation theory (Wang et al., 2002). After above approximation, the weak
form of Eq.(15) is discretized as:

KDuþ KVP ¼ Fb þ Ft þ Fp ð18Þ

where

K ¼
ð
V

BTDBdv; KV ¼
ð
V

BTVNdv; Fb ¼
ð
V

NTbdv

Ft ¼
ð
Sr

NTTds; Fp ¼
ð
Sr

NTPds ð19Þ

For plane stress problem, the matrices Bi; D are expressed as

Bi ¼
Ni;x 0
0 Ni;y
Ni;y Ni;x

3
5; BVi ¼

Ni;x 0
0 Ni;y

	 

; D ¼ E

1� v2
1 m 0
m 1 0
0 0 ð1� mÞ=2

3
5

2
4

2
4

ð20Þ

where E; m are the Young’s modulus and Poisson ratio, respectively.
After differentiating with time, above equation becomes

K
du

dt
þ KV

dP

dt
¼
d Fb þ Ft þ Fp
 �

dt
ð21Þ
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The continuity equation is discretized into

KT
V

du

dt
� Kpt

dP

dt
þ KpP ¼ Fq ð22Þ

where

Kp ¼
ð
V

BTp KBpdv; Kpt ¼
ð
V

n0bNTNdv; Fq ¼
ð
Sq

NTqnds ð23Þ

and

Ki ¼
Kx 0
0 Ky

	 

; BPi ¼ Ni;x Ni;y½ � ð24Þ

A single step method is applied to the time domain:

ðtþDt

t

f ðxÞdx ¼ Dt ð1� hÞf ðtÞ þ hf ðtþ DtÞ½ � ð25Þ

A system equation for the wave-induced transient response problem is obtained as

K KV
KT
V DthKp � Kpt

 �	 

Du
DP

� �
¼ 0 0

0 �DtKp

	 

ut

Pt

� �

þ DFb þ DFt þ DFp
DtFq

� �
ð26Þ

If the pore water pressure, PtþDt ¼ Pt þ DP, is used as unknowns, Eq. (26) can be
rewritten as

K KV
KT
V DthKp � Kpt

 �	 

Du
PtþDt

� �
¼

F tb þ Ftt þ Ftp þ Ftr
DtFq � Dtð1� hÞKp þ Kpt

� �
Pt

� �
ð27Þ

where

F tb ¼
ð
V

NTDbdv; Ftt ¼
ð
Sr

NTDTds; Ftp ¼
ð
Sr

NTPds

F tr ¼ �
ð
V

BTr0tdvþ
ð
Sr

NT �TT tdsþ
ð
V

NTbtdv ð28Þ

4. Numerical treatment for boundary conditions

4.1. Periodicity conditions

The periodicity conditions on the virtual boundary (SY ) are

uiðyÞ ¼ uiðyþ YÞ; PðyÞ ¼ Pðyþ YÞ ð29Þ
Above periodicity conditions can be easily implemented in the assembling process
of the system equation. This is because the interpolation of the radial PIM passes
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through each node point within an influence domain. Before the introduction of

periodicity conditions, the discretized system equation is obtained as:

KirUr ¼ Fi where r; i ¼ 1; 2; . . . ;m ð30Þ

The periodicity conditions impose following constraint along virtual boundaries:

Uj ¼ Uk ð31Þ

If the Eq. (31) is introduced into Eq. (30), the final system equation reduces its size

as

KirUr|fflffl{zfflffl}
r6¼j;k

þ Kik þ Kij
 �

Uk ¼ Fi i 6¼ k

Kkr þ Kjr
 �

Ur|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
r6¼j;k

þ Kkk þ 2Kkj þ Kjj
 �

Uk ¼ Fk þ Fj i ¼ k

8>>><
>>>:

ð32Þ

It is noted that the unknown Uj has been eliminated from the system equation.

