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A surd isasqguare root that cannot be expressed as a rational number (a quotient of real
numbers), for example /2 =1.414213562... isasurd

+

There are three important rules to remember when working with surds, they are:

Ja' b =1ab

a/ctbyc =(atb)c
$5 @
J& 3 =\i6=4

Jo4 |24
N

9V5- 45 =(9- 4)V5=5/5

@ Simplify the following as much as
possible using some or all of the three rules

stated above:
20(v3" /3" 3)- 16(v3" V)
J8 /2

Recall thefirst rule of surds above. We can use this rule in two ways, to multiply surds,
but also to factorise surds. Factorising surds can lead to simplifications.

$5 @ V27 =49"3=9" /3=3/3

When faced with a surd, look to see whether the surd can be factorised using square
numbers (square numbers are 4, 9, 16, 25, 36, 49, 64, ...), aswedid in example 1.2.




6 + 0 6

Any real number, like 3, 7, 49 etc. can be expressed as aroot by remembering that

a=+/a? . For example, we can write 5=+/5% =+/25 . This meansthat we can multiply a
surd by areal number, first by expressing the real number as aroot, then using the first
rule of surds.

Do not get confused and write an incorrect statement, like v'5° +/5 =25

$5 @ /512 - 152 =/2” 256 - 15¢2 =162 - 1542 =+/2

@ Using any of the results so far, simplify the following as much as possible:

J75+243

+ #

When dealing with expressions where surds appear in the denominator, it is usual to
eliminate all surds in the denominator where possible.

For example, given i we would diminate the /3 term in the denominator by

J3
o . 2 2743 243
multiplying numerator and denominator b \/§,|.e. —= =
PYIng Y NG

now have a surd appearing in the numerator, but it is standard practice to favour surdsin
the numerator over surds in the denominator. Thisis an advantage, for example, if we
wish to add various fractions involving surds.

. Of course, we

To rationalise the denominator of we multiply numerator and denominator by

_2_
2++/5"
2- 5. Thistechnique is an illustration of the factorisation of a difference of squares.
Recall: (a+b)(a- b)=a*- b’.

Returning to our example, we have:
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2 2(2-\/5) _4-25
2+v5  (2+y5)(2-V5)  4-5 w25

In generdl, to rationalise the denominator of - , we multiply numerator and
(a b+c/d )

denominator by (a\/B c/d )

$5 @ Rationalise the denominator in the following expression:

2J3+42

3V2+43

In this case, we can rationalise the denominator by multiplying numerator and
denominator by 3v2 - +/3. Let'sdo this:

23443 _(2/3++2)(3/2- 3]
N2+ V3 (a/2+45)(3/2- \3)

@ Simplify the following
_ 6/6- 2/9+3Va- /6 ZxEonasmuchaspossible:
W4- 9 . (Start by rationalising the
2+./6
_ 6/6- 2" 3+3 2- 6 denominator).
9" 2-3
:5«/5- 6+6
15
_6
3
$5

The general process for simplifying surds is to rationalise the denominator where
appropriate, write the expression involving as few roots as possible and write the roots as
small as possible, for example, we can write /112 as NI (Check!). Keep at the front of
your mind all of the rules and methods we have covered.
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$5 @ Simplify each of the following:
a) 520 +2./45 b) 35
2//6
3V5 _3/5 /b
a) 5J20+2/45=5/4" 5+25" 9 6T 26
=5 2/5+2" 35 _3/%
12
=10J5+6y5
30
:16\/6 :£
4
$5 @ Express J2+1 in the form a+/2 +b where a and b are integers.

J2-1

The obvious thing to do hereis to rationalise the denominator:

(5o
V2-1 (V2-1)(v2+1)

_2+2+42+1
2-1

:3+2\/§ Soweseethat a=2 and b=3.

) %

We are already familiar with the graphs of quadratic functions of the form
f (X) = ax® + bx+ ¢ . We can also factorise quadratic equations of this form where

possible to find the roots (zeros) or use the quadratic formulafor finding the roots when
factorisation is not possible.

Asareminder, let usfind the roots, and sketch, the following function:
f(X) =8x°- 14x+3.

We know that the shape of this graph is a parabola (bucket shape). The parabolaisthe
‘right war round’ because the x* term is positive. Where does the parabola cross the x-
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axis? We call the point(s) where the parabola crosses the x-axis the r oots (or zer os) of the
quadratic. These correspond the value(s) of x satisfying 8x° - 14x+3=0.

In this case we can factorise as follows:

B

30

8x*-14x+3=0

25

20

(4x- 1)(2x- 3)=0

4x-1=0 or 2x-3=0 g

fig. 1.1

So the roots of the quadratic (the points where the quadratic graph crosses the x-axis) are

a xzi and x:g, asshowninfig.1.1.

. . 7 . ..
The minimum of this graph occursat x =—; we will learn how to calculate thisin alater

chapter. The point on the graph at where the minimum (or maximum in other cases)
occursis called the vertex. Notice that the graph has aline of symmetry - avertical line
that cuts through the vertex. Of course, this property is seen in al quadratic parabolas.

Thisisillustrated in figl. 2. on the sSimplest quadratic parabola- f(x) = x*.

25

20

<~ ~"o33<0 -+ 0 ® >~ —




13

0

Consider thefunction f(x) = x*. What isthevalueof f(x) when x =3? The answer is,
of course, 9. We write f (3) =9 to say ‘the value of the function f when x=3is9'.

When asked to find the roots of a quadratic polynomial, or to factorise aquadratic
polynomial, try the following methods:

First, write the quadratic in the form ax® +bx+c =0. For example, write 2x* =7 in the

form 2x*- 7 =0. It may be necessary to do some manipulation first, for example
clearing fractions where possible.

i. If thereisonly oneterm involving x — the equation can be solved by algebraic

manipulation. For example, 3:£ X :%:49 X = ++/49 = +7
X

ii. If thereisoneterminvolving x* and one term involving x and no constant terms
— then factorise out an x. For example,

x2:1x+3x2 2x2+1x:O X 2x+1 =0
2 2 2

Xx=0 or 2x+%=0 Xx=0 or x=-

NG

iii.  If the quadratic contains x* and x and constant terms, try to factorise into two
linear factors. For example

6x2 =12- 6X 6x2 +6x-12=0 (2x+4)(3x- 3)=0
2X+4=0 or 3x-3=0 Xx=-2 or x=1

iv.  If the quadratic does not factorise, use the quadratic formula. If ax® +bx+c=0,

-bx+/b?- 4ac
2a

. For example 3x* +5x- 7=0, then

_-5+4/109
6

then x=

_-5%,[5%- 473 (-7)
B 2" 3
or x=-2.573.

X

thisis approximately equal to x = 0.906

$5 @ Find the (real) solutions of the following:
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6x+6:E
X

This expression is a quadratic polynomial in disguise! First we need to do a bit of
manipulation to get this into the standard form. Multiplying throughout by x to clear the
fraction gives:

6x* +6x =12 6x>+6x-12=0
Now, thisis exactly the same polynomial as before, we have not changed it in any way,
just written it slightly differently. We are asked to find the solutions, i.e. find the values

of x such that when we substitute in those values, we get atrue statement. Thisisjust a
case of factorising and reading off the roots in the usual way. We factorise to get:

(2x+4)(3x- 3)=0 2x+4=0 or 3x-3=0
i.ee x=-2 or x=1.

$5 @ Find the (real) solutions of the following:
2x*+x%- 6x°=0

Now this may not ook like a quadratic equation, but we can make it look like a quadratic
equation by factoring out one of the x terms. Then we can factorise completely. Doing
thisgives:

2x*+x3- 6x2 =0 x2(2x2+x- 6) =0 x(2x- 3)(x+2)
sowehavethat x=0 or x=-2 or x:g.

$5 @ Find the (real) solutions of the following:

m* - 10m*+24=0
Here, factorising out x> will not work so well, because of the constant term. We can,
however, make this look like a quadratic equation by setting a=m*. Making thissimple
substitution gives:

a’-10a+24=0.

We can factorise this easily as (a- 4)(a- 6)=0 sothat a=4 or a=6.But, remember

that a=m” - the original question was in terms or m, not a, SO we must give our answer
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intermsof m. So, mM* =4 or m° =6 m=+2 or m=+/6.(Don't forget +).
These four roots are shown in fig.1.3

f(x)=m"-10m*+24

@ Solve each of the following for x:
15 4 2
a) 2x+7=— b) x*- x=0
10 X
5 C) x+7=—6
2x- 2

Consider the function f(x) =x*- 6x+9. This can be factorised as
f(x) =(x- 3)(x- 3)=(x- 3)°, i.e itisaperfect square.

What about the function f (x) = x* - 6x+10 can this be factorised as a perfect square?
The answer is, of course, no. But we can writeit as f(x) =(x- 3)° +1.

What about g(X) = X*- 4x+2. Can wewritethisintheform g(x) =(x+a)+b?
Yes, we can: g(x) =(x- 2)2- 2 (a=-2, b=-2). Canwe write any quadratic

polynomial of the form h(x) = x* +bx+c intheform h(x) = (x+ A)2 + B? The answer,

once again, isyes. In genera, thistechnique is called completing the squar e. Before we
construct a general method, let usfirst think carefully about what we are doing when we

expand an expression like (x+a)”.
(x+a)’ =x+2ax+a?

Thefirst term (X) gets squared
The two terms (x and a) get multiplied together and doubled
Thelast term (a) gets squared

Completing the square is essentially the reverse of this process.

METHOD
To complete the square of x* +bx+c, we write,
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NG +bx+c=(x+A)2 +B.
To find A: Half the coefficient of x, i.e. A:%b
To find B: expand the bracket and see what needs to be added or subtracted to get
equality.
2

We have established that Azéb,sowehave W% +bx+C = x+%b +B.

2
Now x+%b = x° +bx+%b2, So we have

x2+bx+c=x2+bx+%fb2+B B:c-%fb2

SUMMARY: x? +bx+c=(x+A)" +B where A:%b and B=c- %bz.

It is better to remember the method, rather than memorise the result.

$5 @( Express x* +5x- 7 intheform (x+ A)2+B and hence solve the
equation x*+5x- 7=0.

2 2

We complete the square, x* +5x- 7 = x+§ -7-§= x+§ -5_
2 4 2 4
2
Now, X2 +5x- 7=0 x+2 -B_g
2 4
5 53 53 5
X+—=%[— X=% |—- =
2 4 4 2

or x=1.14 or x=-6.14.

So far, we have only completed the square for expressions of the form x* +bx+c. What
about expressions of the form ax® + bx + ¢ ? The solution to this problem isto factor out
the a first. For example, if we want to complete the square for 3p - 7p+8, wefirst
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factor out the 3to get 3 p” - §p+g . Now we complete the square of p?® - gp+% in

the usual way, but remember that everything is multiplied by 3.
$5 @ Express 2x°- 3x+1 intheform A(x+ B)2+C.

2x% - 3Xx+1=2 X*- §x+E
2 2

_ 3 9 1
=2 X-— -—+=
4 16 2
_ 3% 1 Be careful with the brackets here,
=2 x 4 16 make sure everything gets multiplied
by the 2.
2

=2 X- § - 1

4 8

@ Express 3x*- x+10 intheform A(x+ B)2 +C and hence show
that the equation 3x* - x+10=0 has no real root.

Why is completing the square useful ? As we have seen in example 10, we can solve a
guadratic equation by completing the square, although in practice quadratic equations are
not normally solved in this way. However, a generalisation of this method is used to
prove the quadratic equation formula (see later).

We can gain a useful piece of information by completing the square of a quadratic
equation, that iswe can say what the minimum value of the quadratic is. Once we have
expressed a quadratic in the form A(x+B)”+C, since (x+B)” 3 0 (anything squared is

never negative, i.e. dways greater than or equal to zero), the minimum value must be C.
The minimum (or maximum) point of a quadratic function is called the tur ning point of
the function.
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$5 @' Find theturning point (x, y) on the function y = x* +16x+63.

Thisfunction is a parabola (right way round), so the turning point isa minimum turning
point. We can find this by completing the square:

X2 +16x+63=(x+8)"- 1

Since the minimum value of (x+ 8)2 is0, the minimum value of y = x? +16x+ 63 occurs
a y=-1.

We find the x value at this point by substituting y =- 1 into the equation and solving for
X

X2 +16x+63=- 1 X2 +16x+64=0 (x+8)" =0 x=-8.

So the minimum point occurs at (- 8,- 1), as shown infig.1. 4.

el y=x?+16x+63

T~

Turning point

RN

L L L
-0 -85 -9 Ealia] 8 74 -f B £ 55 -4

fig. 1.4

b++/b?- 4ac

2a
proved by completing the square of ax® +bx+c and using it to solve ax® +bx+c=0.
Thisisleft as an exercise.

. This can be

Recall the quadratic formula: If ax® +bx+c =0, then x= -

= $

Look back at example 1.7. Here we considered a quadratic equation which had two
distinct (different) roots, namely x=-2 or x=1.



19

L ook back at example 12. Here we came across the quadratic x* +16x+64 =0, which
we found had only oneroot (or sometimes we say two repeated roots).

Now consider the quadratic x>+ x+6=0. Thiswill not factorise. If wetry to use the
guadratic formula we get:

_-1+41-18  -1++/-23

2 2
find the square root of a negative number. So we say that this quadratic has no (real)
roots.

. This presents us with a problem — we do not know how to

In summary, any quadratic equation ax’ +bx+c =0 has either: two different roots, one
root (two repeated roots) or no (real) roots.

Given any quadratic equation ax” +bx+c =0, can we tell which category it will fall into
without going through the whole process of solving the equation?
-b++/b*- 4ac

2a
It turns out that the information about whether the quadratic has two, one or no root(s) is

contained in the term b® - 4ac. Thistermis called the discriminant of the quadratic
equation.

Recall, once again the quadratic formula: If ax* +bx+c =0, then x =

In the case where the quadratic has two distinct roots, the equation cuts the x-axisin two
different places. In the case where the quadratic has one root, the equation is tangent to
the x-axis at one point (just touches but does not cross). In the case where the quadratic
has no (real) roots, the equation never crosses the x-axis.

If b®- 4ac >0 then the equation has two distinct roots (fig. 1.5)

If b®- 4ac =0 then the equation has one root (two repeated roots) (fig.1. 6)

If b®- 4ac <0 then the equation has no (real) roots (fig.1. 7)
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b? - 4ac>0 - crosses x-axis b?- 4ac=0 - tangent to x- b? - 4ac<0 - doesnot cross
twice axis x-axis

NI
N

fig. 1.5

¥ Vh

fig. 1.6 fig. 1.7

$5 @  Does the equation % x* +4x+8=0 have any roots? If so, doesit
have two repeated roots or two distinct roots? Which of fig. 1.5, 1.6, 1.7 could be aplot

of y:%x2+4x+8?

We need to calculate b? - 4ac. b?- dac=4%- 4’ % 8=0, s0 %x2+4x+8:0 has two

repeated roots. y = % x* +4x+8 istangent to the x-axis at one point, so fig. 1.6 could be a

plot of y:%x2 +4x+8.

! @ a) Does p®- 5p+6=0 havetwo distinct, two repeated or no (real) roots?

b) Given that ax® +bx+c =0 hastwo repeated roots, does 2ax” - 4bx+c =0
have two distinct, two repeated or no (real) roots?

% &

If we are asked to sketch a quadratic equation, there are four basic pieces of information
we need to know: ‘which way round’ the quadratic equation is, depending on whether the

x* term is positive or negative, where the graph crosses the x-axis (if at all), where the
minimum (or maximum) value occurs and where the graph cuts the y-axis. To sketch a
given quadratic, we first find the roots to see where it will cross the x-axis (if at al). Then

we express the quadratic in the form A(x+B)” +C, so that we can find the coordinates

of the minimum value. To find where the graph crosses the y-axis, se smply set x=0
and calculate the value of .
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$5 @* Sketch thefunction y=2x*+4x- 6.

To find the roots, we factorise 2x* +4x- 6 =0 to get:
(2x+6)(x-1)=0 x=-3 or x=1.

Sothe y=2x*+4x- 6 cutsthex-axisat x=-3 and x=1. Next we find the minimum
point of the graph. We can write 2x* +4x- 6=0 as 2(x+1)"- 8=0 (check). Therefore,

the minimum value of y =2x*+4x- 6 occurswhen y =- 8. To find the x coordinate of
the minimum point, substitute y =- 8 into y = 2x* + 4x- 6 to get:

2x2+4x+2=0 (2x+2)(x+1) =0 x=-1.
So the minimum pointisat (x,y)=(-1,-8).
To find where the graph crosses the y-axis, weset x=0,toget y=-6.

Recall also that thereis aline of symmetry parallel to the y-axis that cuts through the
minimum point.

We now have all the information we need to sketch aplot. The plot isshowninfig.1. 8.

¥
20

15 y=2x"+4x- 6

: 1 " @ Sketch the function
y=x*- 4X+6.

We are aready familiar with solving two linear simultaneous equations in two unknowns.
Recall that there are two methods of solving simultaneous linear equations: by
elimination or by substitution. The elimination method relies on us being able to rewrite
the equations so that after we add the two equation or subtract the two equations, one of
the unknowns is eliminated. We can then solve the problem.

The substitution method relies on us being able to rearrange one of the equations to make
one of the unknowns the subject. We then substitute for this unknown into the other
equation and solve. Let us remind ourselves with some examples.
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$5 @  Solve the following simultaneous equations:

2x+6y=16 . (1) Here, we can use the elimination method. We
can eliminate either x or y. We will choose to

x-18y=-49 ... 2 eliminate x.

Multiplying (2) by 2 and subtracting the two equations gives:

42y =114 y= ) = = =2.714 We can now substitute for y in either (1) or
(2).

Substituting for y in (1) gives:

2x+6 =16 x=16- ¢ x=I 1611
7 7 2 7
x=-0.1429
$5 @/ Solve the following simultaneous equations:
XC+y? =13 (1) The best way to solve these isto rearrange (2) in

terms of either x or y and then substitute into (1).

