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/ Resource Allocation \

and Optimization

e Resource Allocation: distribute resources to users so
that the highest level of a specified objective can be achieved

— Factory organization for maximum productivity
— Spacecraft flight plan to minimize fuel consumption

— Security and safety procedures to minimize risks and
hazards

e Optimization Problems: to achieve a performance in
the extreme within the resource available

— Given budget resource, optimize performance (maximize
reliability, minimize risk)
— Given specification of performance, minimize the capital

\ required /




4 B N
\Optlmlzat|0n|

e Problem Formulation: translate the desired

system performance specifications and constraints into
a mathematical form

— Set up objective function (revenue, yield, cost,
reliability, etc.)

— Identify control variables
— Specify constraints

e Optimization Techniques:
— Unconstrained optimization
— Constrained optimization
— Linear/nonlinear programming
— Dynamic programming




Unconstrained Optimization
Single Variables

Problem: Minimize f (x),
second - order Taylor series expansion

F(X) = F(%)+ F,(%)(X=X%) +3 £, (%)X = X;)* + E(x—X,)
where

fx(XO) =

A (%)
ox

Isthefirst order derivative

0°f
@fzx 0) is the second order derivative

fxx(XO) =

Ex f(x)=2x>-3x"+2
f (X)=6x"-6x, f_(x)=12x—-6
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Unconstrained Optimization
Multiple variables

Problem: Minimize f(x), where X =[x,,...,x_]'
second - order Taylor series expansion

f(X) = 1:(Xo) + fX(XO)(X _Xo) +%(X _Xo)T fxx(XO)(X _Xo) + E(X _Xo)

where
f (Xo) =0f(X,) = [fx1 (X0, fx2 (Xg)s-er) fxm (Xo)]
[]
= éloli ..... ig IS called gradient
D%(l dXZ mS(:XO
LIf - f U
XX X::LXm D_ [] de

L (X) = 0% (x,) = 0 : 221 5 iscaled Hessian

\ meXl fxmxmﬁ @(idxi =X, /
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\Examplel

f(x,,%,) =X —6x, +2%5 —8x, +30

7,
f (x,)=0f(x,)= — =|2X, —6 4x, -8
«(Xo) (Xo) [@(Il o, ELXO [ 1 2 ]
10°f 0°f [
=2 []
oX OX.OX 2 0O
f :sz =[] 1772 [] —
XX(XO) (XO) |:|0~)2.|: 0‘)21: |:| %) 4%

\




\Local and Global I\/Iinimum|

L ocal Minimu:

A point X, issaid to be arelative or local minimum if there exists

an & > 0, such that f(x) = f(x,) for al x, suchthat |[x- x,|< &

and x Q. Thisdefinition saysthat if we can draw an arbitrarily
small box around our point u, and no other values of f(x) within

that small box have alower value than f(x, ), then we have alocal
minimum.

Global Minimum:

A point x* issaid to be aglobal minimum if f(x) = f(x*) for all x 0Q.

T .
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/Necessary and Sufficient Conditions\
Single Variable

L ocal Minimum: (Maximun)

Necessary consitions
f0) = 20e) =g

first - order

second- order fxx(xo):a ;X(ZXO) >0 (£0)

Sufficient consitions:;
first-order  Tx(X) =

* %) _ g 2

second- order fxx(xo)zd ;((2)(0)>0(<0) A

f(x) 05/

Ex f(Xx)=2x>-3x"+2 1
f (X)=6x*-6x=00 x=10r 0 od
f (X)=12x-6=60r —6 .

