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Abstract

	This lab was a study of a system of predator-prey equations dependent on a parameter .  The system was studied for real values of  from 0 to 5 (inclusive), in the first quadrant (which is the only important one for population biology).  I found that for   = 0, the system of equations would oscillate forever in the same pattern.  If the initial predator population was zero, then for  = 0 the prey population would grow exponentially.  If the initial prey population was zero, then the predator population would exponentially decay for any value of .  For 0 <  < (22)1/2 – 2, initial conditions inside the first quadrant would all spiral towards an equilibrium where the two species coexist.  The populations would oscillate with decreasing magnitude.  If there were initially no predators, however, the prey would grow as in a logistic model to an equilibrium (this is true for   > 0).  At  = (22)1/2 – 2, the linearized version of the equilibrium of coexistence bifurcates, becoming a stable node for (22)1/2 – 2 <  < 9/2.  As  gets larger (for  > 0), the carrying capacity for the prey population gets smaller.  Also, as  gets larger, the number of predators at the coexistence equilibrium gets smaller, although the number of prey stays the same.  At  = 9/2, the coexistence equilibrium hits the x- (prey) axis, at the exact location of the equilibrium for logistic growth of the prey without predators.  These equilibria are the same equilibrium at  = 9/2; all solutions with any initial prey population goes to this equilibrium.  All predators die out.  For 9/2 <  <= 5, the coexistence equilibrium exists (in theory) for a negative predator population.  All predators die out, and the rabbits go to their logistic carrying capacity.
	In short, for  = 0, the populations will coexist, oscillating around one equilibrium.  For 0 <  < 9/2, the populations will coexist, both approaching stable zero population growth levels at one equilibrium.  (Prey alone obey a logistic growth model.)  For 9/2 <  <= 5, all the predators will eventually die, and the prey population will go to its carrying capacity.  As  increases from 0 to 5, the number of predators coexisting with the prey decreases, and the carrying capacity of the prey decreases.


Introduction

	The system of predator-prey equations that I studied was:
dx/dt = 9x - x2 - 3xy
dy/dt = -2y + xy
	This is a system of nonlinear differential equations meant to predict the populations of a predator species and a prey species depending on a parameter .  The value ‘x’ is the population of the prey species, and the value ‘y’ is the population of the predator species.  ‘dx/dt’ is the growth rate of the prey, and ‘dy/dt’ is the growth rate of the predators.
	In dx/dt, the ‘9x’ means that not counting anything else, the prey population would grow exponentially at a rate proportional to e9t.  The ‘x2’ means that the rabbit population has a natural logistic carrying capacity of 9/ for  > 0 (for  <= 0 there is no carrying capacity).  The ‘-3xy’ is the detrimental effect to the prey population of interaction with the predator population.  The rate of interaction, or eating of prey, is proportional to the number of prey and the number of predators.
	In dy/dt, the ‘-2y’ means that not counting anything else, the predator population will decay exponentially at a rate proportional to e-2t.  If there is no prey to eat, the predators will die.  The ‘xy’ represents the positive effect to the predator population of eating prey.
	 is the parameter on which this system depends.  9/ (  > 0) is the carrying capacity (in a logistic model) of the environment to hold the prey in the absence of predators.  For  = 0 there is no carrying capacity, and the prey grows exponentially.  The eventual populations of predators and prey, with the exception of a few sets of initial conditions, depend entirely on .  For this lab I tested the system when  = 0,  = 1,  = (22)1/2 – 2,  = 3,  = 9/2, and  = 5.