X+Y=T e, 2  Wewillrearange(2) fory.

From (2) we have:

Y=T7-2X e, 3

Now we can substitute this into (1) and solve the resulting equation for x.
Substituting into (1) gives.

X2 +(7- 2x)* =13 X2 +49- 28x+4x* =13 5x? - 28x+36=0

We can factorise thisquadraticas: ~ (5x- 18)(x- 2) =0 le—: or x=2

Now we substitute for xin (3):

18 .18 1
If x=—,then y=7-2"—=-= _ .
5 5 5 Substitute these answers back into (1) and (2) to
check that both pairs are valid solutions.

If x=2,then y=7-2"2=3
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What do-theseresults correspond to graphically? We have solved simultaneously

18

X’ +y® =13 and 2x+y=7. Thepoints (x,y) = = 1 and (x,y)=(2,3) correspond

5

to points where the two graphs are simultaneously equal, i.e. where they have the same
value, i.e. wherethey cross. Thisisillustrated in fig. 1.9.

°r 2x+y=7

x*+v2 =13

! @ Solvethefollowing
simultaneous equations.
[llustrate the results

graphically.
y=x"-2X+2

y=4x-7.

14
/ x/\x“bws

fig. 1.10

o

fig. 1.9

" @ Solve the simultaneous

equations 2x° - xy+y* =32 and y =- >

x

! @ fig. 1.10 shows plotsfor the
functions f(x) =- x*+2x+8 and

g(x) = x* - 3x- 4. Find the coordinates of
the two points where the graphs of f (x)
and g(x) cross.
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)

Aninequality is an expression similar to an equation, but rather than having an equals
sign, we have an inequality sign. An example of an inequality is, 2x+33 11. We can
solve and manipulate inequalitiesin asimilar way as we do with equations. We can add
an amount to both sides, divide both sides by an equal amount or multiply both sides by
an equa amount, as we do with equations. However, there is one golden rule we must
always remember when working with inequalities:

If we multiply or divide both sides of an inequality by a negative number, then we must
reverse the inequality sign.

This can be easily illustrated. Consider the inequality, 6 <8. Thisisatrue statement. If
we multiply both sidesby - 1 we get, - 6<- 8, which isfalse. Because we have
multiplied both sides by a negative number, we must reverse the inequality sign to get
-6>-8, whichistrue. If wedivide both sidesby - 2, for example, we must again
reverse the inequality sign to get atrue statement (check). So, while we can multiply and
divide both sides of an equation by a negative number without worry, when multiplying
or dividing both sides of an inequality by a negative number, we must reversethe
inequality sign.

$5 @! Simplify theinequality 2x+33 11.

In this example, we work just as we would if this were an equation. First subtract 3 from
both sides:

2x3 8. Then divide both sides by 2:

x3 4. Sowehavediscovered that 2x+33 11 U  x3 4, i.e if we substitute any
number greater than or equal to 4 for xin 2x+33 11, we will get atrue statement.

$5 @ Simplify theinequality %x<3x- 4,

Again, thisisvery similar to how we solve linear equations. First, multiply both sides by

3toget x<9x- 12. Now subtract 9x from both sidesto get - 8x<- 12 x>g.

$5 @2 Find the set of integers which satisfy simultaneously both of:

6X- 3E7(X-1) .cooiiinnnn, (1)
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2X>3X-9 (2

We start by ssimplifying each of (1) and (2) separately as normal. Simplifying (1) leads to:
4£x or x3 4 (check). Simplifying (2) leads to:

9>x or x<9.

Now we are asked for integers that simultaneoudly satisfy both (1) and (2). The integers
that satisfy (1) and (2) separately areillustrated in figl. 11.

®
v

| | | | | | | | Note: 4 isincluded in
3 4 5 6 7 8 9 10 therange, 9 is not.

A

fig. 1.11

So the integers which satisfy both inequalities ssmultaneously are 4, 5, 6, 7, 8.

@ ( Find the range of values which satisfy simultaneously both of:

7X£16+2x and
Note: you are asked for arange of
1 (3x + 3) >0 values here, not just integers.

)

When solving quadratic inequalities, it is always advisable to make a sketch to see what
isgoing on. Let us consider an example.

$5 @( Solvetheinequality 8x* +24x+10<0.

The way to solve thisisto simply sketch the graph of y =8x* + 24x+10 and read off the
values. We can factorise 8x° +24x+10 as (4x+2)(2x+5), s0 y =8x*+24x+10 cuts

thex-axisat X =- % and x=- g . We can now make arough sketch of the graph. The
plotisshownin fig. 11.
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Now, the region 8x° +24x+10< 0 corresponds to the region of the graph below

the x-axis, i.e. intheregion - g< X<- ri

$5

&0

30

20

-10

1

: $5 @ Solvetheinequality

2
y =8x +24x+10 2X° >12X.

We can rearrange 2x° >12x to get
x(2x- 12) >0. Now we plot

y =X(2x- 12) and read off the answer.
Theplotisshowninfig.1. 13.

-4 73‘5 é 72‘5 2‘ -1 ‘5 1I VEI‘S a EIIE 1 The r@l On X(ZX = 12) > O Corr@onds to
y=x(2x-12) ] Another way to illustrate thisinequality is

200

150

100

50

to work out where the graphs of y = 2x*

and y =12x cross. We can plot these two

graphs and write down the required range
of valuesof x that satisfy the inequality.

Theplotsof y=2x* and y=12x are

R R R R R showninfig.1. 14.

fig. 1.13 Theregion 2x* >12x corresponds
to the region where the graph of

y =2x’ is above the graph of

y2 | y =12x, i.e. theregions x<0 and
Y X>6

¥ y=12x

o

1} 2 4 B 8 10

fig. 1.14
y= 2x*+4x- 6

@" Solve the inequality i£2.
X+3



27

First we must clear the fraction. Beware: we cannot multiply both sidesby x+ 3, because
this may be a negative quantity. To ensure we are multiplying both sides by a positive

quantity, we multiply by (x+3)2. Doing this gives,
8(x+3)£2(x+3)” 2x? +4x- 63 0 (check!)

(2x+6)(x-1)3 0.

saiﬁz U x£3 or x31
X+3
“ ! @ Solvetheinequality 2X—+13£3forx.
X_
+

4 6 # %

In this section, our aim is to understand how to divide a quadratic or cubic polynomia by
alinear term. For example, how do we work out 3x* +12x+9 divided by x+2?When
we divide a quadratic by alinear expression, we expect the answer to be linear (When we
divide an expression of order mby an expression of order n, we expect the answer to be
an expression of order m- n). Before we tackle the problem of algebraic division, it will
help usto first recall how we divide numbers. Consider 32 divided by 5. We can write:

32 6 remainder 2. Alternatively we can write 32=6" 5+2.
2
Now, when faced with &fz)ﬁg we can write:
X

3x? +12x+9° (linear termin ) (x +2) + remainder .

The remainder, in this case will be a constant, one degree less that the ‘linear term’.
We write the linear term in the general form ax+b:

3x? +12x+9° (ax+b)(x+2)+r.
Notice, we use the symbol ‘ © ’ instead of an equals sign. This sign means ‘identically

equal to’ and is used when the expression isvalid for all values of x. Note: identities
cannot be solved like equations can.
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So the expression on the left of the identity sign is exactly the same as the expression on
the right of the identity sign. Because we have 3 lots of x* on the left of the identity sign,
we must have 3 lotsof x* on theright of the identity sign. Look at the expression on the
RHS; the only place where we will get x* terms is when we multiply ax by x:

(a%+b) (x+2)

i.e. wewill havealotsof x* termson the RHS. This meansthat a = 3. Next consider the
x terms. On the LHS we have 12 lots of x. On the RHS we will get x terms when we
multiply ax by 2 and when we multiply b by x:

i.e. wewill have 2a+b (8@2)
J

lots of x on the RHS, so
12=2a+b. Since a=3 we
havethat b=6. So now we can write:

3% +12x+9° (3x+6)(x+2)+r . Multiplying out the brackets, we can seethat r = - 3.
Finally we can write down the answer to the original problem:

2
3X°+12x+9 | 3%+ 6- 3 .
X+2 X+2

2
From &szx-kg we write, 3x* +12x+9° (3x+6)(x+2)- 3.
X
Theterm (3x+6) issometimes called the quotient. We also say that (3x+6)isafactor

of 3x? +12x+9. - 3 istheremainder.

When the polynomial f (x) isdivided by x- a, theremainder is f(a)

This can be proved by the following argument.

Write f(x) =(x- a)(Quotient) + Remainder . When x=a,

f (a) =(a- a)(Quotient) + Remainder , i.e. f(a)=Remainder as stated.
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$5 @ Find the remainder when f(x) =3x®+4x*+ x+6 isdivided by x- 3.
From the remainder theorem, we have that the required remainder is:
f(3) =3 3+4 F+3+6=126.

The following isa corollary of the remainder theorem:

f(@=0 0 (x-a)isafactorof f(x)

Thisis often used when factorising cubic equations, as illustrated in the next example.
$5 @* Write f(x)=x®+4x*+x- 6 asaproduct of three linear factors.

Theam isto find anumber a such that f(a) =0, thiswill give us one of the factors,
namely (x- a) . Usually, trying the numbers +1, £2, +3 will reveal at least one of the

factors. Herewe notice that f (1) =0. Thismeansthat (x- 1) isafactor of f(x).Now
we can write;

f (x) = (x- 1)(Quadratic factor) . We write the quadratic factor generally as ax® +bx+c,

f(x) = (x- 1)(ax® +bx+c) . Comparing coefficients of x*, x and constant terms reveals
that a=1,b=51c=6,i.e

f(x) = (x- 1)(x* +5x+6). The quadratic term can be factorised to give

f (x) =(x- 1)(x+2)(x+3). We havefactorised f(x) asaproduct of three linear factors

asrequired. We may have aso noticed that f(-2) =0andf (- 3) =0, thiswould have

given usthe three linear factors immediately, though not all examples are as obvious as
this.

x- 4. Express g(m) asaproduct of three linear factors.

@' Find the remainder when g(m) = 2m?® - 5m* - 37m+60 is divided by “
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1.16.

B0

@ Suggest a possible equation for the curvein fig.

40

1/ N\

7 / fig. 1.16\/

-B0

Hint: Look at where
the graph cuts the x-
axis

Sketch the graph of f (x) = x*. On the same graph, sketch f (x)+3=x*+3 and

f (x)- 3=x*- 3. We can seethat the graphs all have the same basic shape, but they are
‘shifted’ parallel to they-axis. f(x)=x* hasaminimumat y=0. f (x)+3=x*+3 has
aminimum at y =3, thisis because every point on the graph of f(x) = x* hashad 3
added toit. f(x)- 3=x*- 3 hasaminimumat y =- 3, thisis because every point on

the graph of f(X) =x* has had 3 subtracted from it. We call such a‘shift’, where the

shape of the graph remains the same but the graph is moved relative to the axis, a
trandation. The plots are shown infig. 1.17.

y

In general we can say that:

The transformation

f(x) ® f(x)+a isatrandation
by a units paralel to the y-axisin the
positive direction.

The transformation

f(x) ® f(x)-a isatrandation
by a units parallel to the y-axisin the
negative direction.




31

Sketch the graph of f(x) = x2. On the same graph, sketch f (x- 2) =(x- 2)” and
f(x+2)=(x+ 2)2 . What are the relationships between the three graphs? Note, f (x- 2)
means ‘ substitute x- 2 for xinthe expression f(x)=x*' and f (x+2) means
‘substitute x+ 2 for x in the expression f(x) = x*’. The plots are shown in fig. 1.18.

We can see that the graphs al have the
same basic shape, but they are
trandations of each other parallel to the

x-axis. f(x)=x* hasaminimum at
x=0. f(x-2)=(x- 2)° hasa
minimum at x=2, i.e. itisatrandation
of f(x) by 2 unitspardlel to the x-axis
in the positive direction.

f (x+2)=(x+2)° hasaminimum at
x=-2,i.eitisatrandation of f(x) by
2 units parallel to the x-axisin the
negative direction.

fig. 1.18

In general, we can say that:

Thetransformation f(x) ® f(x- a) isatranslation by a units parallel to the x-axis
in the positive direction.

Thetransformation f(x) ® f(x+a) isatransiation by a units parallel to the x-axis
in the negative direction.

This seems counter intuitive. Thetrandation f(x) ® f(x- a) moves the graph

in the positive direction and the trandation f(x) ® f(x+a) moves the graph
in the negative direction. The signs may cause us confusion.

Sketch the graph of f (X) = x*. On the same graph sketch 3f (x) =3x*. What isthe
relationship between the two graphs? The plots are shown in fig. 1.19.
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Here, the basic shape of the graph has changed. In fact, the graph of f (x) = x* has been
stretched parallel to the y-axis by afactor of 3 to make the graph of 3f (x) =3x°.

200

180

160 \ 3f(x)=3x®
140 +
120 -
100 -
80+
60
40

20 -

fig. 1.19

In general we can say that:

Thetransformation f(x) ® af (x) isastretch, paralel to the y-axis, by afactor a.

Note: Points (x,y) =(0,y) are unaffected by this transformation. The same is true for
the following type of transformation.

Sketch the graph of f (X) = x*. On the same graph sketch f (2x) = 4x*. What isthe
relationship between the two graphs? The plots are shown in fig. 1.20.

300

77 S Here, the graph of f(x) = x* has
been stretched parallel to the x-axis

by afactor of % to produce the

graph of f(2x) . (Wemay think of

thisasa‘sqguash’ parale to the x-
axis).

In general we can say that:
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Thetransformation f(x) ® f(ax) isastretch, paralel to the x-axis, by afactor i.

$5 @ Sketchthefunction f(x)=x>. On the same graph, sketch
g(x) =2x°- 3.

I B We first sketch the graph of f(x) =x*. We

0 d perform two transformations on this graph to get

. j the graph of g(x) =2x*- 3. We notice that

0 , g(x) =2f(x)- 3. The effect of multiplying f(x)
W ] by 2 isto stretch the graph by afactor of 2 paralléel
9 ] to the y-axis. The effect of subtracting 3 from

f (x) trandatesthe graph parallel to the y-axis 3
unitsin the negative direction. Combining these
transformations leads to the plot shown in

fig. 1.21 fig.1. 21.

@* Thefunction f is defined by 1‘(x):2 1 , xI , x! 4. Sketch the

graph of f. Hint: Start with the graph of 1 and perform transformations on it.
X




We are familiar with straight lines of the form y = mx+c, where misthe gradient and c
isthe intercept on the y-axis. lllustrated in fig. 1.22.

:ﬂ:m
Dx

v 4

gradient

intercept on y-axis=c.

We can work out the equation of a straight
line given any two points on the line, or the

; gradient of the line and one point on the
/ o _ line.
fig.1. 22
$5 @/ Find the equation of the straight line which passes through the points

(-2,-12) and (4,6).

We have the two points (x,y) =(- 2,- 12) and (x,y) =(4,6) . We can find the gradient

0 So the equation has the form
y =3x+c. Tofind ¢, we substitute

either one of the given pointsinto
the equation y =3x+c. Let us

+
|
— substitute in the point (4,6) . This
ol ‘Dy ] givesusthat 6=3" 4+c¢
|
|
|

c=-6. Sotherequired
eguationis y=3x- 6

.'_____ _________ —

fig. 1.23

! @* Find the equation of the straight line with gradient - 2 and which passes
through the point (1,- 6).
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Sometimes, the equation of a straight line may be givenintheform Ax+By+C=0.In
this case, to find the gradient and intercept, it is usually easiest to rearrange the equation

into the standard form y =mx+c.

$5 @/ Find the gradient and y intercept of the straight line 4y +12x- 40=0.

We can rearrange thisinto standard form as y =- 3x+10. So the gradient is - 3 and they
intercept is 10.

! @ Find the gradient of the straight line 4y +12x- 40=0. Also find where
this line crosses both axes.

" @/ Find the gradient of the straight line %- % =3. Also find where this line

crosses both axes.

H# -

What is the distance between the points (2,4) and (8,12) ? The points are plotted in fig.
1.24,

e The horizontal distance between the two
o pointsin 6 units. The vertical distance
b ,-/lT 1 between the two points is 8 units. From

Pythagoras' Theorem, the (shortest)
distance between the two pointsis

\6% +8% =10 units.

The distance between points
(%, %) and (x,,y,) is

fig. 1.24 \/(X1 Xz)2+(yl' y2)2

Look back at fig. 1.24. What is the midpoint between (2,4) and (8,12) ? The midpoint

lies on the straight line joining the two points and is equidistant to the two points. Look at
thetriangleinfig.1. 25. To find the midpoint, we imagine a vertical line bisecting the
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base of the triangle in half. Imagine a horizontal line bisecting the height of the trianglein
half. Where these two lines meet is the midpoint of (2,4) and (8,12).

12 ,(8'12) . . .
T The coordinate of the midpoint of the
o . | linejoining (x,,y,) and (x,,Y,) is
) o 1] X% YitY,
3l e 2 2
Joes |
fig. 1.25
$5 @/ Find the distance between the points (- 1,3) and (6,27).

Distance= /(- 1- 6)° +(3- 27)° =/625 = 25.

@! Find the distance between the points A=(-3,-4) and B=(- 15,12).
Find the coordinates of the midpoint of the straight line joining A and B.

@ Provethat ABC isaright-angled trianglewhere A=(2,1), B=(5,-1),
c=(9,5).

When two straight lines are perpendicular, the product of their gradientsis - 1.
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Look at fig. 1.26. This shows two perpendicular lines, |, and I,. Let the angle that |,
makes with the x-axis be g. The anglethat |, makes with the y-axisisalso g, as shown.
Let the gradient of I, be m,. From the

definition of the gradient, we have that
m, =tang . We a'so have that

tanq—B—C Hence —tanq—B—C
BD ' T BD

Now, - % isthe gradient of line |,

let us call this m . So

:tanq:§:-i
m BD m’

fig. 1.26

Hence m, =- 1 . So the product of the gradients of two perpendicular straight lines
m

is-1.
$5 @! Find the equation of the line which passes through the point
-3- g and is perpendicular totheline y =2x+4.
If the lineisto be perpendicular to the given line, it must have gradient - % i.e. it must

havetheform y =- %x+c. Substituting in the given point which lies on this line allows

usto find c. We have that,

-==-Z"(-3)+c ¢ =- 3. So therequired equation is y = - %x- 3.