This approach can be implemented on either global or local level. The implemen-

tation at global level is completed according to following steps: assembling system

equation without periodicity conditions, introducing periodicity conditions with the
help of Eq. (32). Such an approach has two disadvantages: system stiffness equa-

tion will reduce its size after implementing periodicity conditions. Because the glo-

bal system stiffness must be stored, the size reduction may waste some storage

space. Furthermore, because the operation is carried out in the global system stiff-

ness, computational efficiency is not high. These two disadvantages can be over-

come through the implementation at local level. The system stiffness is assembled

by the local stiffness at each Gaussian point. If a periodic pair of nodes is assigned
to the same equation number, the revised stiffness equation from the periodicity

conditions is automatically assembled at each Gaussian point.

4.2. Wave load at the interface of fluid and seabed

The interface condition for a two-dimensional wave-induced problem is given as

follows:

r0
y ¼ 0 sxy ¼ 0 P ¼ P0cosðax� xtÞ ð33Þ

where the maximum water pressure (P0) can be determined through linear wave

theory (Madsen, 1976) as

P0 ¼
cwH

2coshðadÞ ð34Þ

where H is the wave height, d the static water depth and a the wave number which

is determined through wavelength (L) and period (T). x is the angular velocity.

Above essential boundary conditions can also be implemented at local level. After
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introduction of periodicity conditions, the system equation is expressed as follows:

KirUr ¼ Fi where r; i ¼ 1; 2; . . . ; n ð35Þ
with the constraint from the essential condition

Uj ¼ b ð36Þ

After introducing the Eq. (35) into Eq. (36), the final system equation is
obtained as

KirUr ¼ Fi � bKkj r 6¼ j ð37Þ

5. Radial point interpolation method

5.1. Radial PIM for two-dimensional problems

Consider an approximation function uðxÞ in any influence domain that has arbi-
trarily distributed points PiðxiÞ ði ¼ 1; 2; . . . ; nÞ with the function value ui. The uðxÞ
can be expressed by radial basis BiðxÞ and polynomial basis pjðxÞ:

uðxÞ ¼
Xn
i¼1
BiðxÞai þ

Xm
j¼1
PjðxÞbj ¼ BTðxÞaþ PTðxÞb ð38Þ

where ai is the coefficient for BiðxÞ and bj the coefficient for piðxÞ (usually m < n).

The vectors are defined as

aT ¼ a1 a2 a3 � � � an½ �
bT ¼ b1 b2 � � � bm½ �
BTðxÞ ¼ B1ðxÞ B2ðxÞ B3ðxÞ � � � BnðxÞ½ �
PTðxÞ ¼ p1ðxÞ p2ðxÞ � � � pmðxÞ½ �

ð39Þ

Generally, the BiðxÞ has following form for a two-dimensional problem

BiðxÞ ¼ Bi rið Þ ¼ Biðx; yÞ ð40Þ
where ri is a distance between interpolating point ðx; yÞ and node ðxi; yiÞ defined as

ri ¼ x� xið Þ2þ y� yið Þ2
h i1=2

ð41Þ

Polynomial basis functions have monomial terms:

PTðxÞ ¼ 1 x y x2 xy y2 � � �
� �

ð42Þ

The coefficients ai and bj in Eq. (38) are determined by enforcing the uðxÞ to pass

through all n scattered points. For example, the interpolation at the kth point has

uk ¼ u xk; ykð Þ ¼
Xn
i¼1
aiBi xk; ykð Þ þ

Xm
j¼1
bjPj xk; ykð Þ k ¼ 1; 2; . . . ; n ð43Þ
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A constraint is imposed to guarantee the uniqueness of the interpolation:

Xn
i¼1

Pj xi; yið Þai ¼ 0 j ¼ 1; 2; . . . ;m ð44Þ

It is expressed in matrix form as follows

B0 P0
PT0 0

	 

a

b

� �
¼ ue

0

� �
or G

a

b

� �
¼ ue

0

� �
ð45Þ

where the vector for function values at each node is

ue ¼ u1 u2 u3 � � � un½ �T ð46Þ

The coefficient matrix B0 on unknowns a is

B0 ¼

B1 x1; y1ð Þ B2 x1; y1ð Þ � � � Bn x1; y1ð Þ
B1 x2; y2ð Þ B2 x2; y2ð Þ � � � Bn x2; y2ð Þ
..
. ..

