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Queuing Theory and Analys is

• Concep ts and  Introduc tion

• Monte Carlo Analysis o f Queuing

• Single-Channe l Queuing Models

• Multiple-Channe l Queuing Models

• Finite Popu lation Queuing Models



3

Introduction

• The Queuing System (Waiting-Line)
– A facili ty or a group o f facili ties for service
– A popu lation o f ind ividuals or un its which form a line to 

be served with a pre-determined waiting-line disc ipline
– Sing le-channel or multiple-channel
– Sing le-stage or multiple-stage

• Common Examples
– The pub lic forms waiting-lines at grocery stores, 

theaters, doctor’s off ice, etc.
– Items in process produ ces a waiting-line at each machine 

center in a produ ction system
– Automobiles form waiting-lines at toll -gates, traffic 

signals, docks in a transportation system
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The Queuing System

• Objective: determine the capacity of the service facility 
in the light of the relevant costs and the characteristics of 
the arrival patterns so that the overall cost associated with 
the queuing system is minimized
– The arrival mechanism: finite or infinite population, 

arrival pattern may be time-dependent
– The waiting line: form a queue with a certain discipline 

such as first come/first serve, relative urgency, or first 
come/last serve. Waiting cost is incurred.

– The service mechanism: discrete process provides 
service for units in line, can be single channel or multiple 
channel with a certain capacity.  The cost is facility 
dependent.

– The decision model: decide a policy of service capacity 
to meet the demand at a minimum cost 
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Some Examples
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Monte Carlo Analysis

• The Mechanism
– Uncertain Waiting-line decision models usually based on 

assumptions of the arrival and service-time distributions  
– Formal mathematic solutions may be difficult or 

impossible in general
– Monte Carlo analysis does not require these distributions 

to obey certain theoretical forms
– Provides analysis tool through simulation
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Single Channel Queuing MC Analysis

Economic Analysis:  

Total cost = unit-waiting-cost-per-time-period * (waiting-time-in-queue + waiting-time-in-service) 
+ service-cost-per-time-period * service-time

Ex: $9.6 * (23 + 337) + $16.10 * 400 = $9,896
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Queuing Models

• Queuing Models
– A/B/C: Arrival/Service/Number of Servers
– M/M/1: Markov (Poisson) / Markov (Exponential) / 

one server
– M/M/S: Multiple servers
– M/G/1: General service time distribution
– M/D/1: Deterministic service time
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Single-Channel Queuing Models

• Model Assumptions
– Infinite population pool
– Arrival per period is a Poisson distribution
– Service time is an exponential distribution
– Provides theoretical analysis tool

• System Parameters
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Probability of n Units in the System
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Probability of n Units in the System
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Other Performance Measures
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Example
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Waiting Time

( ) 67.6101667.0 example, previous In the

1

111
 fact,In 

11

)(
=  

 timeservice average +  time waitingaverage

:system in thespent   time totalAverage

)(
)()1()(

10.3) (Sec. ICBST 0,>for w

1=system} in theunit  0{)0(

:  time waitingofon Distributi

0

)(

0

==
−

=
−

=
−

==⇒=

−
=+

−

=

−
==⇒−=

−===

∫
∞

−−

T

nTTn

T

dwwwfwewf

PPwP

w

w

ρ
µ

λµλλµ
λλλ

λµµλµµ
λ

λµµ
λµλλ

µλ

λµ



15

System Performance Curves
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Example
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Cost Analysis
per unit time

Expect total cost =  expected waiting cost +  expected facility cost

                      =

Minimize cost:

                    

where  :  waiting cost per time period per unit

            :  facility cost per unit serviced

Example:
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Cost Curves
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Multiple-Channel Queuing Models
• Model Assumptions

– Same as single channel
– Multiple service facility, # of channel = c
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Queuing with Nonexponential Service
• Model Assumptions

– Poisson arrival
– Nonexponential service time
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