! @ Find the equation of the straight line which passes through the origin
and is perpendicular to the line joining the points (4,1) and (14).
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Look at thecirclein fig. 1.27. A radius has been drawn from the centre (origin) to a point
on the circumference (x, y) . What is the equation of this circle? We need to write down

an equation involving x and y (and r). From Pythagoras' Theorem, we can write,

x* +y? =r?. Thisisthe equation of acircle with centre at the origin and radiusr. We
can seethat, inthiscase, r = 2, so the equation of thecirclein fig. 27 is x* +y*=2%, or
X>+y* =4,

v

! ]

fig. 1.28

»
»

The equation of acircle with centre at
the origin and radiusr is x* + y* =r?

What about a circle whose centreis not at the
origin?

Study fig. 1.28. Here we have a circle with
centre (a,b) and radiusr. We can use
Pythagoras' Theorem here to write down a
similar expression for the right angled
triangle (in blue), but this time, the base of
the triangle has length x — a units, and the
height of thetriangleisy — b units. We

have, (x- a)" +(y- b)" =r?.

The equation of acircle with centre
(a,b) and radiusr is

(x- a)"+(y-b) =r?

A circle with centre not at the origin can aso
be thought of as atrandation of acircle with

centre at the origin.

$5 @ Find the centre and radius

of thefollowing circle:

x> +2x+Yy*- 6y- 6=0.
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Here we have to rewrite the equation above in the standard form, (x- a)° +(y- b)* =r2,
so that we can read off the required information.

To do this, we need to complete the square.

X* +2x+Yy*- 6y- 6=0

(x+1)*- 1+(y-3)°- 9-6=0 (x+2)"+(y- 3)° =16

Now we can see that thisis the equation of acircle with centre ( 1 3) and radius

J16=4.

$5 @ 2 Find the equation of the circle with centre at (l - 2) and which passes
through the point (1,0).

Since we are told that the centreis at (1,- 2), we can immediately write:
(-1 +(y+2)f =1

Now all that remainsisto find r. To do this, we use the other piece of information given,
i.e. that the circle passes through the point (1,0), i.e. when x=1, y=0. So, setting x=1
and y =0 we have:

(0+2)*=r? r2=4 r=2

Notice, we select the positive sign (we can’t have a circle with a negative radius).

So the required equation is:

(x-2)°+(y+2)" =4.

" @2 Find the equation of the circle with centre (- 1,- 2) and radius 4.

@ ( Find the centre and radius of the circle whose equation is
x* +y* +8x- 2y- 8=0.
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Theanglein asemicircleisaright angle.
The perpendicular from the centre to a chord bisects the chord
Thetangent to acircle is perpendicular to the radius at its point of contact

Task: Draw picturesto illustrate the above circle properties.

A line that just touches acircle (or curve) but
does not actually crossit is called atangent. A
'\ linethat is at right angles to another lineis said
Normal o benormal toit, asillustrated in fig. 1.29.

$5 @ ( Find the equation of the
Tangent tangent to the circle x* + y* +6x- 4y+8=0 at

fig. 1.29 the point (- 1,1).

Our first job isto write the equation of the circle in standard form. Compl eting the square
givesthe equation as (x+3)” +(y- 2)" =5 (check). Now let us make a sketch of the

circle and the point (- 1.1), seefig. 1.30.

In order to find the equation of the tangent, we must
first find the equation of the radius joining the points

(-3,2) and (- 1.1) . We then use one of the circle
properties, namely that the tangent to acircleis
perpendicular to the radius at its point of contact,
plus the point (- 1,1) , which lies on the tangent, to
X; find the equation of the tangent.
T First we find the equation of the radiusjoining the
points (- 3,2) and (- 1,1) . We can easily see that

fig. 1.30

thisline has gradient - % soit hastheform y=- %x+c. To find ¢, we use one on the

given points that lies on the line. We will use the point ( ll) (we could have used the

point (- 3,2)). Substitutingin (- 1,1) gives usthat 1:%+c 02%. So the equation
L . . 1 1
of the radius joining the points (- 3,2) and (- 1.1) is y =- §x+§.
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Now the equation of the tangent is perpendicular to thisline at the point of contact,
(-1,1), soit has gradient 2 (product of the gradientsis-1). So the equation of the tangent

hastheform y =2x+c. To find c we use the given point that lies on the line, namely
(- 1,1) . Substituting thisin gives 1=-2+c ¢ = 3. So the equation of the tangent at
thepoint (- 11) is y=2x+3.

@ Show that the point (6,3) liesonthecircle x* + y* - 10x- 12y +51=0.
Find the equation of the tangent to the circle at the point (6,3).

@' Thepoint (9, p) liesonthecircle x* +y? - 14x+8y+57=0. Find p.
Find the equation of the normal of the tangent at the point (9, p) . Find the equation of
the tangent to the circle at the point (9, p).

)

We are familiar with finding the gradients of straight lines. The gradient of a straight line
isameasure of how steep thelineis. Does it make any sense to talk about the gradient of

acurve? Look back at fig. 1.2, which shows the plot of f(x) = x*. What is the gradient of
f () = x*? Unlike astraight line, which has a constant steepness, f (x) = x* isacurve
and so has no fixed steepness. The graph is steeper at the point x =4 thanitisat the
point x=1. At thepoint x =0, the graph is‘flat’; it has no steepness here. When
working with curves, we cannot give a constant gradient in the same way that we can for
straight lines. Instead, we have to talk about the gradient of acurve at a particular point.
So how do we find the gradient of acurve at a particular point? Let us return to the graph
of f(x)=x*, whichisdrawn again in fig. 1.31. What isthe gradient of this curve at the
point x =37? One way to think about thisisto draw atangent to the curve at the point
x=3. Thistangent is, of course, astraight line and so we can find its gradient.



Tangent at x=3
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In fact we define the gradient of the curve

f (X) = x* at the point x =3 to be the gradient of
the tangent of the curve at the point x =3. If we
were to draw atangent to the curve at the point

x =8, the tangent would be steeper, and so the
gradient of the curve at the point x =8 would be
ahigher value than the gradient of the curve at
the point x = 3. The gradient of the curve at the
point x =0 isahorizontal line, so the gradient of
thecurveat x=0 iszero.

fig. 1.32 shows an arbitrary function f(x).Wewant to find the gradient of f(x) at the
point P, where x =a. We call the gradient of f(x) at the point x =a the derivative of
f(x) a x=a. Thederivativeof f(x) at x=a canbewrittenas f €), or

df (a) or df (X) .
dx dx |-,

Aswe have seen, the gradient of f(x) at the point x =a isthe gradient of the tangent of
f(x) a x=a. Drawing in atangent by hand and measuring the gradient isatime

consuming and inaccurate way to proceed. Instead we consider another point on f(x),
point Q, and draw in the line joining Pand Q. Thislineiscaled achord. The point Q has

x-coordinate, x=a+h.

Now we can see from the diagram
that the gradient of the chord PQ is
approximately equal to the gradient
of the tangent at P. We can see from
the diagram that the gradient of the
f(a+h)- f(a)

chord PQis o

Imagine that the point Q slides down
f(x) sothatitisclosertoP,i.e. h

decreases.
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The closer Q getsto P, the closer the gradient of the chord PQ gets to the gradient of the
tangent at P. We say that ‘in the limit as h tends to zero’, the gradient of the chord PQ
eguals the gradient of the tangent at P. This means that as h decreases and Q gets closer
to P, the gradient of the chord PQ gets closer to the gradient of the tangent at P. Aswe
make h very small, so that Q and P are very close, the gradient of the chord PQ gets very
close to the gradient of the tangent at P. We can make h as small aswelike. Ash ismade
arbitrarily small, so Q and P become arbitrarily close together, the gradient of PQ
becomes arhitrarily close to the gradient of the tangent at P. We write:

f @a) = lim f(a+h)- f(a) |

h® 0 h

Another notation is often used for the derivative. If y=f (x) , then the notation

f @@x) =% is often used. Note % isnot afraction, it isjust a piece of notation to stand
X

X
for the derivative of y with respect to x (‘with respect to X' just means that the variable is

x; if wehad y = f (t), then the derivative would be written %).

Let uslook at a particular example. Let us consider the smplest quadratic equation
y = x*. Suppose we want to find the gradient of the graph of y = x* at ageneral point x.

The gradient of the chord PQ is:

(x+h)’- x* _ X2 +2xh+h- %2
) h

2
_ 2xh+h —ovth

The gradient at the general point P is
the limit of the gradient of the cord as
h® 0. Thismeansthat we make h
fig. 1.33 smaller and smaller (approach zero).

We make h so small that it becomes insignificant, so 2x+h becomes 2x ash tendsto
zero. Therefore, the gradient of the graph of y=x* at any point x, is 2x. We write:

=lim(2x+h)=2x, or
h® 0



22
&y O X o) = 2x,
dx heo (X+h)-X h® 0

For example, the gradient of the tangent of the graph of y = x* at the point x=4 is
2x=2" 4=8.

A similar argument can be make to find the derivative of y = x®. It turns out that the

derivativeof y=x°is % =3x* We cal also use this argument to find the derivative of
X

y = x*, dthough thisis moretricky. If you look back at the argument for y = x>, you
will seethat to find the derivative of y=x* from first principles, we will have to expand

(x + h)4 , which takes some time (unless you know a shortcut). It turns out, however, that

the derivative of y=x* is % = 4x°. From these few examples, can you work out what
X

the derivative of y = x* is? The answer is % =5x*.
X

# % %

The derivativeof y=x" is %: nx"*. More generally the derivative of y=ax" is
X

& =nax™* (where a and n are constants).

dx

dy Thisresultisvalid for al a, ni
If y=ax" then == nax™ !
X

$5 @ Find the gradient of the tangent to the curve y =3x° at the point
X=2.

Following the rule we have:

% =3 5x> ' =15x*. Sothegradient of thetangentat x=2 is:
X

dy =15" 2* =240.
dX X=2
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The notation % stands for ‘the derivative of y with respect to the variable x,

Xx:2
evauatedat x=2".

$5 @" Find the coordinates of the point P which lies on the curve
f (x) = 2J/x such that thetangent to f (x) at P has gradient %

1

First wewrite f (x)= 2/x as f (x)= 2x2 . Then we differentiate,

1 } 1
f @x)=2" —x2 :xzzﬁ.
Now we want the gradient of the tangent to be % ,i.e.wewant f C()x) :% :% , SOwe
must havethat x=9, i.e. f@)—izl.
Jo 3

When x=9, f(9) =219 =6. So the coordinates of the point P are (9,6) .

! @ Giventhat g(m :ﬁ,find g@81) . Hint: First write g(m) as
m3

g(m)=-2m* and then follow the rule.

1#

If we have an expression which consists of asum or difference of several terms, for
example, y =2x*- x*, then we differentiate the expression by differentiating each term

individually, i.e. y& 2~ 2x**- 1" 4x**' =4x- 4x° =4x(1- xz).

If y=1f,(x)+f,(x)+..+ f,(x) then y& f, @x)+ f,@x) +...+ f @x)

#_ % %

If afunction simply consists of aconstant term, y =a, whereaisaconstant, then y&0.
We can see why thisistrue, because y = a can be written as y = ax’ (remember,
anything to the power zero is one) and following the rule we have y& 0" ax>'=0. Also,
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the graph of y=a, whereaisaconstant, isastraight, horizonta line, and so has zero
gradient.

4 .. dp
$5 If p=—+6, find —.
@ 1p=q dt

First wewrite, p=4t""+6. Following the rules, remembering that the derivative of a
constant is zero, we have:

We see that adding any constant to a function does not change its derivative. Look back
at the section on graphical transformations. We saw that the transformation
f(x) ® f(x)+a isatrandation by a unitsparalel to they-axis, i.e. adding a constant

to afunction simply translates it, it does not change its gradient at any point.

“ " @* Given that g(d):3d2+%- Jd - p find g&d). “

@ Thefunction y=3x"+ X, where nis an integer, has atangent at the
point x =1 with gradient -8. Find n.

) +

Supposethat y is alinear function of x. The gradient of the linetells usthe rate at with y
changes with respect to x. For example, the line y = 2x has gradient 2. This means that

for every 2 units the line moves up in the y direction, the line moves 1 unit along in the x
direction.

The simplest way to consider afunction as arate of change isto consider a velocity
function. If abody is moving with constant velocity, then the velocity can be calcul ated
by dividing the distance traveled by the time taken. Alternatively, if we plot distance
traveled against time, then the gradient of the line will give the velocity. fig. 1.34 shows
the distance against time plots for two bodies A and B.
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t
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Which body istravelling faster? The gradient of
the lines represents the vel ocity (distance divided
by time). The higher the gradient, the higher the
velocity, i.e. the higher the rate of change of
distance with respect to time. Therefore, body A
has a greater velocity than body B. We can see that
the gradient of line Ais 2, while the gradient of

lineBis % . Body A therefore has a velocity of

2 ms*, whilst body B has avelocity of % ms*

(Assuming that distance is measured in metres ana time 1S measured In seconas).

Now consider fig. 1.35. This shows the distance — time plot for body C.

fig. 1.35

What isthe velocity of body C? This
question is essentially asking what is the
gradient of line C. Aswe now know, line C
does not have afixed gradient. Body C does
not have afixed velocity, i.e. it isnot
travelling at constant velocity. The gradient
of the line represents the velocity, but the
gradient of C isdifferent at different points.
Tangentsto C have been drawn at times
t=3 and t =8. Of course, body C hasa
greater velocity at t =8 than it doesat t =3,
because the gradient of the tangent is

steeper here. Thetangent at t =3 has gradient 6. This means that when t = 3, the rate of
change of distance with respect to timeis 6 ms*. Thetangent at t =8 has gradient 16.
This means that when t =8, the rate of change of distance with respect to timeis 16 ms*.
The gradients of the tangents of line C are continuously increasing. The gradient of the
tangent at t =0 is zero, and the gradients of the tangentsincrease ast increases. Body C
as accelerating.

fig. 1.36 shows aplot of yzéx3 +gx2 - 18x+ 7. There are two special points on this

curve where the gradient of the tangent is zero. These pointsare x=-6 and x=3.



. The tangents at these two points have
been drawn on the graph. The points
where the tangent of the curve has
gradient zero are called stationary
points. How do we find where the
stationary points are on a curve? Let us

300 -

260 +

200 -

180 -

nmoE-
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use the example y:%x3+gx2 - 18x+7.

—————————— ;f*fQ The derivative of thisfunctionis
f y& x° +3x- 18. Now the stationary
points occur where the derivativeis zero.

-50

i.e. where x* +3x- 18=0. Factorising and solving this gives,
(x+6)(x- 3)=0 X=-6 or x =3. These are the stationary points. Notice, the

turning point at x = - 6 corresponds to alocal maximum, whereas the turning point at
x =3 corresponds to alocal minimum.

$5 @* Find the coordinates of the stationary point of the function
y=(x- 3)(2x+4).

We need to differentiate y. First, we need to multiply the brackets out:

y=2x"- 2x- 12 % =4x- 2. Stationary points occur when % =0, i.e. when:
X X
1 1 1?2 .1 1
4x- 2=0 x==.When x==,y=2" = -2 =-12=-12—.
2 2 2 2

So the coordinates of the stationary point are % 12% :

48

@/ Find the x-coordinates of the stationary points of the curve
y= % x>+ 2x% - 32x. Does each stationary point correspond to alocal maximum or a

local minimum?
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@! Find the turning points of the function y = x* - 49. Make a sketch of the

function, marking on where the function crosses the x-axis and the coordinates of the
stationary point.

) =

A function that has a positive gradient everywhere is called a (strictly) increasing
function. A function that has a negative gradient everywhereis caled a (strictly)

decreasing function. fig. 1.37 shows an example of an increasing function, f (x) fig.
1.38 shows an example of an decreasing function, g(x).

i)

fig. 1.37 fig. 1.38

If afunction has a positive gradient at a particular point, we say that the functionis

increasing at that point. If afunction has a negative gradient at a particular point, we say
that the function is decreasing at that point.

$5 @ Isthefunction y=3x*- 7x*+2x- 9 increasing or decreasing at the

points x =1, x=27? What can you say about the graph between the points x=1 and
X=2.

Y _ 0y - 1ax+2

dx

;ﬂ =9" 1°- 14" 1+2=- 3, so thefunction isdecreasing at x=1.
Xx:l

;ﬂ =9" 2°-14" 2+2=6, sothefunctionisincreasing at x = 2.
Xlx=2
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If the function isdecreasingat x =1 and increasing at X =2, then there must be (at least
one) turning point (at least alocal minimum) between these two points, asillustrated in
fig. 1.39.

fig. 1.39

@ Consider the function g(t) =—x°- 4x+5. Isthis function increasing,

wlh

decreasing or stationary at the points x =0, x =1 and x = 2? Isthe stationary point a
local maximum or alocal minimum?

3 # % %

We can differentiate a given function more than once. Consider y = 2x%- x* +3x- 4.

Differentiating this function once gives % = 6%’ - 2x+3. We can differentiate the
X

2
function a second time, the symbol we use to denote the second derivative is d—g , We

2y . L dy d’y . . . .
have that v =12x- 2. Notice, aswith iy isjust asymbol, a piece of notation. It
X X dXx

is not afraction and, despite the appearance of ‘2", nothing is squared! It issimply a
symbol to say that we have differentiated twice.