Body
Part I
	Linearization is the process of approximating the behavior of a nonlinear system of differential equations near an equilibrium by the best-fit linear system of differential equations.  For a system such as the predator-prey system, which has no terms of degree greater than two, this can be achieved by taking the Hessian matrix of the nonlinear system and making that the characteristic matrix of the linearized system.  That is, for the system:
dx/dt = 9x - x2 - 3xy
dy/dt = -2y + xy
the Hessian matrix of partial derivatives is:
[d(dx/dt)/dx   d(dx/dt)/dy]
[d(dy/dt)/dx   d(dy/dt)/dy]
which evaluates to:
(9 - 2x -3y	-3x)
(y		x – 2)
giving us the linearized approximation of the system near equilibria:
dx/dt = (9 - 2x0 – 3y)*x - 3x0*y
dy/dt = y0*x – (x0 – 2)*y
in which the equilibrium is (x0, y0) and x = (x – x0) and y = (y - y0).
	Analysis of the equation (of the original, nonlinear system)
dx/dt = 9x - x2 - 3xy = x(9 - x – 3y)
gives the nullclines x = 0 and y = 3 – x(/3) (lines in which dx/dt = 0).  Similarly, the equation
dy/dt = -2y + xy = y(x – 2)
gives the nullclines y = 0 and x = 2 in which dy/dt = 0.  Where a nullcline of x and a nullcline of y cross, there is an equilibrium.  This occurs at either two or three points depending on the value of .  There is always an equilibrium at (0,0), where the nullclines x = 0 and y = 0 cross.  In addition, there is always an equilibrium at (2, 3 - *2/3), where the nullclines y = 3 – x(/3) and x = 2 cross.  Since the nullclines x = 0 and x = 2 are parallel and can never cross, that leaves the intersection of the nullclines y = 3 – x(/3) and y = 0.  This equilibrium, at (9/, 0), exists for all  except for  = 0 (when the two nullclines are parallel).  Finally, at  = 9/2 there are only two equilibria, because the equilibria at (2, 3 - *2/3) and (9/, 0) coincide at (2,0).
	The linearization of the system near the equilibrium (0,0) is always the same.  The equations are:
dx/dt = 9x
dy/dt = -2y
This is a saddle.  In fact, the system becomes completely decoupled near the origin.  Essentially, when the populations of both species are small, the prey population grows exponentially and the predator population decays exponentially.  The number of interactions between them is not enough to significantly impact either population.
	The linearization of the system near the equilibrium (9/, 0) is:
dx/dt = -9x - 27y/
dy/dt = (9/ - 2)y
When plotted on the trace-determinant plane, this yields:
T = 9/ -11
D = 18 – 81/
so, D = -9T – 81
Since  = 0 to 5 inclusive, T = positive infinity to –9.2.  For 0 <  < 4.5 this equilibrium is a saddle.  That means that if there is any predator population at all, it will recover.  If, however, there are no predators, the prey population will approach the equilibrium (its logistic carrying capacity).  For 4.5 <  < 5, this equilibrium is a stable node.  Near the equilibrium, any existing predator population will die off, and the prey will approach the equilibrium.
	The linearization near the equilibrium (2, 3-2/3) is:
dx/dt = -2x – 6y
dy/dt = (3 - 2/3)x
When plotted on the trace-determinant plane, this yields:
T = -2
D = 18 - 4
so, D = 18 + 2T
from T = 0 to –10.  At  = 0, this equilibrium is a center.  The solutions oscillate around it forever.  For 0 <  < (22)1/2 - 2, this equilibrium is a stable spiral.  Solutions approach the equilibrium; they oscillate forever, but with decreasing magnitude.  At  = (22)1/2 – 2, the system bifurcates, becoming a stable node.  The solutions still approach the equilibrium, but they no longer oscillate.  It remains a stable node until  = 4.5, when it bifurcates and becomes a saddle.  It is a saddle for 4.5 <  < 5, but it is then in the fourth quadrant, and it no longer concerns us.
	The system has three bifurcations: at  = 0, (22)1/2 - 2, and 9/2.  It has three states in between the bifurcations: 0 <  < (22)1/2 – 2, (22)1/2 – 2 <  < 9/2, and 9/2 <  < 5.

Part II
	At  = 0 there are only two equilibria.  This phase plane is sketched in graph A.  One is at (0,0) and the other is at (2,3).  This case corresponds to completely exponential, not logistic, growth of the prey, and all such systems behave in the same manner; they all oscillate around the equilibrium in the first quadrant.  All solutions that do not start on the axes end up oscillating (counterclockwise) around the (2,3) equilibrium forever, in the exact same pattern.  If there is no initial predator population, the prey population grows exponentially.  If there is no initial prey population, the predator population decays exponentially.
	Between  = 0 and  = (22)1/2 – 2, the system has three equilibria.  (I used  = 1 as a test case.)  All solutions that do not start on one of the axes spiral (counterclockwise) into the equilibrium at (2, 3-2/3).  If there is no initial prey population, the predator population, as always, will exponentially decay.  If there is no initial predator population, however, the prey population, as for all other cases where  > 0, will grow logistically to the equilibrium at (9/, 0).
	At  = (22)1/2 – 2, the system still has three equilibria.  This phase plane is sketched in graph B.  All solutions that do not start on one of the axes will approach the (2, 3-2((22)1/2 – 2)/3) equilibrium.  They “oscillate” once before approaching the equilibrium.  Solutions that start on the axes behave the same as before.
	Between  = (22)1/2 – 2 and  = 9/2, the system still has three equilibria.  All solutions that do not start on one of the axes approach the (2, 3-2/3) equilibrium, except now they approach it without oscillating.  (I used  = 3 as a test case.)  Solutions that start on the axes behave the same as before.
	At  = 9/2, there are two equilibria, at (0,0) and (2,0).  This phase plane is sketched in graph C.  The equilibrium at (2,0) is bifurcating between a stable node and a saddle; that is, it has one zero eigenvalue.  All solutions approach the (2,0) equilibrium.  All predators die out, and the prey approaches its logistic carrying capacity of 2.
	The case for 9/2 <  <= 5 is somewhat boring.  (I used  = 5 as the test case.)  There are only two equilibria in the first quadrant: (0,0) and (9/, 0).  All predators eventually die out, and the prey population goes to its logistic carrying capacity of 9/.

Conclusions
	The two species will coexist for most values of  in the studied interval.  All systems with 0 <  < 4.5 with initial conditions inside the first quadrant (not on the axes) will approach the equilibrium where the predator and prey coexist.  Systems with  = 0 will oscillate indefinitely, and systems with  >= 4.5 will have all the predators die out while the prey goes to its logistic carrying capacity.  The amazing thing is that all this was achieved by adjusting the carrying capacity of the prey population (by changing the  parameter).  For  >= 4.5, the predators died out because there simply were not enough prey to sustain them.  Also, the parameter , while it would seem to affect the population of the prey (it’s in that equation), affects only the population of the predators when the two species coexist (for 0 <  < 4.5).