1 /-0.5 o 05 1 15 2
X




/Necessary and Sufficient Conditions\
Multiple Variables

L ocal Minimum: (Maximun)

Necessary consitions

first-order Of (x,) =0 (x:critical point)

second-order f _ (x )=Q ispositive semidefinite (x' Qx = 0,0x # 0)
Sufficient consitions:

first-order Of (x,) =0

second-order f (X ) =Q Ispositive definite (x'Qx >0,0x % 0)

Ex f(X,X,)=X>—6x, +2x: —8x, +30
f, (X)) =0f (X,) =[2%, -6 4x,-8=[00]0 x, =3x, =2
2 00

\ fXX(xO):DZf(xO):Q:%) 4ED Qispositive definite I minimum /
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\Bridge Design Examplel

Total cost = cost of superstructure + cost of piers

C, = (AS+B)LC, +§g+1§cp

LC . _[c
%t A, -—P=00S = |-
5 A

SZ

S

Note: Need to choose n=L/S* to a closest integer

L: bridge length (feet)

W: superstructure weight (pounds per foot, W = AS+ B)
S. span between piers (foot)

C.: cost of superstructure ($ per pound)

C,: cost of piers ($ per pier)

\
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\Alternative Design|

Given L =1000 C, =0.65, C, =80k
(DW, =16S+ 600 S* = 87.7ft
(2W, = 22S S* = 74.8ft

2.7

2.6
(2
2.5

Cost (million)

2.4 @ -

2.3

22—
4 60 80 100 120 140
Span (feet)

\
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/ Conductor Design Examplel \
cost model

Total cost = Power losscost + Investment cost
C, = f(cross—sectional area, electricity cost,
unit cost of theconductor,...)
|ssue: crosssection 1, installedcost 1, power losscost |

Power losscost /year =C_| °R Ars
1000A
A A .
Investment Cost (annual) =C, =C E—H+ C.—F, mE—H+ FWI
“ PO ( W PO

where W =LAD_ /144, A:areaof thecrosssection(in?)
C :installation cost, D, :materialdensity(weight per cubicfoot)

\ C..F. :presentandfuturevalueof thematerial per unitweight/

14
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\Cost Curvesl

Cr _on A = C.| ?’RH /1000
oA (C.—F )AL +iF | Bn
62CT _ .
2CI R10003 >00 min
1.5
;
£ (1) Copper ($ 1.3/1b
O
< 1
(3) Copper ($ 0.5/1b)
(2) Aluminum ($ 1.1/Ib)
0'52 21 é é 16 12
Area (in"2)

\
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/ \Inventory Decision Examplel \

Total cost = itemcost + procurement cost + holding cost
+ shortage cost
C; = f(procurement level, procurement quantity, demand rate,
lead time, replenishment rate, ...)

Inventory level (K)

Assumptions: replenishment rate is greater than demand
\ rate and that unsatisfied demand is not lost /

16




/ Inventory Decision Cost Model \

C :itemunitcost C;:procurement cost per procurement

D : demandratein unitsper period

L : procurement level Q: procurement quantity

N =Q/D =n,+n,+n,+n,:number of periodsper cycle
| =(n, +n,)l'/2:total inventory per cycle
S=(n,+n,)S/2:total shortageper cycle

C,, :unit holdingcost per period

C. : unit shortagecost per period
-

N

17 S




/ Inventory Decision Cost Model \

itemcost =C D
procurement cost =C /N =C_ 3

holdingcost =C.I /N =C, D(nz+n3)l

shortagecost =C.S/N =C, DM

where (n, +n,)(R-D) =(n, +n4)D n +n,=Q/R
n,+n,=5+T, S=DT-L

Totalcost=C, =CD+C,/N+CI/N+CS/N

g
<— T —>

T T y

18 S




/ \Optimal Inventory Decisionl \

solve& =0, aCr =
oL 0Q

. 1 pC D 2CD
|:| Q —_ P + P
1-D/RHC, C E

S

pC C,C.D E

Cs +Ch

O

[

O

O

+

_

I;ID
O
[ T 1
-

(¢ 26 []
\ sufficient condition: (¢ -0 jspositivedefinite

[9°Cr  9°Cq
[9QaL aLZE /




/ \Space Constrained Operationsl\

Warehouserestriction : max inventoryis conatrained
Ex:unconstrained [0 Q* =43.04,L* = 20.48
constrainad (I') 0 Q*=30.57,L*=15.6