When the function notation is used, for example given afunction f (x) , the symbol for
the derivativeis f @x) and the symbol for the second derivativeis f @x).

d’y

e’

$5 @/ Given y:(2x+3)3,find
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First we expand the bracket: . . .
Now, differentiation once gives:

y=(2x+3)’ = (2x+3)(4x* +6x+9)

% =24x* +48x+36.
X
= 8x° +12x* +18x +12x* +18x + 27

Differentiating a second time gives:
=8x° +24x" +36x+ 27 .
d’y _

P

48x +48 = 48(x+1)

“ " @2 Giventhat f(x)=x(2x-1)’,find f @x)

d’y
e

" @( Giventhat y=(2x- 7)°, find
X

4 # 5

If afunction d = f (t) represents the relationship between the distance traveled and time

taken of a body, then we have seen that the derivative represents the rate of change of
distance with respect to time, the velocity. The second derivative represents the rate of
change of the rate of change of distance with respect to time, or the rate of change of
velocity with respect to time, which is the acceleration.

We can use the second derivative to determine whether a stationary point isalocal
maximum or local minimum. If afunction f (x) has a stationary pointat x=a, i.e.

f @a) =0, to determine whether this is a maximum or aminimum we compute f @a).

If f@a)>0, then theturning point isalocal minimum. If f @a) <0, then the turning
point isalocal maximum.

If afunction y = f (x) hasastationary point at P, then if:
d’y

v >0 at P, the stationary point isaloca minimum

2
% <0 a P, the stationary point is alocal maximum.
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d’y

¢

d’y

Remember: >0 corresponds to aminimum, while g
X

<0 correspondsto a

maximum.

$5 @! Find the stationary points of the function f (x)=x’- 15x+2.
Determine whether these stationary points are maxima or minima.

Differentiation gives, f @x)=23x*- 15. Stationary points occur when

f @x)=3x*- 15=0, i.e. when X2:1_§ Xx=+5.

To determine whether these stationary points are maxima or minima, we need to compute
the second derivative, f @x)=6x.

Now we have that, f@\/g) =6/5, which is positive, so at x =/5 we have alocal

minimum.

f@\/g):-&/g,whichisnegative, soat x=-+/5 wehavealoca maximum.

@( Find the stationary points of the curve f (x)= g x> - 15x% +14x- 10.

Using the second derivative test, determine whether these stationary points are
maximaor minima.

3 6

$5 @ A soft drinks manufacturer is designing new packaging for its fizzy
drink. The container for the drink will be acan made from thin aluminium and is to have

acapacity of 333 ml =333 cm®. Varying the height and radius of the container will vary
the amount of aluminium that is needed for each can. What should the height and radius
of the can be so that the minimum amount of aluminium is needed?

LA Now, the surface area of the can is given by:

S=20r*+2prh .ocooiiiiiiiiiiiiiiiieeee()
The problem with this equation is that is has

two variables, r and h. We need to eliminate one of them.
fig. 1.40
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To do this we can use the equation for the volume of the can, which is given by:

We know that the volume of the can isto be 333 cm®. We can substitute thisinto
eguation (2) and rearrange for h. We can then use thisto eliminate h from equation (1).
From (2) we have:

_333

333=pr°h h 3
pr

Substituting for hin (1) gives:
S:2pr2+2pr’3—3::’ S=2pr2+@
pr r
. . ds
The minimum / maximum surface area occurs when o =0.
r
Now S=2pr*+666r*, so ?=4pr - 666r > = 4pr - 226
r r

o, ? =0 when 4pr - 6—626 = 0. Multiplying throughout by r? gives:
r r

4pr® - 666 =0 r= ‘3/? =3.76 cm to three significant figures.
Y

Now we use the rearranged form of equation (2) to find the corresponding value of h:

_ 33525 'sowhenr=3.76, h :% =7.50 cm to three significant figures.

pr p

h

We need to make sure that these optimized values correspond to minima and not maxima.
Performing the second derivative test on S=2pr? +@ , for r =3.76 revedsthat the
r

optimized values are indeed minimum (check).

@ At aspeed of x km/hour, avehicle can cover y kmon 1 litre of fuel,
where:

Cadl culate the maximum distance which the vehicle can travel on 30 litres of fuel.
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Giventhat f @x)=9x* canwesay what f (x) is? Look back at the rule for

differentiating y =ax". To differentiate an expression of this form, we multiply the

coefficient by the exponent, and then subtract one form the exponent. To reverse this
process, we simply add one on to the exponent and then divide the coefficient by the new

exponent. So, following thisrule, if f @x) =9x*, then f (x)= 2i+1X2+1 =3x%. This
seems to be al well and good, if we differentiate our suggestion for f (x) , We do indeed
get f @x)=9x’. Thereisaslight problem, however. If we differentiate f (x) =3x*+2,
weasoget f @x)=9x. Infact, if wedifferentiate f (x)=3x*+c, wherecisany
constant, we get f @x) =9x.

)

Integration can be thought of as the reverse process of differentiation. To integrate
y =ax", we reverse the process for differentiation, i.e. we add one to the index and

divide the coefficient by the new index. We must also add on a constant, c. This constant
is called the constant of integration. This constant of integration is necessary for the
reason discussed above; differentiating eliminates constant terms and so when reversing
this process, we must be aware that constant terms may have been eliminated by the

differentiation process. The notation used to stand for the integral of afunction f (x)
with respect to avariable x is as follows:

Function to be integrated
«— (called theintegrand)
f (x) dx

/ \ Notation to state that the

Integral sign variableisx

Thesymbol  isthe symbol for integration. The symbol dx simply means that we are

integrating with respect to the variable x. If the variable weret, then this symbol would be
replaced with dt .

. . a . . . .
Theintegral of ax" is Tlx” '+ ¢, where ¢ is the constant of integration. We write:
n



- R It isimportant not to miss out the constant of
ax" dx=——x"+c : X
n+1 integration.
Thisresultisvalidforall a, nT , except for x=-1.

If x=-1, then following thisrulewill give ax* dx:ix'l*l+c=%+c, we are

-1+1

never alowed to divide by zero. Thisisaspecial integral which will be dealt with |ater.

In asimilar way to differentiation, to integrate a sum or difference of terms, we simply
integrate each term separately:

fL(X)+ f,(x)+...+ f,(x) dx="f,(x) dx+ f,(x)dx+..+ f (x)dx

Note: A constant, a, can be written as ax’, and so integrating this gives,

ax’ dx:O;iLx°+1+c=ax+c. For example 2 dx=2x+c.

$5 @2 Caculate 2x*+8x° dx.

Following the rule, we have:

2% +810 dX =23 + S 3 ac= 230 420+,
2+1 3+1 3

$5 @( Caculate &-izdx.
X

. . 13 .
First we rewrite /x - as x2 - x 2. Then, following the rule we have:
X

55
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1 1
X2 - x 2 dX:—XE-HL_ 1 —2+1+C
1+1 -2+l
1 3
= x2+xi+
yx X +cC
2
_5(&) +;+c
n 1 4+ 3_ +
“ @' Cdculate 15x*+16x°- x+7 dX. “ “ " @ Caculate i“_igdx_ “
X" X
4 7 %

We know that the derivative of afunction represents the gradient of the function (at a
particular point). The integral of afunction represents the area under the curve of the

function. fig. 1.41 shows part of afunction f (x). The shaded area, i.e. the area bounded
by the curve the x-axis and thelines x=a and x=b, isgiven by:

b
f (x) dx= f (b) dx- f (a) dx Thesymbol = meanswe are integrating

b

a

between two limits, a and b. This method is

best illustrated by an example.

10
$5 @ Caculae %x2+1dx.

4

First we integrate the function %xz +1, then

we substitute in the limits. Thisis usually
denoted by putting square brackets around the
integrated function, with the limits at the top
and bottom of the bracket on the right hand
side, asfollows:

fig. 1.41
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10 10
:—Lx2+1dx= lx3+x
3 9

4 4

Next we substitute in the limits. We first
substitutein x =10 and subtract from

thisthevalue of x*+x when x=4, as

follows:
10 3 3
loix = £+10 B
fig. 1.42 9 4 9 9
1090 100y
9 9
So theresult is:

101
§x2+1dx:110

4

This corresponds to the shaded area shown in fig. 1.42, which is 110 units’.

Thistype of integral, where we integrate between two limits, is called adefinite integral.
Anintegral which does not involve limits, like example 1.39, is called an indefinite
integral.

Note: It is not necessary to add a constant of integration when working with definite
integrals, as this always cancels out. If we had added a constant of integration when
calculating example 41, we would have got:

10 10
1 1
=x*+1dx= =x3+x+c

4 9 4

3 3
= £+1O+c - 4—+4+c
9 9

1090, 100 g
9 9

The constant of integration always cancels out in thisway for definite integrals.
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3

$5 @' Calculate 2x°+4x*+2 dx. lllustrate the area under the graph of

1
y =2x%+4x* + 2 that thisintegral represents.
3 1 4 3
23 +4AX° +2dx= =X'+=x>+2x
1 2 3 1

= E'3“+ﬂ’33+2’3 . L 14+ﬂ' B+271
2 3 2 3

= 78% (check). Thus, the shaded areain fig. 1.43is 78% units®.

100

@* Calculate the shaded areain fig.

B y=2x"+4x7+2
) 1.44.
anl

ls 40

o

kS
%

ok g 30

40 - 1 2

A0k

ot

-100

@ @Calculate 8x°- 3x* +4x+6 dx

1

$5 @ Consider fig. 1.45. Let usfind
the shaded area, that is, the area bounded by the line

y = X*- 4 and wholly below the x-axis. First, to find
the limits of integration, we must calculate where the
line y = x*- 4 cutsthex axis. Theline y=x>- 4
cuts the x-axiswhen y =0, i.e. when x*- 4=0.

This occurswhen x = J_r\/Z =+2. S0, the shaded area
isgiven by:




-2

Notice that the answer is negative. Whenever an integral
represents an areathat is wholly below the x-axis, the
answer will be negative.

@/ fig. 1.46 shows

the area of the shaded region.

y=(x+4)(x+)(x-)

part of the graph of y =(x+4)(x+1)(x- 5).Find

¥
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Use your calculator to find the values of the functions p(x) =sin(x) and g(x) = cos(x)
at 10 intervasintherange O £ x £ 360 . Use these results to plot smooth graphs of the
functions p(x) =sin(x) and q(x)=cos(x) intheinterval 0 £ x£ 360 . Your graphs
should look like fig. 2.1 and fig. 2.2.

L L L L L L
[1} S0 180 270 360 [1} 90 180 270 360

fig. 2.1 fig. 2.2

These graphs represent the basic shapes of the functions sin(x) and cos(x). We have

plotted the functionsintherange 0 £ X £ 360 , but these functions arein fact valid for all
xI . However, we usually consider anglesin the range 0 to 360 degrees, for example

an angle of 370 degreesisin fact an angle of 10 degrees. The graphs of sin(x) and
cos(x) are shown over agreater domain in fig. 2.3 and fig. 2.4.

Notice that the period of the functions sin(x) and cos(x) is 360 . Notice that the graphs

of sin(x) and cos(x) are quite similar. In fact, they have the same shape (sometimes
called sinusoidal), they both have a minimum value of -1 and a maximum value of 1.
Notice that the graph of y = cos(x) is symmetrical about the y-axis.
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Y

720

L L L
360 720 720 -360 [1} 360 720

fig. 2.3 fig. 2.4

This gives riseto an interesting property of cos(x), that is:

cos(X) © cos(- X).

Which can be seen directly from the graph. Functions that have the property
f (x) = f (- x) are called even functions.

The graph of y:sin(x) also has an interesting symmetrical property, that is:
sin(- x)° - sin(x).

This can be seen directly from the graph. Functions that have the property
f (- x)=- f(x) arecalled odd functions.

$5 ' @ Giventhat sin30 =%, without using a calculator, find sin(- 30 ) and
sin210 .

With alittle thought, and a good sketch of the graph, seefig. 2.5, we can see that,

1

el ——— - ] sin(-30 ) =-sin(30 ) =-

N

and sin(210 ) =sin(-30 ) =-

N

-05
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“ " ' @ Given that cos(60 ) :%, without using a calculator, find cos(240 ) H

Thefunction f (x) =tan(x) has amore unusually shaped graph. This s shown in fig. 2.6.

tan.x

, Note that, unlike sin(x) and cos(x),
E tan(x) isnot bounded. For example, as
/i x® 90, tan(x) ® ¥ . Notice also that the

L L <L . graphof f(x)=tan(x) repeatsitself every
=/ e, T/ s,
I'I -1 | II : The symmetry of the graph leads to the
! 1 ! ' identity:
fig. 2.6
Note: radian measure used! tan (X) ° (XilSO )

" ' @ Giventhat tan45 =1, usethe symmetry of the graph of f (x)=tan(x) to

find the value of tan135 without using a calculator.

Up until now, we have measured angles in degrees, where one degreeis 3—(150 of afull
turn. From now on, we will amost exclusively use radian measure.
A Consider acirclewith an angle g subtended by two radii. One

radian corresponds to the angle which gives the same arc
length as the radius, as shown in fig. 2.6.

If two radii subtend an angle , then the arc length, |, isgiven
by | =rg, asshowninfig. 2.7.

We can see therefore, that the circumference of acircle
fig. 2.6 divided by the radius of the circle will give the number of
degreesin acircle, i.e. the number of degreesin afull turn.
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The number of degreesin afull circleistherefore
given by:

Circumference _2pr _
Radius r

2p,

i.e. 360 =2p°, note asuperscript ‘c’ is sometimes

fig. 2.7 used to denote ‘radian’.
180 =p°
$5 " @ Convert a) 45 intoradians b) 30 intoradians.
a) Now, 180 =p°, so 45 =%c.
b) Now, 1 :i%co,so 30 :%:%ﬁ.

|| " " @ Convert 150 into radians. ||

It will often be necessary to work with radians. When working with radians on your
calculator, make sureit is switched to radian mode.

+

Look at fig. 2.8. Thereis arelation involving the sine of the angles at A, B and C, with the

length of thesides a, b and c. Therelationis as
follows:

a b _c
b C snA snB snC

fig. 2.8 and iscalled thesinerule.



4 +

Look at fig. 2.9. From this diagram, we can see that,

sinA:D h=csnA ... Q)
c

sinC:E h=asinC ... (2

Since (1) = (2), we can see that,

csnA=zasnC - =2 3
snC snA

fig. 2.9

By constructing a perpendicular form C to AB and giving a similar argument, we can
deduce that,

asnB=bsnA L:L
ssnA snB
a C
But we know from (3) that —— =——, 0,
sinA snC
a _ b . Asrequired.

snA snB sinC
Thisisthe sinerule. It relates the sides of any triangle to sine of its angles, whether the
triangle is aright-angled triangle or not.
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$5 " @ Solvethetrianglein fig. 2.10. (Solve the triangle means find al the
missing sides and angles)
P
8.3 9.2 . 9.2, .
== snP=—"sn27
8.3 cm sin27  sinP 8.3
77 P=sn'0503=30.2 .
R Q
9.2cm
fig. 2.10 Now, Q =180- (27+30.2) =122.8 .
S0,
,8'3 =— PR PR= ,8'3 " sin122.8
sin27 sin122.8 sin27
PR=15.4cm.
$5 " @ Solvethetriangle ABC, where AC =30 cm, BC =20 cm and
DBCAB=30.

First make a rough sketch and mark on the given information, shown in fig. 2.11.

Using the sinerule,

B
20cm 20 _ 30 =20 §n33=0.363
sin33 snB 30
33
20 om ¢ B=sin"0.363=213.
fig. 2.11

So, the calculator tellsus that B =48.6 . However, thisis not the whole story. Look back
at the graph of sin(x), for example fig. 2.5. We can see that there is more than one angle
that givesasine of 0.75 (in fact, there are infinitely many such angles). Another such
angle would be 180 - 48.6 =131.4 which we can deduce form the symmetry of the
graph of sin(x). (Another angle which would give asine of 0.75is360 +48.6 =408.6 ,

but since the anglesin atriangle add up to 180 , thisis not avalid consideration).
Let us continue under the assumption that B =48.6 . Therefore,
C =180- (33+ 48.6) =984 .

Then,



_20 = _AB AB = _20 " sin98.4
sn30 sn98.4 sin30
AB =39.6 cm

But, if we had taken B=131.4 , then wewould have C =18.6 and AB=12.8 cm

(check).

Both sets of solutions are equally valid. This problem is ambiguous, there are two

possible solutions. Be aware of this eventuality!

|| ! " @ Solvethetriangle DEF, where E=81, F =62 and d =4 m. ||

+
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Look at fig. 2.8. Thereis arelation involving the length of all of the sides and one of the

angles. Therelation is asfollows:

c2=a%+b?- 2abcosC and is caled the cosinerule.

4 +

Look back at fig. 2.9. We can see form triangle ABX that,

Rearranging (1) for h* and substituting into (2) gives:
a’=c?- (AX)*+(cx)’ c?=a?+(AX)’- (cx)”.

Now, (AX)2 - (CX)2 isadifference of squares, and so can be factorised as
(AX +CX)(AX - CX). So, we have that:

¢’ =a®+(AX +CX)(AX - CX)

(1)



and, AX- CX = AX+CX - 2CX =b- 2CX . But CX =acosC, so:
AX - CX ZD- 28C0SC ..ttt it e e e e 5
Substituting (4) and (5) into (3) gives:

¢’ =a’+b(b- 2acosC)

¢’ =a’+b®- 2abcosC asrequired.

This can be rearranged to give an aternative form for finding an angle given al three
sides:

2 2 _ A2
cosC :m
2ab
$5 " @ Solvethetriangle ABC, where AC=7cm, BC=8cm and C=40 .

First make a sketch and mark on the given information, shown in fig. 2.12.

Using the cosinerule, we have:

gcm (AB) =8 +7%- 2" 8 7" cos40
40N - AB =+/27.20 =5.22 cm.
7cm
fig. 2.12 Using the cosine rule a second time gives:

82 =522°+7°-2" 522" 7" cosA

2,72 _ o2
cosp=222 *T -8 A=804 .
2 522" 7

Therefore, B =180 - (40 +80.35 ):59.7 .

|| " " @ Solvethetriangle XYZ, where XY =9.5m, YZ=4mand XZ=7m. ||
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” " " @ Solvethetriangle UVW, where VW =88.3m, UV =97 m and U =37 . “

Look back at fig. 2.9. The area of thistriangleis %bh. But, since h=asinC, wecan

writethe area as;

Area:%absinc

Thisformulaalows usto find the area of any triangle given
two sides and the included angle.