. ..
. ..

.

B1 xn; ynð Þ B2 xn; ynð Þ � � � Bn xn; ynð Þ

2
6664

3
7775
n
n

ð47Þ

The coefficient matrix P0 on unknowns b is

P0 ¼

P1 x1; y1ð Þ P2 x1; y1ð Þ � � � Pm x1; y1ð Þ
P1 x2; y2ð Þ P2 x2; y2ð Þ � � � Pm x2; y2ð Þ
..
. ..

. ..
. ..

.

P1 xn; ynð Þ P2 xn; ynð Þ � � � Pm xn; ynð Þ

2
6664

3
7775
n
m

ð48Þ

The distance is directionless, Bkðxi; yiÞ ¼ Biðxk; ykÞ. The unique solution is

obtained if the inverse of matrix G or B0 exists:

a

b

� �
¼ G�1 ue

0

� �
ð49Þ

The interpolation is finally expressed as

uðxÞ ¼ BT ðxÞ PTðxÞ
� �

G�1 ue

0

� �
¼ NðxÞue ð50Þ

where the matrix of shape functions NðxÞ is defined by

NðxÞ ¼ N1ðxÞ N2ðxÞ � � � NiðxÞ � � � NnðxÞ½ �
NkðxÞ ¼

Pn
i¼1
BiðxÞ�GGi;k þ

Pm
j¼1
PjðxÞ�GGnþj;k ð51Þ

where �GGi;k is the ði; kÞ element of matrix G�1. Once the inverse of matrix G is
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obtained, the derivatives of shape functions are

@Nk
@x

¼
Xn
i¼1

@Bi
@x

�GGi;k þ
Xm
j¼1

@Pj
@x

�GGnþj;k

@Nk
@y

¼
Xn
i¼1

@Bi
@y

�GGi;k þ
Xm
j¼1

@Pj
@y

�GGnþj;k

ð52Þ

5.2. Radial basis function

The Biðx; yÞ can be taken as a compactly supported basis function which has a

general form as follows:

BiðrÞ ¼ Biðx; yÞ ¼ c �rrð ÞS �rrð Þ �rr ¼ ri
rmax

ð53Þ

where cð�rrÞ is a compactly supported function and Sð�rrÞ is a radial basis function

which has sufficient smoothness. rmax is the radius of the influence domain. A com-

pactly supported function should be zero out of an influence domain or local non-

zero. Two types of compactly supported parts are tested in this paper. The first one

is taken as following jump form:

c �rrð Þ ¼ 1 �rr � 1
0 �rr > 1

�
ð54Þ

This type includes extended multiquadric basis (called MQ by Hardy (1990))

which has following form:

Biðx; yÞ ¼ r2i þ R2
 �q

R � 0 ð55Þ

where q and R are two shape parameters. The partial derivatives are obtained as

follows

@Bi
@x

¼ 2q r2i þ R2
 �q�1

x� xið Þ
@Bi
@y

¼ 2q r2i þ R2
 �q�1

y� yið Þ
ð56Þ

Furthermore, a quartic spline can also be used as radial basis function:

Bi �rrð Þ ¼ 1� 6�rr2 þ 8�rr3 � 3�rr4 denoted by Quart ð57Þ

And their derivatives are

@Bi
@x

¼ �12�rrþ 24�rr2 � 12�rr3
 � x� xi

rmaxri
@Bi
@y

¼ �12�rrþ 24�rr2 � 12�rr3
 � y� yi

rmaxri

ð58Þ
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The compactly supported part can also be taken following smooth function as

c �rrð Þ ¼ 1� �rrð Þm �rr � 1
0 �rr > 1

�
ð59Þ

where m is a parameter whose performance can be observed in Fig. 2. When �rr

approaches to one, the function and its derivative all approach to zero. The Sð�rrÞ is
usually taken as polynomial. Therefore, their derivatives are as follows:

@Bi
@x

¼ m 1� �rrð Þm�1S �rrð Þ þ 1� �rrð ÞmdS �rrð Þ
d�rr

	 

x� xi
rmaxri

@Bi
@y

¼ m 1� �rrð Þm�1S �rrð Þ þ 1� �rrð ÞmdS �rrð Þ
d�rr

	 

y� yi
rmaxri

ð60Þ

Wendland (1995) proposed a class of compactly supported RBFs which are strictly

positive definite in Rd for all d. They can achieve any desired amount of smooth-

ness 2j. This paper lists two typical basis functions as follows:

Bi �rrð Þ ¼ 1� �rrð Þ4 4�rrþ 1ð Þ denoted by CSF1

Bi �rrð Þ ¼ 1� �rrð Þ4 4þ 16�rrþ 12�rr2 þ 3�rr3
 �

denoted by CSF2
ð61Þ

Fig. 2. Compactly supported functions with different parameter m.
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6. Assessment through numerical examples

6.1. Transient response of the seabed under progressive wave

Fig. 3 shows the meshless models for a 10 m thick seabed. Irregular and regular

distributions of nodes are shown in Fig. 3(a), (b), respectively. The bottom is fixed

for displacements and impervious for the pore water pressure. Both side virtual

boundaries are periodic. Either the displacement or the pore water pressure is

identical at the same depth and the same time. The upper boundary has the wave-

induced water pressure. The seabed soil mass is linearly elastic with Young’s

modulus E ¼ 40 000:0 kPa and Poisson ratio m ¼ 0:3. The permeability is assumed

to be isotropic with kx ¼ ky ¼ 1:728
 10�3 m=s. The pore fluid is assumed to be

incompressible in the current computation. Wave parameters in the computation

are as follows: water depth is 5 m, wave height is 0.5 m and wave period is 5 s. For

such a wave, the wavelength is approximately 30 m, thus the meshless model is

taken as 30 m long which is one wavelength. This computational domain (30 m

long and 10 m deep) is discretized with irregular and regular distribution of nodes

as shown in Fig. 3(a), (b). They have 246 and 341 nodes, respectively. In the MQ

basis function, the shape parameters are taken as q ¼ 1:03 and R ¼ 0:1 (Wang

et al., 2002). Time domain employs fully implicit scheme (h ¼ 1) to avoid the spuri-

ous ripple effect. Time step size is taken as 0.001 s for the first step and 0.05 s for

the subsequent steps. Total 30 s are computed.

Fig. 3. Meshless models with regular and irregular nodal distributions.
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6.2. Comparison with Madsen’s and Hsu and Jeng’s solutions

Madsen’s solution (1978) and Hsu and Jeng’s closed-form solution (1994) are
two typical solutions for the wave-induced transient responses of the seabed. For
the seabed with infinite thickness, Madsen developed a closed-from solution for the
pore water pressure as follows:

P

P0
¼ real �C6 ek�kz þ C7 ekz

 �
eiðkx�xtÞ

n o
ð62Þ

where k� is a parameter associated with anisotropic permeability. When soil mass
is isotropic in permeability, the k� ¼ 1. C6; C7 are constants associated with Pois-
son ratio, anisotropy of permeability, and compressibility of pore water.
For the seabed with finite thickness, Hsu and Jeng (1994) developed a closed-

form solution for the pore water pressure in complex space:

P ¼ P0
ð1� 2lÞ ð1� k � 2lÞ C2 ekz � C4 e�kz

 �!
þð1� lÞ d2 � k2

 �
C5 e

dz þ C6 e�dz
 �"

eiðkx�xtÞ ð63Þ

The real part is the excess pore water pressure. Where k; d; l are material con-
stants. The coefficients C2 � C6 are determined from the material constants.
The results on history curves are compared for above problem. Fig. 4 compares

typical history curve of pore water pressure at a point near seabed surface. The
numerical results agree well with closed-form solutions. As pointed out in previous
section, the Madsen’s solution was obtained for infinite soil layer, thus they have a
little difference for finite thickness case, especially at the location near bottom. Fig. 5

Fig. 4. Comparison of numerical results with closed-form solutions.
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shows this difference which is a sectional distribution of excess pore water pressure
at time t ¼ 9:80 s. This result is obtained for the regular distribution of nodes as
shown in Fig. 3(b). FEM results with four-node isoparametric element are also
presented for comparison as shown in Fig. 6. The meshless method agrees very
well with the FEM. It approaches to the Madsen’s solution and Hsu and Jeng’s
solution. If the detail at the bottom is observed, the meshless and FEM results are
closer to the Madsen’s solution. As a summary, the current meshless model can
give reasonable numerical results for a finite thickness problem.

7. Parameter study

7.1. Effect of influence domain size

Influence domain size is an important parameter in meshless methods. It will
affect the numerical accuracy and computational efficiency. Larger domain size has
wider bandwidth of the system equation, thus spending more CPU time. On the
other hand, accuracy cannot be guaranteed for too small domain size. Radial basis
functions have less imposition on the node distribution within an influence domain.
However, polynomial basis function has a minimum requirement for the node
number. For example, linear polynomial basis requires minimum nodes in an influ-
ence domain at least more than 3. If a prescribed influence domain embraces less
than three nodes, the domain size should be enlarged until the minimum nodes are
embraced. For computational consideration, a maximum of nodes within an influ-
ence domain is set to 30. If the nodes within the prescribed influence domain are

Fig. 5. Sectional comparison for numerical results and closed-form solutions.
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more than the maximum, only nearest 30 nodes are taken for interpolation. In this

computation, influence domain sizes vary from 1.2, 1.5, 1.7 and 2.0. The average

nodes embraced in each influence domain are 6.15, 6.56, 8.57 and 11.22, respectively.
Fig. 7 compares numerical results for different influence domain sizes. This com-

putation is completed for the MQ basis function. The time step size is fixed at 0.2

s. Fig. 7(a) shows the pore water pressure on the seabed interface. According to

Fig. 6. Comparison of numerical results obtained by meshless method and FEM.
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boundary conditions, the pore water pressure should be the same as wave-induced

water pressure. As shown in Fig. 7(a), all numerical results are indeed the same for

different influence domain sizes. The pore water pressures are little different for

internal points. A typical example is shown in Fig. 7(b). However, even if the influ-

ence domain varies within a big range, numerical results are almost the same. In

other words, numerical results are not sensitive to influence domain sizes. Domain

size of 1.5 is a good choice.

Fig. 7. Effect of influence domain size on the numerical results.

J.G. Wang et al. / Ocean Engineering 31 (2004) 21–4238



7.2. Effect of time step size

Time step size is a vital parameter to affect the accuracy and efficiency of the
current algorithm. For the irregular distribution of nodes, the time step sizes are
taken from 0.05 to 0.5 s to study the effect of time step sizes. A typical numerical
result is shown in Fig. 8 for the point (13.82, 8.69). Fig. 8(a) expresses the whole
history of the pore water pressure at this point. The numerical results are in general
not sensitive to time step size. However, large time step size cannot capture the
peak of the pore water pressure as shown in Fig. 8(b). This is because the pore

Fig. 8. Effect of time step size on the numerical results.
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water pressure changes drastically at the peak. Smaller time step size is required in
this range. Detailed analysis shows that 100 time steps per period are sufficient to
capture the peak properties of pore water pressure as shown in Fig. 8(b).

