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/Markov Process and Markov Chain\l

Markov Processes: if the future of the random process given
the present is independent of the past, i.e.,

with t, <t, <...<t, <t
Discrete state: P(a< X, < b|X., X _;,...,X) = P(a< X, <b[x,)
Continuous state: f, (XX Xegse0 %) = T (K| %)
Thisis known as conditional independence the values of X, .,
IS conditionally independent of X, _,,..., X, given X,

Markov Chain: a discrete state Markov process, for time-
invariant Markov chains, we have

Transition Probabilities : P = P(X.,, = jIx,=1) for1<i,j <N, k=0,12,...
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\State Transition Diagram|

Two-state Markov chain
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Three-state Markov chain
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\Transition Probability I\/Iatrix|

P P o Py
oo N
P= p:21 p:22 . pr , where Y p, =1

=1

| Pnz Pz o P
Note that probability theory requires that the rows of P sumto 1.0;

thisis cdled a stochastic matrix.
=) A(P) aredl red, (2) A, (P)=1
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\The n-step Transition Probabilityl

2-step transition probability

R (D)= P(Xep = 1% =1) = 2 P(Xepp = [ X =M%, =1)
=Y P(Xo = [[%er =M%, =1)P(Xy =11X =)

=D Pz = i1%1 =MPOey =M =) =D PR, () = P(2) = POPQ) = P*

N
m=1 m=1

For n-step transition, icbest

P(nN)=P" = mn)=An-1)P=mn-2)P[P=...= M0)P",
where 740) = [, 7T,,,..., 71, ] 1sthe initial state probability (pmf)
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\Classes of Statesl

We say that sate | isaccessible from statei if for somen =0,
Rj(n) >0, that is, If there s a sequence of transitionsfrom to]

that has nonzero probability. We say that statei and j communicate
If they are accessible to each other.

We say that two states belong to the same class if they communi cate.
A Markov chain that consists of asingle classiscaled irreducible.

A state 1 issad to berecurrent if the process returns to the state with
probability 1, otherwise, itissadto betransent.

A state 1 issadto have period d if it can only recur at timesthat are
multiplesof d, if d=1, itiscalled aperiodic.
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\Some Markov Chainsl

A three-class Markov chain
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Periodic Markov chain
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\Limiting Probabilitiesl

Limiting Theorem: for an irreducible, aperiodic, recurrent
Markov chain, the state probability will reach a steady (equilibrium)
state pmf 7Is obtained as:.

lim n(n) = 7(n-1)B, = ng = nP

— P w=m'= (P -1)mr'=0
which indicatesthat A =1 isone of theeigenvaluesof P,
and the corresponding normalized eigenvector is the steady

state of the Markov chaln

Note that the steady state does not depend on the initial state
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\Steady State Example|

Power station load: on any given day, the station could be on
full load or not, denoted as F and N respectively, and the load varies
such that it can be represented as a Markov process with the

transition matrix 0.2

_F N _ ¥
P = F 06 04 0.6 %ND 0.8
N _0.2 0.8_

0.4

(n) = An-1)P = m(n-2)PP =---= 7(0)P"
06 04] , [044 056] , [0376 0624] _,
02 08/ 028 072 ~|0312 0683 03248 06752

. [03402 06598 oo = 03361 0.6639 o - 0.3333 0.6667
03299 06701  |03320 06680| '
= n(n) = MO)P" =[}3,%4]

-04 0.2
_ 1 2/7 (a _
04 -O.Z}X =0=x=[14,94]' (eigenvector for A =1)

butp{

03333 0.6667

Infact, (P- |)x:{

{0.3504 0.6496}

}, for n>11
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could be either up or down, denoted as U and D respectively, and
assuming it behaves according to the Markov process with the
transition matrix:

\Transient Behavior| \

System failure without repair: on any given day, the system

U D
p=U (0.9 01 0.9 ( ( )L) D) 10
D |00 10

ain) =mn-1)P=mn-2)PP =---= 77(0)P"
aap {08 03] e 05 059 [0 209

00 10 00 10 0.0 10
= () = m0)P" =[,(0.9)", 7, (1 - (0.9)") + 71,,] = Liqmoo 7(n) =[0,1]
f ~|-01 00| _ .
In fact, (P'- I)X{O.l O.O}X—O:>X—[O,l]

In general, the steady state may not be unique, i.e., may depend on theinitia state/
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Markov Chain for Reliability Analys

Markov Chain can be considered as the system
availability (steady state probability)

0.2
Uu b Fo N

P=U 09 0.1 0.9 %DD 0.8
D 0.2 0.8

0.1

ﬂ(n) :ﬂ(n—l)P:n(n—Z)P[HD:. :ﬂ(O)P”
= 71(n) = 77(0)P" =[0.667,0.333
R=7 (n) =0.667

1S
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\Reliability Analysis Example|

State Space: (system with standby component)

(1, 1) - one component working, one in standby

(1, 0) - one component working, one down and being repaired
(0, 0) - both components down and being repaired.

Transition Probabilities:

f: the probability of either of these components will fail in a unit
time period while operational

r: the probability that a component that has failed will be repaired
in a unit time period, when both components fail, double the crew
and consequently double the repair probability to 2r

f f

W) Go s

r 2r
1-f-r

~
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\System Availability|

(1-f f 0
Transition Matrix: P=| r 1-f-r f
0 2r 1-2r

If our uncertainty about the state of the system reaches an equilibrium,
then

1-f f 0
L1 =[7_[11 T, ﬂoo] =[7_[11 T ﬂoo] r 1-f-r f
0 2r 1-2r

m, =Q-f)mytrmy = my=merlf
Mo = Ty + (A= f —r)m, + 2rmy,
Ty = frrg + (A=-2r)myy, = Ty =110f 1 2r

m, =2t [ (F2+2rf +2r2), mg =2rf [ (f2 +2rf +2r%),m, = 2/ (f? +2rf +2r?)

System availability = 7T, + m,, = (2r> + 2rf) / (£ + 2rf + 2r?)
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\Limiting Behavior|

Consider a system with two failure modes and no repair capability as
shown in the figure below with the transition probability matrix:
0.7 0.2 01

F 10
P={0.0 10 0.0 @/ <
0.0 0.0 10 FD 10

7i(n) = 71(0)P"
0.7 02 017 049 034 017] 0.0 0667 0.333]
butP=/00 10 00|, P?={00 10 00|..,P®=/00 10 00
00 00 10| 00 00 10 | 00 00 10 |

= lim 77(n) = 77(0)P" =[0,% 71, + 7Ty, 7Ty + 7Ty5]
[-0.3 0.0 0.0]
Infact, (P- I)x={ 02 00 00x=0=x=[010]" or x=[0,01]
| 01 00 00]
The steady state can be any point on aline segment depending on the initial state p
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