C=30.

" @ Calculate the areaof triangle ABC, where BC =6 cm, AC =9 cm and

)

b _sing

Look at fig. 2.13. We can see that sinq=9, cosq=E and tang=—=—-"-.
a a

C

fig. 2.13

C cosq

So we have the relationship:

From Pythagoras’ Theorem, we have that:

b? +c? = a°.

Dividing throughout by a* gives:

2 2

b
= o+

oo

=1 or equivalently,

sin®g+cos’g =1

Thisis an important trigonometric identity.

Y ou may be asked to prove atrigonometric identity by using the above identities and
some algebraic manipulation (see example 2.6). As ageneral rule, you should start with
the most complicated side of the expression and, by using algebraic manipulation and the
standard identities above, make it look like the other side of the expression.
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$5 " @ Provetheidentity, singtang ° 1 cosg.
cosq

Now, we should start with the most complicated side, and make it ook like the other side.
Here though, both sides of the identity look equally simple. One obvious thing to do

would beto rewrite tang as M. So let uswork on the LHS:

cosq
LHS=sihgtang=sing”’ sng
cosq
_sin’g
cosq

Now, using the identity, sin®¢g+cos’ g =1, we can seethat, sin®g =1- cos’ g . So we
can write:

l-cos’"g_ 1 cos’q
COSqg  COsqg Cosq

LHS=

= 1 cosqg = RHS.
cosq

So we have shown that the LHS equals the RHS, hence we have proved the identity,

singtang ° SN Cosqg .
cosq

! " @ Using the two previously established trigonometric identities and algebraic

manipulation, prove the identity, tan A+ 1o 1 . _1 :
tanA cosA sinA

% " $

Trigonometric identities are also useful for solving trigonometric equations.

$5 ' @ Solvetheequation 2sing - cosg =0 for therange O£ g £ 360 .

Rewrite the equation as, 2sing = cosq . Divide both sides by sing to get,
_cosqg 1
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tang = % g =26.6 Thisisthe answer that the calculator gives but beware, we

were asked to look intherange O£ g £ 360 . Look back at the graph of tang infig. 2.6,

we can see that there is another angle that has a tangent of % inthegivenrange, anditis

g =180 +26.6 =206.6 .
So thetwo answersare g = 26.6 , 206.6 .

$5 ' @ Solve 2cos’q- 3cosqg+1=0for O£EgE£p.

Thisisaquadratic equation in cosg . To make thislook like a more familiar form, we
can make the substitution, x =cosg . Now the equation becomes:

2x%- 3x+1=0

which can be factorised as (2x- 1)(x- 1) =0 :% or x=1. Now remember that

X =C0Sq , SO We have:

cosq :% g=1.05 or cosqg=1 g =0. These are the only solutions for the

given domain.

! " @ Solve 5sing =2cosqg for O£ g £ 2p . Note: thisquestionissetin
radians.

" @( Solve 2sin®g+3sing =2 for values of g between 0 and 360 . H

I # $ o

)

Recall the following rules of indices.

mon — om+n m
a

aa =a
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An exponential function is afunction where a constant base is raised to a variable

exponent, for example f (x) =2,

Make atable of valuesfor f (x)=2* for - 2£ x£5 and use this to plot the function
f (x) = 2" for the given domain. The plot should look like fig. 2.14.

300

250

200

150

100

o0
-1 05 o 0s 1 15 2 25 3 35 4
%

fig. 2.15

Notice that this graph is strictly increasing.
This shape of graph is sometimes called
exponential growth. More generally, the
graph of f(x)=a* shows exponential growth
for a>1, and is sometimes used asasimple
population model. Exponential growth aso
occurs as the limit of discrete processes such a
compound interest.

Notice that the graph of f (x) =a* cutsthey-
axisat y=1.

Thegraph of f(x)=a* hasthe samebasic

shape asfig. 2.14 for dl a>1, but the rate of
growth increases with increasing a, as
illustrated in fig. 2.15.

If aisapositivereal number other than 1, then the logarithm of x with base a is defined

by:
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y=log,x U X=a" (tor every x>0 and every real number y).

Thus, logarithms are simply an alternative way of writing exponents.

y=log,x U x=a’

For example the expression 100 =10 can be written in logarithmic form as x =log,,100.

Thisisalogarithm base 10. Logarithms base 10 are often used and are usually written
simply as‘log’ rather than ‘ log,,". Whenever you see ‘log’, assume that it is base 10. So,

we would usually write 100=10* U x=1o0g100.

" @ Writethe following equations in logarithmic form.

a) 1000 =10 b) 108 =2 c) 729=3".

On your calculator, you will notice the button ‘LOG’. We have established that
100=10" U x=10g100. If you press 100 followed by ‘LOG’, your calculator will
return the answer ‘2’, so we have found that x = 2. Looking back at the original

expression, 100 =10, we can now see that 100 =10°. Thisisatrivia example. Let us
look at alesstrivial case.

$5 " @ Solvefor x, 10 =150.

We can not solve this equation by sight, but we can easily solve it using the idea of
logarithms.

10°=150 U x=log150=2.18.

H . ’

If x and y are any two positive real numbers, then

log, (xy) =log, x+log, y

log, =log, x- log, y

< | x

Ioga(x”) =nlog, x for every real number n.
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Let us prove thefirst Law of Logarithms. The others have similar proofs.
Let p=log,x and q=1log, y.

Then a” =x and a® =y, from the definition of the logarithm.

Now, xy =aPa’ =a"", by the laws of indices.

So, xy =a”" which can be written in logarithmic form as,

log, xy=p+q.

But since p=1log, x and q=1log, Yy, the equation above can be written as:

log, (xy) =log, x+log, y as required.

% $

We solved an equation of thisform in example 2.9, however, thiswas an artificial
example and could not have solved in thisway if the’10" had been something else, like a
‘4.

Supposed we are asked to solve the equation 3* =4 for x. The method we would useisto
‘take logarithms’ of both sides of the equation. Taking logarithms of both sides of the
equation does not change the equation, in the same way that adding 2 to both sides of an
equation does not change the equation. We can take logarithms of both sides to any base,
but sincewe havea‘LOG’ (base 10) button on our calculator, it seems practical to
choose to take logs to base 10.

So, given 3* =4, we take logarithms base 10 of both sides of the equation:
log(3*) =log4.
From the laws of logarithms, thisis equivalent to:

_ log4
log3

xlog3=log4 X =1.26.

So we havefound that x=1.26.

$5 " @( Solvetheequation 6*° =29 for x.

Taking logarithms base 10 of both sides of the equation gives:
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Iog(62x+3):I0929 (2x+3)log6=10g29
2X+3:Iog29 le log29
log6 2 log6
x=-0.56

" @' Solvethefollowing equationsfor x:

a) 3> = b) 12% =3*.

N

#

A sequenceisalist of numbers which follows a mathematical pattern. For example:
1,357,911, ...

Is a sequence. Each number in thelist is called an element of the sequence.

A sequence whereby there is a constant difference between consecutive termsis called an
arithmetic progression (AP). The difference between consecutive terms of an AP is
called the common difference and is often denoted by d. The example aboveisan
arithmetic progression. The common difference of the above sequenceis 2.

A sequence whereby each term is found by multiplying the previous term by a given
factor is called ageometric progression (GP). For example:

1,2,4,8,16,32, ...
IS ageometric progression. The factor by which each term is multiplied to generate the

next term is called the common ratio and is often denoted by r. The common ration of
the above sequenceis 2.
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Sometimes, asequence, a,, a,, a,,... may be defined by aformulafor the n™ term.

$5 " @ Then"term of asequenceisgiven by a, =2n- 3. Write down the

first 6 terms of the sequence. Is the sequence an arithmetic progression or a geometric
progression? What is the common difference / common ratio of the series? Find the value
of nfor which a, =163.

We are asked for the first 6 terms. We find these by simply inserting 1,2,3,4,5,6 for ninto
the formula for the n™ term. To find the 1% term, we insert n =1 into the formulafor the
n™ term. Doing this gives us:

a=(2"1)-3=-1.

To find the 2" term, we insert n=2 into the formula. Doing this gives us:

a,=(2" 2)- 3=1.

To find the 3% term, we insert n =3 into the formula. Doing this gives us:

a, :(2’ 3)- 3=3.

Continuing in thisway, we find the first 6 termsto be:

-11 3 5,709.

To determine whether this sequence is arithmetic or geometric, we subtract consecutive
termsto see if there is acommon difference. If not, try dividing consecutive terms of the

sequence to seeif thereisacommon ratio.

In this case, we can see that there is a common difference of 2 between each of the terms.
Therefore the sequence is an arithmetic progression with common difference 2.

Next we are asked to find the value of n for which a, =163. Thisis amatter of ssimple
substitution. We want:

a, =2n- 3=163, so:

163+3
n=
2

=83.

So the 83" term is 163.
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" @ Consider the sequence 9, 3, 1, % Isthis sequence an AP or a GP? Write

down the common difference/ ratio. What is the 6" term?

A seriesisthe sum of the terms of a sequence. Like a sequence, a series may be finite or
infinite. A seriesiscaled arithmetic if its terms follow an arithmetic progression. A
seriesis called geometric if itsterms follow a geometric progression.

='= =A= ((8B

Let ustake abrief detour to consider a particular problem, which will help usin the next
section.

What is1+2+3+...+100? This seems like a difficult problem at first sight, but with a
little ingenuity thereisa simple, short solution. There is more than one way of tackling
this problem, but let us take the following approach.

Let. S=1+2+3+...+100. We can rewrite this as:

S=1+(1+1) +(1+2) + (14+3) + ..+ (1+99) oo, 6h)
We can reorder this sum as:

S=(1+99) +(1+98) +(1+97) +(1+96) +...#L...oooiiiiiiiii e, (2

1+(1¢1) + (14 2) +(143) ..+ (11 99) Notice that if we add each of the terms
\ \ in (1) and (2) asindicated by the arrows
opposite, each add to 101

(1+99) +(1+98) +(1+97) +(1+96) +...+1

So, (1) + (2) gives:

2S= 1+(1+99) + (1+1)+(1+98) + (1+2)+(1+97) +..+ (1+99)+1
25=101+101+101+...+101 (100 lots of 101)

S= —1002101 =5050.
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So, we have found that 1+2+3+...+100=5050.

It isreported that Carl Friedrich Gauss (1777 — 1855) solved this problem when presented
with it at school at the age of seven. He went on to become one of the greatest
mathematicians of all time.

Consider agenera arithmetic sequence with first term a, common difference d and
consisting of nterms. This can be represented by:

a,a+d, a+2d, a+3d,..,a+(n- 1)d.
Notice that the n™ termis a+(n- 1)d.

The sum of these termsis given by:

n

S =a+(a+d)+(a+2d)+(a+3d)+ .. +(a+(n-1)d) ..o (D)
This can be rewritten as:
S, =(a+(n- 1)d)+(a+(n- 2)d)+(a+(n- 3)d)+...+a e n(2)

Adding (1) and (2) gives:
25, =(2a+(n- 1)d)+(2a+(n- 1)d)+(2a+(n- 1)d)+...+(2a+(n- 1)d)
=n(2a+(n- 1)d)

5= (2a+(n-1)d).

For an arithmetic sequence with first term a and common difference d, the sum of the first
ntermsis given by:

S

n

:g(2a+(n- 1)d).
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$5 " @' Cdculatethe sum of the first 250 natural numbers.

So, we are looking for thevalue of 1+2+3+...+250. Thisis an arithmetic series with
first term 1 and common difference 1. The number of termsin the seriesis 250. We use
the formula above with,

a=1,d=1,n=250.

Substituting the valuesin gives:

1+2+3+...+250:2—20(2' 1+(250- 1) 1)

1+2+3+...+250=31375.

$5 " @ Thesum of theseries 2+5+8+11+....+ m is6370. How many terms
does this series have? What is the value of m?

Thisis an arithmetic series. We aretold that 2+5+8+11+....+ m=6370. We can see
that the first term is 2 and the common difference is 3. We do not know how many terms
there are in the sequence, let us say that there are n termsin the sequence.

So we havethat, a =2, d =3 and nisunknown. We also know that the sum of the first n
terms, S, is6370. Substituting these values into the formula gives:

N, . 3n
637025(2 2+(n-1)" 3) 6370=2n+"(n-1).

Multiplying throughout by 2 and expanding the bracket gives:

12740 = 4n+3n° - 3n 3n” +n- 12740 =0. This quadratic equation in n factorises
to:
(3n+196)(n- 65)=0 n=-%6 or n=65.

Since n, the number of termsin the series, cannot be negative, we must have that n=65,
I.e. there are 65 termsin the series.

Thefirst term is 2. Each subsequent term has 3 added on to the previous term. misthe
65" term, therefore:

m=2+(3" 65) =197.
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|| " " @* Cadculate the sum of thefirst 100 odd numbers. ||

|| " " @ Cadculate the sum of the series 100+ 85+ 70+55+...- 80. ||

Consider ageneral geometric sequence with first term a, common ratio r and consisting
of nterms. This can be represented by:

a, ar, ar?, ...,ar"*.
Notice that the n" term is ar™*.

The sum of these termsis given by:

S =atar+ar’+ .+ e (D)
Multiply (1) throughout by r:

IS, Sra+ar?+ar’+ .. +a" . e e (2)
Subtracting (1) from (2) gives.

rS,- S,=ar"-a

S, (r- 1):a(r”- 1)

For a geometric sequence with first term a and common ratio r, the sum of thefirst n
termsis given by:

n

a(r“-l)
r-1 -

$5 " @* Usetheformulaabovetocaculate 2+4+8+16+32+...+256.
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Thisis ageometric series with first term 2 and common ratio 2 consisting of 8 terms. So
wehave, a=2, r =2, and n=8. Substituting these values into the formula we have:

2(28-1)
§ =—, =510.

" @/ Consider the geometric series, 4+6+9+13%+....Whatisthecommon

ratio for this series? Using the formula, find the sum of the first 25 terms correct to 6
significant figures.

" @! Consider the geometric series, 2+1+%+%+....Whatisthecommon

ratio for this series? What is the sum of the first 15 termsto five significant figures?
(Does this series ever reach 4?)

)

Recall that the sum of the first n terms of a geometric sequenceis given by:

_a(r-1)
SET
What happens to this quantity as n gets very large?

If r isgreater than 1, then asn getsvery large, r" getsvery, very large. If, on the other
hand, r is greater than O but less than 1 (afraction), then as n gets very large, r" gets very,

very small. So, for r greater than 0 but less than 1, theterm r" becomes negligible for
large n. In fact, thisisaso trueif r isless than O but greater than -1. In other words, if the

size of r is greater than O but less than 1 (ignoring the sign), then r" approaches 0 asn
approaches infinity. We use the symbol, |r| <1, to denote that the size of r islessthan 1,

ignoring the sign. |r| <1 isequivalent to - 1<r <1.

If aseries getsarbitrarily closeto agiven value, |, as the number of terms increases to
infinity, we say that the series convergestol.

A geometric series, a+ar +ar?+ ... +ar™*, convergeswhen |r| <1.
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§®1i as n® ¥ provided |r|<1.
- r

The limit 11 isknown as the sum to infinity, and isdenoted S, .
- T

$5 " @ Find the sumtoinfinity of the series, 100+50+25+...

Wehave a=100 and r = % . Substituting into the formula for the sum to infinity we have:

S, :ﬂg:zoo.
1- =
2

2

3
! '@ Findthesumtoinfinityoftheseri%%+ 3 +% +...

0

Rather than writing lengthy sums, for example 1+2+3+...+100, we have a compact
notation that is often used, the so called sigma notation. isthe Greek capital letter

sigma. It used in mathematics to stand for a‘sum’.

For example,
Last term

-
100

1+2+3+...+100= N ceearen
n=1

First term /

So, for example, we can write:

10

2+4+8+16+...+2°= 2",

n=1



¥
1+4+9+16+25+...= n?

n=1

82

a —+—+=+..+

22

b) 3+5+7+9+11+...

" @2 Write down the following series in sigma notation.

C) 1+8+27+64+..+m’

() #

am' an:am+n 1 1
am"=— a2 =+/a
m \/_
am_ m-n m 0
a a» ={a" a =1
8 9

Recall from Chapter 1 the section on ‘ Graph Transformations’ . We saw that:

Thetransformation f(x) ® f(x)xa isatrandation by a units parallel to the y-
axisin the positive direction.

Thetransformation f(x) ® f(x a) isatranslation by a units paralle to the
x-axis in the positive/negative direction.

Thetransformation f(x) ® af (x) isastretch, paralle to they-axis, by a

factor a.

Thetransformation f(x) ® f(ax) isastretch, paralel to the x-axis, by afactor

1

a
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$5 " @/ Make asketch of the function
f (x) =sinx for the domain O£ x£ 2p.. On the f

same graph, sketch f (2x) =sin2x.

The sketches are shown in fig. 2.16. Notice that they 0
both have the same basic shape and they both start
and end at the same points. Notice also that the

point (p,0) ontheoriginal graph, sinxis
unaffected by thr transformation. The graph of L 2 W T 2
f (2x) =sin2x issimilar to the graph of

fig. 2.16
f (x) =sinx, but it has been ‘compressed’ by a

factor of 2, or stretched by afactor of %2 parallel to the x-axis.

This has the effect of halving the period. f (x) =sinx hasaperiod of 2p , while
f (2x) =sin2x has aperiod of p.

$5 ' @! Makeasketch of the function f (x)=cosx for the domain
O£ X£ 2p . On the same graph, sketch f x+% = CoS x+% :
it | | ‘ The graphs are shown in fig. 2.16. Remember
N that thetransformation f(x) ® f x- %
: has the effect of moving the graph of f (x)
paralld to the x-axis % unitsin the positive
A direction.
Sy g

fig. 2.16



$5 " @ Makeasketch of the
function y =2 forthedomain -4£ x£4.0n

the same graph, sketch g =2"*.