Total Cost (k)
N
N
o

0 20 40 60 80
Procurement Quantity

20




\Numerical Optimization Techniquesl

 Motivation: analytical solution may not be feasible
— Cost function may not be differentiable

— Evaluating the expression for the derivative may be
difficult

e Algorithm Properties:

— |terative in nature
— Decent in sequence

— Global convergent is desirable but often not
achievable

 Numerical Techniques:
— Search methods

\ — Gradient methods /

21
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\Search I\/Iethodsl

Constructing shrinking bounding intervals
Fibonacci , Golden section

Often improved by curve - fitting line search
Basic property of unimodal function
(1) if f(x,)> f(x,) 0 x* O[x, U]
(2) if f(x) < f(x,)0 x*O[l, x,]
(3) ifF(x)=1(x;) 0 x* O[x;,X,]

f(x)

—_

X1 X2 u

\
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Bridge design example

f (s) =10400s + 80000000/ s + 470000

x 10

2557

25

245!
24 /

80 100 120

140

\

\Example - Golden Section Searchl

23
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\Gradient I\/Iethodsl

Steepest Decent: oldest and most widely known
methods for minimizing multi-variable functions

— Simple and not difficult to analyze

— Many modification on the basic technique exist for
better convergence properties

The Method:

To minimize f (x)

Xy = X, — 0,0, Whereg, = Uf(Xx,)

and a, isanonnegative scalar minimizing f (x, — a,9,)

\

24
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\Example I|

B (%, %) =% —4% +X —6%+30 x(0)=4,%,(0)=1
F(xO) =[2-4 26| =[4 ~4], (1) =x,(0)~4a,%,(1) = x,(0) +4a

f(x(1) = (4-4a)” - 44-4a) +(1+4a)* —6(1+4a) +30=32a0° — 320 + 25= h(a)

minh(@) 0 a =050 (1) =2 %,(1) =3

/\

» &

357 1
3/ |
x1 25 \

2F ©
15| ]
1- /
05 ¢ 4

1 2 3 4
X2

4.5

5

\

/
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\Example II|

EX:f (X, %)= 2)(12 —6x + X22 —2%%,;%(0) =0,%,(0) =0

Of (x(0) =[4%, - 6-2%, 2%, =2x ] =[-6 0]x () =x,(0) +6a1,%,(2) = %,(0) +0ar
f (x(1)) = 2(6a)? — 6(6a) + (0)% — 2(6a)(0) = 72a% — 360 = h(a)

minh(a) U a =0.250 x (1) =1.5x,(1) =0

Of (x() =[x -6-2%, 26 -2x ], =[0 -3[x(2) =x (1) +0a,%(2) = x,() + 3
f (x(1)) =2(1.5)° - 6(1.5) + (30)* - 2(1.5)(3a) =9a” -9 - 4.5=h(a)

minh(a) J a =050 x(1) =1.5x,(1) =15

\
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\Newton’s Method |

Approximate the function locally by a quadratic function

f(x)0f(x,)+D0OfF(X)X-X,)+ %(X - X, )'[Of Z(Xk))](x - Xy)

the right - hand side is minimized at
X, =X, —[Of 2(x )] Of (x,) O Newton's Method

For real quadratic functions f(x) =3x Qx -x'b
0 Xy =%~ Q7 (Qx, -b)=Q7b

\ reach solution in oneiteration /

27
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\Examplel

EX:f (X, %) =24 =6% +% —2%%;%(0) =0,%,(0) =0
, 04 -2r
Of (x(0) =[4% —6-2%, 2%, ~2x],, =[~6 O]’Df(x(o)):HZ o

, 4 ;05 051360 F30
[ (x(0)| ' F (x(0) “Bs 1 FoTAE

%D =x0) - (-3 =3%0) =x%0)-(-9 =3

5
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