7.3. Effect of radial basis functions

The accuracy of the current algorithm is controlled by two factors: weak form
and basis function. This section compares the numerical results obtained by the
different radial basis functions of MQ, CSF1, CSF2 and Quart. When the irregular
distribution of nodes as shown in Fig. 3(a) is used, the maximum pore water pres-
sures at the node 112 are compared in Table 1. Fig. 9 shows typical comparison of
the pore water pressure at node point 114, which is near the bottom. The FEM
results are also presented for comparison. From these results, we can observe fol-
lowing findings: firstly, the numerical results obtained by MQ and Quart agree well
with FEM results. If the FEM is used as a standard, MQ and Quart have better
results than CSF1 and CSF2 whether polynomial terms are included or not. The
MQ has the best accuracy for the current shape parameters. Secondly, linear poly-
nomial included does not always improve the accuracy of the radial PIM. The
polynomial can improve the accuracy for MQ and Quart, but worsen the accuracy
for CSF1 and CSF2. Thirdly, different compactly supported part has a vital effect
on the accuracy of the current algorithm. For example, we once try to apply the
smooth compactly supported part to Quart, the numerical results are not acceptable.

8. Conclusions

The wave-induced transient response of the seabed is numerically analyzed
through a radial PIM with compactly supported basis functions. Basis functions
include both polynomial and radial basis functions. In the current algorithm, spa-
tial variables, displacement increment and pore water pressure, are all discretized
by the same shape function constructed by radial PIM. The discretization of time
domain employs fully implicit scheme to eliminate spurious ripple effect. Numerical
examples are compared with closed-form solutions and FEM results. Key para-
meters are studied to check its feasibility and effectiveness. From these studies, fol-
lowing conclusions can be drawn.
First, the radial point interpolation method is an effective interpolation tech-

nique for scattered node distributions. It is suitable not only for structured but also
for unstructured nodes without singularity problem. This is its advantage over the

Table 1

Pore water pressures (kPa) at node No. 112

Polynomials (m) MQ CSF1 CSF2 Quart

0 1.096 1.074 1.118 1.119

3 1.107 0.927 0.959 1.135

The FEM result is 1.109 kPa.
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interpolation with only polynomial basis. Unlike those meshless methods based on

the MLS method, the radial PIM method obtains its shape function and deriva-

tives at the same time. The shape functions are of delta function properties, thus

essential boundary conditions and virtual boundary conditions are easily imple-

mented at either local or global level. This can largely improve the computational

efficiency, especially for the wave-induced transient response of the seabed.
Second, influence domain size for the current algorithm is not sensitive to

numerical results within some range. Our example shows that the influence domain

can vary from 1.2 to 2.0 and an operational influence domain size of 1.5 is recom-

mended. Minimum nodes within an influence domain depend on the order of poly-

nomial and radial basis functions. This minimum node number should be more

than the terms of polynomial basis. In our current examples, because linear poly-

nomials are used, average nodes for each influence domain are more than 6.
Third, the current algorithm is efficient in time integration. Our example shows

that the time step size can vary from 0.05 to 0.5 s, the numerical results agree well

except the wave peak. In order to capture the wave peak value, 100 time steps per

period are sufficient.
Fourth, different radial basis functions require different compactly supported

parts and polynomials. The MQ and Quart require the jump type of compactly

support part and linear polynomial to improve their accuracy, while CSF1 and

CSF2 require the smooth type of compactly supported part and no polynomial. If

the FEM is regarded as a standard, the MQ and Quart achieve better responses

while CSF1 and CSF2 cannot achieve good responses for the current numerical

examples. Furthermore, the polynomial term in basis functions can improve the

Fig. 9. Comparison of numerical results for different basis functions.
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accuracy for MQ and Quart basis functions, but worsens the accuracy for CSF1
and CSF2 basis functions.
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