We have seen the graph y =2* before. We
have not come across the transformation

f(X) ® f(-x) before. Thisisnot astretch
or atrandation. It isin fact areflection in the
] y-axis. Also note that the transformation

f(X) ® - f(x) isareflection in the x-axis.

' @2 Make asketch of thefunction y = x?. On the same set of axes, sketch

the functions p=2x* and q = % x? stating clearly how the curves relate to each other.

" @( Make asketch of thefunction y =3*. On the same set of axes, sketch the
function p =- 3*“stating clearly how the curves relate to each other.

" ' @ Makeasketch of the function f (x) =sinx for the domain O£ x£ 2p..

On the same set of axes, sketch the function f x+% =sn x+% stating clearly

how the curves relate to each other.

Recall From Chapter 1 that, if y=ax" then %: nax™*', whichisvalid for al a, ni
X

Also recall the laws or indices from section 2.2. When differentiating a function, we

m

always aim to write each term of the function in the form ax" or ax" , where the index



and / or the coefficient may be positive or negative. For example, when asked to

differentiate = , we firgt write thisas x-*.

X
$5 " @2 Giventhat y = XX g &
NN dx

First we need to rearrange y into a more convenient form to work with.

ﬂ:-lxg_x'zz- 1 _i_
X 2 2@ X
oo L1
dx PN
3
$5 " @( Differentiate f(x):xﬁ+%-ﬂ.
X Jx

First we need to rearrange y into a more convenient form to work with.

3 3 1
f(x):X\/FJFX—Zz‘%:x.thx‘Z- X2.X 2
X

3
=x2+2x%- x. Now we can easily differentiate this term by term:

1
f@x):gxz- 4%t - 122\/;- ; 1.

So, fc()x):g\/}-;-l.

“ " @ If y:(x+2)2,calculate%. “
X

85
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“ ’ @ If f(x):x_;’_l,calculate f @x) and f @x). H
A/ X

" ' @* Sketch agraph of thefunction f (x)= 1 Caculaethe gradient of the
X

tangent to this function at the point x =- 2.

Recall from Chapter 1 that ax” dx:%lx’”%c,whichisvalidforall anl .Asin
n

the previous section on differentiation, we aso need to have the laws of indices at the
front of our minds when working on integration problems. Also as in the previous section,
when integrating functions we always aim to write each term of the function in the form

m

ax" or ax" , where theindex and / or the coefficient may be positive or negative,

3
$5 @ Calculatethe indefiniteintegral, infd
X

We can see that,

3 21 7
X\-/Fi}:x 2 4+ % 6 (check) So,
X

3 L I
X+& dx= Xx2+x % dx
JIx

1 1 6
=2x2- 6X 6 +Cc=2X- —+C.

g/;

x+\/_
\/x_ x = 24X - f

o,

' @ Calculate the indefinite integral, (x+2)2 dx . Hence calcul ate the definite

1
intanral (v ’7\2 Av
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() #

#

So far we have discussed functionsin general terms without specifying exactly what a
function is. Before we give aformal definition of afunction, let us introduce some new
language and concepts concerning functions.

Functions are sometimes called * mappings’, and we may think of a function as a mapping
from one set to another. Thisisillustrated below for the function f(x) =x+2.

% f f(x)

For example, f ‘sends -1to 1 (or-1
iIsmappedto 1), f ‘sends 4to 6 (or
4 is mapped to 6) etc.

We say that ‘1 isthe image of -1
under f', ‘6 isthe image of 4 under
f* etc.

fig. 3.1

#

The set of al numbers that we can feed into afunction is called the domain of the

function. The set of all numbers that the function producesis caled the range of a

function. Often when dealing with simple algebraic function, suchas f (x) =x+2, we

take the domain of the function to be the set of real numbers, . In other words, we can

feed in any real number x into the function and it will give us a (real) number out.

Sometimes we restrict the domain, for example we may wish to consider the function
f(X)=x+2 intheinterval -2£ x£ 2.
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Consider the function f(x) = x*. What istherange of f(x) ? Arethere any restrictions

on the values that this function can produce? When trying to work out the range of a

function it is often useful to consider the graph of the function, thisis showninfig. 3.2.
. We can see that the function only gives out

y positive numbers ( x* is always positive for

any real number x). There are no further

18] ] restrictions. We can seethat f can take any

positive value, therefore the range of f isthe

set of al positive numbers, we may write

g 1 f(x)2 0.

20 f()():)(Z

fig. 3.2

When each of the elements of the domain is mapped to a unique element of the range,
under a mapping, the mapping is said to be one-to-one. When two or more elements of
the domain are mapped to the same element of the range under a mapping, the mapping is
said to be many-to-one. Below are two examples. The function f is one-to-one, the
function g is many-to-one.

f g

3 ﬂ'
—

Domain Range Domain Range

fig. 3.3
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4 6 S B

We need to define more precisely what we mean by a‘function’. We can define a
function as arule that uniquely associates each and every member of one set with a
member or members of another set. This means that every element of the domain is
mapped to an element of the range such that the image of any element in the domainis
unigue. In other words, each and every element of the domain must be mapped to one
and only one element of the range.

For example, consider the expression y = +/x . Thisis plotted in fig 3.4.

z Notice that any value of x in the domain, except x=0,
1 (i.e. any positive real number) is mapped to two

different values in the range. Therefore y = ++/X is
not afunction.

555555555555

@ Decideif thefollowing (1. — 4.) are functions. Justify your answers. In
the cases that are functions, state the domain and the range.

1. f(x) asshowninthegraphin fig. 3.5.

¥
08

[al} /f(XJ

0.4

02

0.4

2. x> +y* =36.
3. pasdefined in fig 3.6.

4./ asdefinedinfig 3.7.
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DOMAIN RANGE

DOMAIN RANGE

fig. 3.7

Consider the function, g(x)=(x- 2)2 . If we were given a set of numbers and asked to

perform the function g on each of them, we would have to carry out two separate
calculations on any one of the given numbers; first we would have to subtract two from
the number, then we would square the result. Thus, we may think of the function g as two

functionsin one. g is composed of the functions p(x) =x- 2 and q(x) :(p(x))z.We
say that g is acomposite function, and we write g(x) =q(x) p(x),orsmply g=p q.

Notice that when calculating g = p q, wefirst perform q and then perform
p on the resuilt.
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g=p q issometimeswrittenas g = pg(x) . This does not mean that we

multiply the functions p and q together, it is ssmply an alternative notation for
g=p q.

$5 @ Workout f g giventhat f(x)=+/x and g(x)=2x+7.

f g means, first perform the function g and then perform the function f on the result. So
given any number, the effect of f g isto multiply it by two, add 7 and then find the
square root of theresult, i.e.:

f g=v2x+7.
$5 @ Giventhat f =sin2x and g=x*,find f gandg f.

Given any real number, the composite function f g hasthe effect of first squaring the
number and then finding the sine of two times theresult, i.e.:

f g :sin(2x2).

Given any real number, the composite function g f hasthe effect of first finding the
sine of two times the number and then squaring the result, i.e.:

g f:(sin(2x))2 or, in more conventional notation, g f =sin*(2x).

$5 @ If p(x)== and q(x) =4x- 8, find suitable domains for the
X

composite functions p g and q p.

Now, p Q= %8 . Theimportant thing to remember here is that we cannot divide by

zero, so we cannot havethat 4x- 8=0, i.e. we cannot havethat x=2. All other regl
numbers are valid asthe domain of p ¢, sowehavethat thedomainof p qis xl

X1 2.

q p:ﬂ- 8. All real numbers except x =0are valid for this composite function, i.e. the
X

domainis xI , xt 0.

“ " @ If f(x)=x+5and g(x)=+/x,find f gandg f. “
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@ If f(x)=x*-4 and g(x)=%

, find suitable domains for the composite

functions f gand g f.

@ If f(x)=x-2 and g(x)=x and h(x)=§,find hfg.

) %

Consider the simple, linear function f (x)=3x- 27. If wefeed x =2 into this function,

we get out f (2)=-21. Suppose that we are told that the function has produced the

number 9, but we do not know what input produced this number. We can easily work out
the input number:

9427
3

f(n)=3n-27=9 n 12.

If we know the output of a given function and we require the input of the function, we
can find it by using the inver se function.

We have that,

3 (1)

Now, given any output, f (x), we can always find the input, X, using the above formula.

The above formulareverses the effect of the original function. Thisis called theinverse
function. We denote the original functionby f (x) and we denote the inverse function by

f*(x). Weusualy replace‘x with* f**(x)’ and* f (x)’ with ‘X in (1) so that we have:

f'l(X) _ X+327.

We can think of a‘function machine’ which takes an input, performs the function on it
and produces an output. The inverse function machine takes the output from the original
function and gives us the original input number, asillustrated in fig. 3.8.
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A 4

«— 22—

f (x)=3x- 27

v

-21 » OUTPUT

f»l(x) - X+327

+—— -21 <«—— INPUT

fig. 3.8

Thenotation f *(x) simply stands for the inverse function of f (x). It does

NOT mean f*(x)=

f(

1

So, we can see that the set of all inputsfor f (x), which we call the domainof f (),

becomes the set of all outputsfor f *(x), which we call therange of *(x).

$5

@ If f(x)=x+2,find f *(x).On the same set of axes, plot f(x) and
f*(x). What is the relationship between the two graphs?

Let y=x+2

Theplotsof f(x) and f *(x) areshowninfig. 3.9.

=) & S " o ~ - ) @

X=y-2

f(x)=x+2 i

T
-
-
-

fig. 3.9

fi(x)=x- 2.

We can see from fig. 3.9 that the graph of f*(x)

isareflection of the graph of f (x) intheline

y=X.

In fact, thisis agenera result for any invertible
function (afunction that has an inverse). Note that
not al functions are invertible. Only one-to-one
functionsareinvertible.

To illustrate why many-to-one functions are not invertible, consider the many-to-one
function g asillustrated in fig. 3.10.
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fig. 3.10

DOMAIN

" @ Thefunction f (x)= 31

with domain, x> - 3 isplotted in fig.
3.12. Calculate the formulafor the
inverse function, f *(x). State the
domain for which f*(x) is defined.
Usefig. 3.12 to help you sketch the
graph of f*(x) stating clearly where
the graph cuts the x and y axes.

_2X-6

94

Theinverse ‘function’ isillustrated in

fig. 3.10. We can seethat ¢’ * isnot a
function, asit does not satisfy the
definition. For example, 8 in the
domainis sent to both 5and 9in the
range, which is not allowed.

We conclude, therefore tat only one-
to-onefunctionsareinvertible.

$5 @ If f(x)=3x-5,
find the inverse function, f*(x).On
the same set of axes, plot f(x) and

f*(x).

Let y=3x- 5, then x:yTJrS which

meansthat f *(x) :%5. The

graphsof f(x) and f *(x) are
showninfig. 3.11.

- f(%)

A I T = T S S T I -

two?

@ Can you think of afunction which isits own inverse? Can you think of “
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1 ‘ ‘ - ‘ ] Suppose we have afunction, f(x),
_2x-6 and we have calculated the inverse
_3+x] function, f*(x). Itisclear that if
y we perform the function f on any

2t 1 number, followed by the inverse

Al 1 function, f*, wewill havethe

al ] origina number we started with. In
mathematical language,

B — f1(x) f(x)=x,or,
£(f(x)) = x. Toseethisin
action, verify for example 3.4.

2-3=1,|0- 5=5, -2 =2, [1+7|=8. Themodulus sign, | | indicates that we take the

absolute value of the expression inside the modulus sign, i.e. all values are positive. We
can define:

|x|: x for x3 0
-x forx<O

Let us consider the graph of y =|x|. Aswe have said, |X| isalways positive, so the graph

of y=|x cannot exist below the x-axis. For positive x, the graph of y =[x isthe sameas

the graph of y = x; but for negative x, the graph of y:|x| istheline y=- x. Thisis

illustrated in fig. 3.13.

- - Note that the graph of y =|x| issimilar to

y=|X ' N 1 the graph of y = x except that the negative
] region of the graph isreflected in the x-

y=x | axis.

In general, the graph of y =|f (x)| is
similar to the graph of y = f (x) except

that the negative region of the graphis
reflected in the x-axis.

I o T e — T T R |
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$5 @ Sketch thegraphof y= ‘ %x - 4{ . State where this graph cuts the y-

axis.

We begin by sketching the graph of y =- %x- 4, asshowninfig. 3.14.

TRy = 0 5 0 5 20 BT 5 i 5 0 15 20
fig. 3.14 fig. 3.15

The portion of the graph below the x-axis is reflected in the x-axis to give us the graph of

y:‘- %x- 4. This reflected line has the equation y=- - %x- 4 :%x+4.The

complete graph of y=‘- %x- 4{ isshownin fig. 3.15.

The graph of y:‘- %x- 4{ cuts the y-axis when y:%x+4 cutsthey-axis,i.e.a y=4.

$5 @ Sketch the graph of y:‘x2 - S{.Statewhere y:‘x2 - 5{ cuts the y-axis.

We start by making a sketch of the graph y = x* - 5, shown in fig. 3.16. The negative
region of the graph isreflected in the x-axis to give the complete graph of y = ‘xz - 5{ , @S
shown in fig. 3.17. The reflected portion of the graph has equation

y=- (x2 - 5) =-x*+5, and cutsthey-axisat y=5.
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fig. 3.16 fig. 3.17
H " @ Sketch y=|sinx| for -pExEp. H
! @ On the same set of axes, sketch the graphsof y, = %x+2 and

Y, =|2x- 7|. Hence solve the equation %x+2 =|2x- 7|.

@ Giventhat f(x)=3x- 146, solvethe equation | f (x) =1. Hint: asketch
may be useful.

$5 @ Solvetheinequality [3x- 3 <4.
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Our first task isto sketch y =|3x- 3, thisis shown infig. 3.18.

We then solve the equation [3x- 3 =4. Todo

i y ] this we must solve 3x- 3=4 and - 3x+3=4.
ol y=[3x- 3 |

A | Doing this gives x:Z% and x:-}.

E, | Graphically, these two points correspond to the
o N ] points on the x-axiswheretheline y =4 cuts

thegraph of y=|3x- 3.

We have then that |3x- 3| <4 when

fig. 3.18

- %< x<2%. Notice that the points x = 2% and x=- 1 are not included, asthe original

inequality is‘strictly lessthan’. The required region is shaded in fig. 3.18.

@( Sketchthefunction y=|x*- 22|. Solvetheinequality |x* - 22/£3,

giving your answers in surd form where necessary. Shade the region ‘xz - 22‘ £30n
your sketch.

6

Recall the sections on ‘ graph transformations’ from Chapters 1 and 2. In previous
sections, we have considered the effect of one single transformation on a function. We
can perform more than one transformation on afunction asillustrated in example 3.9.

$5 @ By performing transformations of the graph of y = x*, sketch the graph
of y=(x- 2)°- 5. We can easily sketch the graph of y = x?, which is shown in fig. 3.19.
We then perform the transformation f(x) ® f(x- 2) which, aswe have seen from
Chapter 1 isatrandation paralel to the x-axis by 2 unitsin the positive direction. This
gives usthe graph of y =(x- 2)2, which is shown in fig. 3.20. Finally, we take the graph
of y=(x- 2)2 and perform the transformation f(x) ® f(x)- 5, whichisatransiation

parale to the y-axis by 2 units in the negative direction. This gives us the graph of
y =(x- 2)2 - 5, whichisshown in fig. 3.21.
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100

/

20 L L L L L L L L o L L L L L L L s
M 8 & 4 2 0 2 4 6 8 10 0 8 B 4 =2 0 2 4 6 8 10

fig. 3.19 fig. 3.20 fig. 3.21

@ By performing transformations of the graph of y = x*, sketch the graph
of y=3(x+2)".

$5 @ By performing transformations of the graph of y = x*, sketch the graph
of y=x*- 4x+8.

Remember that we can express any quadratic equation in theform y =a(x+ b)2 +C,
where a, b and ¢ are constants. Wewrite y = x° - 4x+8 as y =(x- 2)° +4. We can now
sketch the required graph by performing the transformation f(x) ® f(x- 2),

followed by the transformation f(x) ® f(x)+4 onthegraphof y=x. The process

issimilar to example 3.8. We will skip intermediate steps and plot the end result, whichis
shown in fig. 3.22.

150

@' By performing transformations
of the graph of y = x*, sketch the graph of
y =X>+6X+6.

100

a0

@ Sketchthegraphof f(x)=x.
TN R BV I S B On the same axes, sketch the graph of
f(x- 2)+1.




fig. 3.23

) %

100

" @* Thegraph of y=x* has been

subjected to two transformations to produce the
graph shown in fig. 3.23. The minimum value of
the graph in fig. 3.23 occurs at (- 8,- 5) . State

the two transformations that would produce fig.

3.23from y=x°.

We are already used to working with inverse
trigonometric functions. Consider fig. 3.24, to find

. . . . 1
g, weusetheinverse sine function, g =sin’* =

qg=30 or

again below.

yo,

720

L
-360

fig. 2.3

L
360

720

2 fig3.24

We can see that there are many (infinitely

many) angles that have a sine of % , hot

just % that our calculator tells us. Recall
from the section ‘inverse functions and
their graphs, Chapter 3, that only one-to-
one functions have inverses. The graph of
sin x as shown opposite is not one-to one
and so does not have aninverse. To
proceed to define the inverse sine
function, we must restrict the domain of

sinx to [- p/2, p/2].

The sine function with the restricted domain x1 [- p/2, p/2] isshownin fig. 3.25.

radians. Recall the graph of sinx from Chapter 2, fig. 2.3, it is shown
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sinix)
1 1 sin X

y=sinx T .
y=sintx

FIERESE]

fig. 3.25 fig. 3.26

The sine function on this restricted domain is now one-to-one and so the inverse function,
y=sin"'x exists. Recall that the graph of the inverse function is obtained by reflecting
the origina function in theline y = x. Theinverse sine function is shown in fig. 3.26.

Notice that the domain of the sine function becomes the range of the inverse sine function,
and that the range of the sine function becomes domain of the inverse sine function.

Notice, the inverse sine function may be denoted by sin"* or by arcsine.

. 1 . . .
sin*x doesNOT mean ——. sin"* and arcsine are equivalent
sinx

symbols for the inverse sine function.

We can restrict the domains of the cosine and tangent functionsin asimilar way so that
thelr inverse functions can be defined. The cosine function is restricted to the domain

x1 [0, p] and the tangent function is restricted to the domain x1 [- p/2, p/2].The

graphs of cosine and tangent with restricted domains, along with their respective inverse
functions are shown in the following graphs.

b cos(x) -1
L= T

w y =COSX 1 . xl
-1
y=cos ‘X

! el
= | I'Jl.-':l +|.|
')

0 Pi"? pi
-1 -0.5 0.5 1 -

fig. 3.27 fig. 3.28
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. I tan~' x
y=tanx | 4 [ e S
I h . i
' 2 / : y=tan"x LA
I S *
1 I .
£/ % -10 -5 1 5 0"
= +
' -2 | -z
1] | _,-"'4
I I -
||I -4 I — o ____
1 1 2
fig. 3.29 fig. 3.30

Note, alternative names for the inverse cosine function are cos * and arccos. Alternative
names for the inverse tangent function are tan™* and arctan.

We define the cosecant (cosec), secant (sec) and cotangent (cot) as follows:

(0] 1 (o] 1 (o] 1
Cosecq ® —— secq —— cotgo ——
sing cosq tang

Let us consider the graph of cosecq . By looking at the graph of sing (fig. 2.3), we can
see how the graph of cosecqg will look. For small positive valuesof , sing isvery small,
SO cosecq ° siqu will be very large. At q:E, sing is1, so cosecqg isaso 1. When

iscloseto p, sing iscloseto zero, so cosecqg will be very large. We now have an idea
of what the graph of cosecg lookslikeintherange O£ g £ p . Performing asimilar
analysisfor other valuesof gives usthe graph of cosecqg asshownin fig. 3.31.

o
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Noticethat cosecq isdefined for al vauesof except g=0, tp, £2p, +3p...
The function f (g)=cosecq is periodic, of period 2p .

Also noticethat for f (g)=cosecq, f(g)2 1or f(g)£1. Inother words,

(9 1.

By similar analysis, we can plot graphsfor secqg (fig. 3.32) and cotg (fig. 3.33). Task:

Write down anal ogous statements to the three bullet points above for the functions

f (g)=secq and f (g)=cotq.

In Chapter 2 we established the identity,
sin®g+cos’g =1

Dividing (1) throughout by cos® g produces a new
trigonometric identity:
1

cos’ g

tan’g+1= tan’g+1=sec’q or

Dividing (1) by sin®qg gives another identity,

1 1

= 1+ cot® g = cosec’q
tan’q sin’q

1+

We now have two more tools at our disposal when solving trigonometric equations.

$5 @( Solvethe equation tan® x+2secx+2=0 intherange O£ x£ 2p.

cotx

P L o o

] =

g N
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We notice that we can substitute for tan” x to get aquadratic in sec x.
Since tan® x = sec” x- 1 we can write:

sec® X- 1+2secx+2=0 sec® x+2secx+1=0.

We can now factorise:

(secx+1)(secx+1)=0 or (secx+1)° =0

secx=-1 i:-1 cosx=-1
COSX

Hence we must havethat x =p . Thisisthe only solution in the given range.

” ! @ Solvethe equation secqg =3cosecq for O£Eg £ 2p . “

H ! @/ Solvethe equation 2cosec’g =5+5cotg intheinterval 0£ X£ p . H

Let us now introduce the number e. g, like p, isan irrational number. Moreover, itisa
transcendental number (not the root of any ratioa polynomia). e, like p, isjust a
number. The value of e (to 75 decimal places) is shown below.

e = 2.7182818284590452353602874 71352662497 7572470936999595 7496696 7627 724076630353...
This number has some very special properties, which we will learn more about later.

eis often used as the base of logarithms. Recall from Chapter 2 the section * Logarithms'.

We noted that logarithms can have any base, but often we use logarithms with base 10. In
fact, more often we use logarithms with base e. We use logarithms with base e so often

that it hasits own symbol, ‘In’,

log, x° InXx. Inx always means ‘logarithm base e of X'.
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The logarithmic function base e is often called ‘the natural logarithm’.

One very important function in mathematicsisthe function f (x) =e*. Recall from

Chapter 2 the section ‘ The Graph of y = a*. In fig. 2.15, we plotted the graph of y=a*
for different values of a. Thegraph of f (x) =€ isshown in fig. 3.34. The function

f (x) =€* isknown as ‘the exponential function’.

" | | | | " ) % $5

1)

100

The inverse of the exponential function, €, isthe
logarithmic function base e, In x. Performing the

exponential function on a number, and finding the
natural logarithm of the result will take us back to
the original number, i.e.

a0

fig. 3.34 In(er) =x.
This demonstratesthat if f (x)=¢*, then f-*(x)=Inx. | If f(x)=¢" then f**(x)=Inx
s What does the graph of y =Inx look like?

We have established that Inx istheinverse
function of €. We know what the graph of €
2 5 10 lookslike (fig. 3.34), we know from the earlier
. section ‘Inverse Functions and their Graphs’
. that the graph of theinverse functionisa
-4 reflection of the graph of the original function
intheline y = x. From fig. 3.34, we can plot

the graph of y =Inx whichisshownin
fig. 3.35.

fig. 3.35
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# % %

One of the most important features of the function f (x) =e* isthat thisfunction isits
own derivative, i.e. if f(x)=¢€"then f @x)=¢".

Thisisthe only (nontrivial) function that has this specia property.

# % %

Before we look at the derivative of Inx, we first mention an important point. We have

introduced the symbol % as apiece of notation. We have said that thisis just a symbol,
X

_ . dy 1
not afraction. It is true, however, that v —g. ﬂ :di
dy dx l
dy

If yzlnx,calculate%.

$5 @
X

In this example, we learn how to differentiate y =Inx. First of al, form our knowledge

of logarithms, we write,

X L
So we havethat x=¢", now we can caculate g— . We now know that the derivative of
y

e ise.



107

ﬂ:i

Now, we know that , SO

dx dx

dy

dx dy 1 . y
—=¢ — = . The answer should be in terms of x. Remember that x=¢€", so
dy dx €’
dy_1_1
dx € x

We now have the required result.

%(Inx):

E
X

# % %

A formal proof of the derivative of sinx isnot given here, it can befound in A level
maths text books.

Let us take a non-rigorous look at the problem. Look back at the graph of sinx (fig. 2.3).
Remember that the derivative function is afunction of how the gradient varies with x. It
is clear that the derivative of sinx isaperiodic function. It isaso clear that the
derivative of sinx has maximum (positive) valuesat x =0, p, 2p, ... sSincethisiswhere
sin x hasits maximum positive gradients. We can see that the derivative function has
minimum vauesa x=-p, - 2p, - 3p, ... sincethisiswhere sinx hasits minimum

negative gradients.

We already know a function which has the required properties of the derivative function.
Thisfunction is, of course, cosx. Indeed, the derivative of sinx is cosx.

%(sinx) = COSX

# % %

Again, we will not prove thisresult. A similar qualitative approach as above will suggest
that - sinx fitsthe requirements of the derivative of cosx. Indeed, - sinx isthe
derivative of cosx.

%(cosx) =-sinx
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# % %

Theresult is simply stated here, however we will proveit later.

i(tan X) = sec’ X
dx

J’_

So far we have only considered the derivatives of ssimple functions and linear
combinations of these ssimple functions. We have not considered, for example, products
of functions, like x*sin x. There is an important rule for differentiating a product of two
functions, called the product rule.

If f and g are both functions of x and y = fg, then Y fd—g+ gi
dx dx T dx

Let us prove this result. We have two functions f (x) and g(x) and we are considering

the product y = f (x) g(x) . Suppose we change x by asmall anount a'x, which results

in the function f changing by asmall amount ¢f and the function g changing by a small
amount dg and the function y changing by a small amount ady .

We havethat y = fg. Changing x by asmall amount ax will mean that,

y+dy=(f+df)(g+dg)

dy=fg+ fdg+gdf +dfdg-y
But, y= fg, so,

dy = fg+ fdg+gdf +dfdg- fg

dy = fdg+gdf +dfadg
Dividing through by ax gives,

dy_,dg, di dtdg
ax ax ax ax
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Now as the change in x tends to zero, the resulting changesin f, g, and y tend to zero, i.e.

asdx®0,df®0,df®0anddg® 0,and YoV, WYg
ax dx  dx

dtdg o

ax

Therefore, in the limit as x tends to zero, we have,

dy dg df .
—Z=f —=4+9g— asrequired.
dx dx gdx &
] —_— w2 dy
$5 @' If y=x“sinx, cadculate et
X

dg df o df
dx ax dx

We have a product of two functions, so use the product rule. We have the two functions,
f =x* and g =sinx. The product rule tells us to leave the first function alone and
multiply by the derivative of the second function, we then add the second function left

alone multiplied by the derivative of the first function.

Following this method gives:

dy _ xzi(sinx)+sin xi(xz)
dx dx dx
= x’ cosx +sinx(2x)
= Xx? cosSX + 2XSin X
_€ dy
$5 @ If y=—, calculate —.
X dx

At first sight, this expression does not appear to be a product of two functions. We can

writeit as a product of two functionsin the following way,
y=x"'e".
Following the product rule we get,

d L dy dy
d—ilea(e%e&(xl)

- X—lex +ex(_ X—Z)
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dx

@! Usethe product rule to evaluate i((x2 +3) (3x4 - 7x2)) “

@ Usethe product ruleto calculate i(sin2 x) = i(sinxsin X)
dx dx
@2 Show that di(sin XCOSX) - di(2cosx) =- 1. What doesthistell you about the
X X

function f (x)=sinxcosx- 2cosx?

f(x
The quotient rule is a method for differentiating a quotient, or fraction, of the form ( )

X2 +7 dx

Following the rule we have,

dy (% +7)(2x- 3)©(2x- 3)(x*+7)¢

dx

(e 7y

g(x)

) The quotient rule is not proved
If y= U (X) , then ﬂ: g(x).f ©X) fz(x).gG()x) here. A proof can befoundin A
g(x) dx (a(x)) level pure maths text books.
$5 @* Giventhat y=22"2 find ¥
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(¥ +7).2- (2x- 3).2x
T X143 +49

_2X* +14- 4X* +6X

x* +14x* + 49
_ 14+6x- 2X°
x* +14x> + 49
. _ e . dy
$5 @ Giventhat y=——, find —.
sinXx dx

Following the rule for differentiating quotients, we have:

dy _sinxe*- e*(cosx)

dx SN x @ ( Usethe quotient rule to evaluate
d x*-2x
_e‘sinx- e*cosx dx cosx
sin’ x
e* (sinx- cosx) ! @ Usethe quotient rule to show
= - . in X
sin x that i(tanx)=sec2x.(H|nt: tanx:s—)
dx COSX
+

)

Thisis an important rule used to differentiate more complicated functions that can be
thought of astwo functionsin one, called composite functions. Let uslook at an
example of acomposite function.

Consider the function f (x) = (2x+3)2. If we wish to calculate the value of this function

for x =2, we gplit the calculation into two parts. First we calculate 2x+ 3, for x =2, this
gives 7. Next we sguare the result, giving the final answer 49. The part of the function
that we calculatefirst, 2x+ 3 in this case, is caled theinside function; the part of the
function that we calculate second, the ‘squared’ part of the function in this case, is called
the outside function. NB: The product rule would also work for this function.

f (X) = (2X + 3)2\ Outside function

Inside function .~
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Here is another example of acomposite function, f (x)=sin(2x). What istheinside
function and the outside function? If we were given avalue to substitute in to this

function, say x=§ , wewould first calculate 2x and then find the sine of the result.

Therefore, theinside function is 2x and the outside function is sin(inside function), the
sine of the inside function.

@' ldentify the inside function and the outside function for the following
composite functions:

a) f,(x)=In(2x+3) b) f,(x)= c) f,(x)=€*

(<9

d) f,(x)=tan®x

#

When faced with the task of differentiating a composite function, we first need to identify
the inside function and the outside function. Let us take the example f (x)=(2x+3)".
We have established that the inside function is 2x +3 and the outside function is

(inside function)” . 1t may be useful to use asingle symbol to stand for theinside
function. Let us call theinside function u. i.e. let u = 2x+ 3. We can now write that

f (x) =u?. The derivative of f (x) with respect toxis given by:

df (x) _df (x). du

dx du dx
:2u'% Nowsinceu:2x+3,%:2
dx dx
df
S0, d(x) =2(2x+3) 2
X
Remember to give your fina
- 4(2x+3) answer in terms of the original

variable, x.

If y=f(u) whereuisafunction of x, then
$5 @/ Given that

dy _dy. du - . dy
o du dx y—sm(3x+2),f|nd&.
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Theinside function hereis 3x+2. Let u=3x+2. Wehave y =sinu. Now, from the
chain rule, we have:

dy _dy. du
dx du dx

=cosu” 3

=3cos(3x+2)
. ok ey Oy
$5 @! Giventhat y=¢€ ,fmdd—.
X

Here, theinside function is 2x. Let u=2x. Then y =€". From the chain rule, we have
that:

& _dy. du
dx du dx
=e".2
= 2e*
$5 @ Findi(sinzx)
dx '

Let y=sin’x. Theinsidefunctionis sinx. Let u=sinx, sothat y=u®. From the chain
rule, we have that:

dy_dy. du
dx du dx

= 2U.COoSX

= 2SN XCOSX

@ Using the chain rule, evaluate the following,

a) %(\/BXZ +x) b) %(cos2 x) 0 %(In(xz)) d) %(In(Zx))
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)

What istheintegral of € w.r.t. x?i.e. whatis €*dx?Weknow that integration isthe

reverse process of differentiation, so we are asking the question, what function, when

differentiated, gives " asthe answer? We know that the answer to this question is "
itself. So we have that:

i(ex):eX edx=¢e"+c

What is 1 dx ? Again, the answer to the question is a function which, when
X

differentiated gives - as the answer. We know that the derivative of Inx is —, hence:
X X

—(Inx):1 1dx:Inx+c
X X

)

Similarly, we have the following results:

d, . .

—(sinx) =cosx cosxdx=sinx+c
dx

d . .

d—(cosx):- sinx sinxdx =- cosx+c
X

“ " @* Integrate the following function, f(x):£+x2+sinx- 2cosx+%ex.
X
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Earlier we developed a method of differentiating composite functions. This method tells
us to differentiate the outside function and then multiply by the derivative of theinside
function. There is an analogous method for integrating composite functions, which can be
thought of as the reverse process of the chain rule.

Let us consider an example. Take the composite function y = (2x- 7)4 . We know how to
differentiate this function. We have that,

dy 3
— =8(2x- 7) (check).
i (2x- 7)” (check)

So, given thefunction y=8(2x- 7)° how do we integrate it? We must reverse the

differentiation process. To do this we integrate the outside function and divide by the
derivative of the inside function.

So,if f(x)=8(2x- 7’ inside function: 2x- 7. Let 2x- 7=u

Outside function: u® (we do not worry about the
constant, 8)

8(u(x))3 dx

To integrate a composite function, first identify the inside function and the outside
function. Then we integrate the outside function and divide by the derivative of the
inside function. But beware —this method will only work when the inside function
islinear. Think about why this method does not work when the inside function is not
linear — Hint: make a substitution (see next section) for the inside function, say u, and
try to write down the integral solely in terms of the new variable, u.

It may be possible to get confused when integrating composite functions because
both integration and differentiation are used in the process. Remember to divide
by the derivative of theinside function.
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$5 @2 Integrate the function f (x) =~/3x- 3.

1
Theinside functionis 3x- 3. Let 3x- 3=u. The outside function is \/U:uz.

1

So, f(x)=u?.Weintegrate the outside function and divide by the derivative of the
inside function.

1

f (x) dxzi (u(x))2 dx
dx

2 g2
:5(3x- 3)2 ro=g (3x- 3)°

$5 @ ( Evauate e*** dx.

Theinside functionis 3x+2. Let 3x+2=u. Theoutside functionis €".

Let f(x)=e>?=¢".

" @ Evauate 2(x-5)4 dx
1 1,
f(x)dx=— €' dx==¢€"+c
du 3

dx

3x+2

“ " @/ Evaluate cos(3x) dx “
e

-1
3

+C

@! A function, f(x), isdifferentiated to give,

f @x) :é- sin(3x) . Suggest aformulafor f (x)
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) 6 6

When faced with the task of integrating a product, like x(x+4)’, you should consider

the method of integration by substitution. This method is perhaps best explained by
considering a step-by-step example.

Suppose we wish to evaluate  x(x+ 4)3 dx. Asthe name of the method suggests, we

proceed by making an algebraic substitution. In this example, welet u=x+4. It will
become clear why we chose this particular substitution as we proceed through the
example. The aim of the game isto replace every expression involving x in the origina
problem with an expression involving u.

Now, we have decided that u = x+4. Rearranging thiswe can seethat x=u- 4, so

u- 4 replacesthe occurrence of xinthe original problem. We aso havea‘dx’ inthe

original problem. Now, since u=x+4, we can say that % =1 dx =d_1u =du. So
X

dx isreplaced by du.

The original problem was x(x + 4)3 dx. Making the substitution leads to the following
form of the problem:

(u- 4)u® du.
Multiplying out the brackets gives:

u*- 4u® du which can easily be eval uated.

ut- 4u® du=%u5- ut+c.

Remember that the original question was posed in terms of x, so the final answer must
also be stated in terms of x. So we have:

x(x+4)3 dx:%(x+4)5- (x+4)4+c.

Note: In this example, we could have multiplied out the original integrand x(x+ 4)3 f

the integrand had been, for example x(x+4)", however, it is clear that multiplying out
the bracket is not sensible.

$5 @ Evaluate x+/2x- 3 dx by using the substitution u=2x- 3.
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Sometimes, asin this problem, we are given an appropriate substitution. Other times, we

have to think for ourselves.

If u=2x- 3, then x=""2_ Also, we havethat & = 2 ax =Y
2 dx 2
1 3 1
S0, X+/2x- 3 dx becomes UT+3.U2 d—zuzl 2+3u? du
5 3
=1 2 o0 e
4 5

S WrEE N

:1—10\/(2x- 3) +%\/(2x- 3)° +c.

$5 @' Evauate (x-l)(2x+5)4 dx.

Often, we substitute for aterm that is raised to a power, in this casetheterm 2x+5. Let

u=2x+5. Now, we need to express x- 1 intermsof u.

Since u = 2x+5 we have that X:LS, SO X- 1:u'—5- 1:u'—27.

Nowu:2x+5,so%:2 dx-Olu
dx 2

So, (x- 1)(2x+5)4 dx becomes - 7u4 du_1 u®- 7u* du

$5 @ Evauate 2x° %x“-? dx.
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Here we make the substitution u :lx4 -7 du_ 2x3 dx = —..

dx 2x3

3
So, 2x° %x“ - 7 dx becomes 2x3.u3%. We notice that the 2x> cancelsto give,
X

x*-7 +c.

Notice that in this example, the problem was made easy because the 2x° cancelled. This

is because 2x° isthe derivative of ~x*- 7.

H " @ Integratethefunction f (x)=x(3x- 1)°

“ " @2 Evauate (2x- 1)(x- 1)6 dx using the substitution u =x- 1

“ " @( Evauate 4x°(x- 7)3dx

f @x
Theintegral of afunction of the form @ ) isthe natural logarithm of the function on

(%)

the denominator, f (x).i.e.

f<‘@X)dlen‘f(x)Hc

f (x)
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We can illustrate why this is true by using the substitution u = f (x). Then % = f §x)

X
and so dx = _du . Then the integral becomes,

f &)

@ du _ idu=|n|u|+c:In‘f(x)‘+c.
u f@x) u
$5 @* Evauate 18x—+122dx.
(3x+2)

We can write down the answer to this problem straight away by noticing that the
derivative of the denominator is di((3x+ 2)2) =6(3x+2) =18x+12, which is exactly
X

the numerator. So we have the answer 18)(—+122 dx=In(3x+2)".

(3x+2)

$5 @ Evauate dx.

1+ X°

Now, in this case the numerator is not exactly the derivative of the denominator, but it is

1 times the derivative of the denominator. Thisintegral is of the form

21,19

fx) 2 f(x)

dxz%ln‘ f (x)|+c. So the answer to the question s,

X 1
dx==In(1+x?).
1+ X3 X 2 ( X)
! @ Evduae 33X dx
X' -6
1 .
- SIN XCOSX
" @' Evaluate 2X —— dx
Inx- sn“x
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) 6

Thisis another method of integrating a product of functions. We have studied the product
rule, which we use to differentiate products of functions, the method of integration by
parts can be derived from the product rule for differentiation.

d
RECAIl TN, —— (UV ) S U Vet e e e e e e e e e e e e e e e e e eeeeeees
dx( ) dx dx (M

where u and v are both functions of x. Integrating both sides of (1) with respect to x gives:

uv = uﬂ dx+ v%dx
dx dx

uv@dx=uv- wu@dx

Thisisthe method of integration by parts. It isalittle difficult to see how it works from
thisformula, so let us consider an example.

$5 @/ Caculate xe* dx.

Hereweset u=x, v&e*. Sowehave uc1, vée* and v=¢€".

Wehavethat, uv@x=uv- wuCdx
xe“ dx=xe"- e".1dx

=xe*- e +c
=e"(x-1)+c

The important thing to remember about this method is that only one of the functions, u or
v, hasto be integrated, the other is differentiated. We can choose which function we
integrate and which function we differentiate. In this example, we choose u = x so that
when we differentiate it, we get u&1, a constant, which makes the problem very easy. If
we had made the wrong decision and set u =¢€*, it would not have been so easy to solve
the problem.

$5 @! Evaluate xcosx dx.
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Here we choose u = x and v& cosx. It is not necessary to write down your choicesfor u
and v every time you use this method, nor isit necessary to write down the integration by
parts formula once you are comfortable with the method.

XCosSX dXx=x.sinx- snx.1dx
= XSINX+Ccosx+cC.
$5 @ Evauate x*sinxdx.

In the previous two examples, we had a single x term which we chose to be u so that

when we differentiated it we got a constant term. In this example, we have an x* term.
When we differentiate this term once we get 2x. Notice, however, that if we differentiate
it asecond time we do get a constant, 2. This suggests that we need to use the method of
integration by parts twice in this example.

Let us choose u = x* and v =sin x. Working through the method we get,

x2sinx dx = - x? cosx - ( cosx).2x dx
=-X*CcosX+ 2X.cosx dx

It may seem at this stage that we have not made any progress, since we still cannot
integrate 2x.cosx. We can however use integration by parts a second time to integrate
this product. Let us rewrite the last line of the calculation as follows,

x2sinx dx=- x> cosx+ 2x.cosx dx
— 2
=- X“Ccosx+ |
Now, | = 2x.cosx dx
=2Xsinx- sinx.2 dx

=2XsinX+2cosx+c

S0, the answer to the original problemiis,
X*SinX dx = - x> CoSX + 2XSin X+ 2C0SX +C

(which you may like to write alittle neater)
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$5 @2 Evauate | = €'sinx dx.

Notice that in this example, neither of the terms will ever reduce to a constant, no matter
how many times we differentiate it. We can till solve this problem by using integration
by parts twice. It does not matter in this case which term we choose to differentiate and

which term we choose to integrate. Let us choose to differentiate the €* term and
integrate the sin x term.

e‘sinx dx=- cosx€*- (- cosx)e* dx

=-e‘cosx+ e"cosx dx.
Now let us use integration by parts a second timeto evaluate € cosx dx. Again we will

chose to differentiate the €* term and integrate the cosx term (although in this case it
will aso work the other war around).

e‘cosx dx=e‘sinx- sinxe* dx
=e‘snx- e‘snxdx
=e"sinx- | (Recall that | = €*sinx dx)
Substituting this result into the original problem gives,
| = e*sinxdx=-e"cosx+e*sinx- |
Some simple algebraic manipulation gives:

. 1 .
2| =- e cosx+e*sinx I =§ex(smx- cosXx)

. ) 1 .
ie | = exsmxdx:Eex(smx- cosx)+c

“ " @ EBEvaduate xsnxdx H

H " @* By using integration by parts, evaluate x(x- 2)4 dx
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“ " @ Evaduate x%" dx

@/ By usingintegration by parts, evaluate Inx dx. Hint: Think of Inx as
1" Inx.Choose u=Inx, v=1

1 .
and ——, whereais
a’- x°
aconstant. The method that we use to solve these problems is substitution, but the choice
of substitution is not obvious.

Here we will look at how to integrate the expressions

a2+x2

% dx. To solve this problem, we use the substitution x =atang. This may
a“+Xx

seem like a strange substitution to make, but we will see how it works as we proceed
through the problem.

1)

Let x:atanq,sog—xzaseczq dx=asec’qg dg .
q
So, | = dx becomes | = ;aseczq dg
' a’+x a2+(atanq)2' '

Now, since 1+ tan® g = sec’ ¢, we can write this as,

| = %.a%czqdq
a’sec’q

:ldq
a

q
a

+C

Now, since x=atang, g =tan™*

@ | x



1
So we have the result, ——— dx=—tan
a“+x a

Thisisastandard result. If you recognise an integrand to be of the form % for

a?+x%’
1 1

|
FAMRE 3643 © X249

, you can write down the answer without any calculation.

2) % dx. To solve this problem, we use the substitution x=asing, so
a - x

dx

— =acosqg dx=acosqg dg .

dg

o, | = _ dx becomes | = L .acosqg dg

Jad- x? Ja?- a?sin?g

= ! .acosqg dqg.

Now, since 1- sin®g ° cos’ g, we can write this as,

| = .acosqg dg
acosq
= ldg=qg+c.
. . .1 X
Now, since x=asing, g=sin’- — .
a
Hence, _ 1 ax=snt X +c
a’- x a

1
$5 Cdculate ——— dx.
@ +16

X2

125
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Thisis of the standard form L dx with a=4.

a2+x2
Hence, we can write down the answer straight away, Z—dletan‘1 X +cC
X“ +16 4 4
$5 Cdculate ——
@ 4+ 4%°
We can write thisin the form 7 ;2 dx. Thisis now in the standard form
8 +(2x)
% dx with a=8 and x = 2x.
a“+x
Now we can write down the answer straight away, 5 dx:Ztan‘1 2
64+ 4x 8 8
=Ltant X
8 4

! @! Calculate each of the following integrals,

4+1x2 dx b) 3 dx C) #dx

9- xX° \25- 100x°

a)

" Evaluate ——— dx
“ @ X +16

+ %

Look at the graph of y=x* infig. 3.34.

We have seen how to cal culate the value of the shaded
area using integration. Now, imagine that the graph isin
y=Xx | 3 dimensional space and the whole parabola moves
through afull turn (2o radians) about the x-axis.

Imagine the solid that the shaded area would sweep out.
Make a sketch of the 3 dimensional solid in the box
below (fig. 3.35).
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In this section, we will learn how to cal culate the area of this solid and other similar
volumes of revolution.

The way we go about solving this problem isto imagine the solid in fig. 3.35 sliced up
vertically into a number of very thin slices each of width ax. The radii of the discs will

vary as we move along the solid, the radius of each disc will be y = x>, which depend on
where we arein relation to the y axis.

v

fig. 3.35

Note: technically the slices of the solid will not be perfect discs ass shown in fig. 3.36,
but the thinner the slices, the closer the pieces will be to perfect discs.

The volume of the disc oppositeis py?*dx. Aswe have
y mentioned, each disc will have adifferent radius, y, which
varieswith x. To find the total volume of the solid in fig. 3.35,
we add up the volumes of the individua thin discsfrom x =1 to
x =2 to givethetotal volume of the solid as,
<>

2
ax V= py%adx.

x=1

fig. 3.36

Aswe make dx smaller and smaller, the calcul ated volume gets closer and closer to the
true volume of the solid, which is given by,

V=p 2y2 dx
) :
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To state a general result:

The volume, V, of the solid of revolution created when the area under a graph
y=f(x) from x=a to x="b isrotated through 2p radians about the x-axisis given

by:
D 2
V:pay dx

$5 @" Find the volume of revolution formed when the area under the graph
of y=3x*+4 from x=1to x=5 isrotated through 2p radians about the x-axis.

It is often helpful to make a sketch, especially for
more complicated questions. The required

volumeis given by: n

B0

V=p 5y2 dx
1 ' 30

20

Now, y=3x*+4, so ’

o
-6 -5 -4 -3 -2 -1 a 1 2 3 4 5 B

Y2 = (3 +4)" =0x* +24x +16 fig. 3.37

So,V=p l59x4 + 24x% +16 dx

9 s adnny
—pgx+8x+16x

1

:ﬁs%p (units3)

$5 @  Find the volume of revolution formed when the area bounded by the
graphs y=x*+3 and y=- x* +5 isrotated through 2p radians about the x-axis.
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2 : — - ‘ The areain this question is shown in fig. 3.38.
B N\y oo 43 1 To find the limits of integration, we need to
8t 1 work out where the two graphsintersect. To do
o this we solve the equation x* +3=- x> +5,
il which gives x =+1 (check). The required
il volumeis given by:
2r y=-x"+ X* 1 2 1 2
— 2 2
43 2 i 0 1 B 3 v =p .1(- X +5) dx - P .1(X +3) dx
fig. 3.38
1 1
=p }xf’— Ex3+25x -p Ex5+2x2+9x
5 3 ) 5 ,
656 112
15 5
320 64 . 3
=p—=p— |units
P 15 P 3 ( )

So far we have looked at volumes of revolution about the x-axis only. It may also be
necessary for usto calculate a volume of revolution about the y-axis. The method is very
similar to the problems of revolution about the x-axis that we have solved so far.

The volume, V, of the solid of revolution created when the area under a graph
y=f(x) from x=a to x="b isrotated through 2p radians about the y-axisis given
by:

b
V=pax2dy

$5 @* Find the volume of revolution created when the area bounded by the
curve y =2x* and thelines x =3 to x =5and the x-axis s rotated through 2p radians
about the y-axis.



130

The required volume, V, is given by,

x=5
V=p _ xZ dy .

Now, since we are integrating with respect to y, we must
have the integrand (and limits) in terms of y. We do this

=y

by using the relation y = 2x° XZ—E.SO,
V=p ::35 x? dy becomes,
Vep Y ay=p L zou

=p N y—PT =440 .

18

Remember, x*appearsin the integral for volumes of revolution about the y-axis;
y* appearsin the integral for volumes of revolution about the x-axis.

@2 Cadculate the volume of revolution created when the area bounded by the
curves y = x* and y =6x- 8 isrotated through 2o radians about the x-axis.

! @ ( Calculate the volume of revolution created when the area below the
curve y =x® from x=1 to x=6 isrotated through 2o radians about the y-axis.

@ Cdculate the volume of revolution formed when the area below the
curve y=-x*+7 from x=0 to x=2 isrotated through p radians about the x-axis.

o) #

) ) % -

In real life situations, we are often faced with equations which have no analytic solution.
That isto say we cannot find an exact solution to the equation. For example, we can solve

the equation x* +x- 2=0 by factorising (x+2)(x- 1)=0 Xx=-2 or x=1.We
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have successfully solved the equation analytically to find the exact solutions. What about
the equation cosx- x=0. Can you solve this equation? Well, unfortunately this equation
can not be solved analytically unlike the previous example. We can not find the exact
solution of this equation using algebraic, or any other techniques. So, do we have any
hope of solving this equation? Well, we can find the approximate solution or solutions to
the equation cosx- x =0. In fact, we can find the solution or solutions to an arbitrary

degree of accuracy, however the more accurate we require our solution(s), the longer the
process.

S0, suppose we want to solve the
equation cosx- x=0. The graph of

y = f (x) =cosx- x isshownin fig.
3.40. We know that the solution of
f (x) =0 corresponds to the point where .

thegraph of f(x) cutsthe x-axis. So we

can tell, just from plotting the graph, that
the solution is somewhere around o
x=0.7 . We notice that to the |eft of the
root, the function is positive and to the

right of the root the function is negative.

-5

fig. 3.40
In general, the sign of afunction, f (x) , to the left of aroot is opposite to the sign of the

function to the right of thee root. We can use this simple fact to help us find the roots of
equations. For exampleto solve cosx- x =0, we can calculate the value of the function

at afew points and seeif we get achange of sign: f (0) =cos(0)- 0=1- 0=1 (positive),
f (1) = cos(1) - 1» - 0.4597 (negative), so we can say that there is a zero somewhere

between x=0 and x =1. To get a more accurate approximation to the root, we could
look at the value of the function f (x) at the point mid-way between x=0 and x=1, i.e,

at the point x=0.5. Weseethat f (0.5)=cos(0.5)- 0.5» 0.3776 (positive). So now we
can say that the root lies somewhere between x=0.5 and x=1. To get a better
approximation, we look at the value of f (x) at the point mid-way between x=0.5 and

x=1,i.e atthepoint x=0.75. Weseethat f (0.75) =cos(0.75)- 0.75» - 0.0183

(negative). So now we can say that the root lies somewhere between x =0.5 and
x=0.75. We can continue in this way to give the following,

f (0.5) » 0.3776 >0 f (0.75) » - 0.0183<0 mid point = 0.626
f (0.625) » 0.1860 > 0 f (0.75) » -0.0183<0 mid point = 0.6875

f (0.6875) »0.0853>0  f (0.75)»-0.0183<0 mid point = 0.71875
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f (0.71875) »0.0339>0  f (0.75) » - 0.0183<0 mid point = 0.73438
f (0.73438) »0.0079>0  f(0.75)» - 0.0183<0 mid point = 0.74219

f (0.74219) » -0.0052<0  f(0.73438) »0.0079>0  mid point = 0.73829

At this stage, we can say that the root of the equation cosx- x =0 lies between x=0.73
and x=0.74. S0, at this stage we can say that the root of the equation is 0.7 to one
decimal place. We could continue to achieve better accuracy.

NB: The equation cosx =0 has an infinite number of roots. Does the equation
cosx- X =0 have only the one root we have approximated, or are there other roots
outside the domain we have considered? By plotting the graphsof y =x and y =cosx

we can see that they cross only once, therefore there is only one root of cosx = X.

$5 @ Find the positive root of 10" =x+5 to one decimal place.

We are told to find the positive root to the equation, so we need not bother with
calculating the value of the function for negative x. Let us calculate

f (0),f(1),f(2), f(3),... until wefind asign change.

f (0)=10"- 0- 5=-4<0, f(1)=10-1- 5=4>0, so we can say that the root lies
between x=0 and x=1. Now we consider the functionat x=0.5.

f (0.5) =-2.34<0, so we can say that the root lies between x =1 and x=0.5. Now we
consider thefunctionat x=0.75.

f (0.75) =-0.127 <0, so we can say that the root lies between x=1 and x=0.75. Now
we consider the function at x =0.875.

f (0.875) =1.623> 0, so we can say that the root lies between x=0.75 and x =0.875.
Now we consider the function at x =0.8125.

f (0.8125) =0.6813> 0, so we can say that the root lies between x=0.75 and
x =0.8125. Now we consider the function at x =0.7813.

f (0.7813) =0.2624 > 0, so we can say that the root lies between x=0.75 and
x =0.7813. Now we consider the function at x =0.7657 .

f (0.7657) = 0.0647 >0, so we can say that the root lies between x=0.75 and
x =0.7657 . Now we consider the function at x =0.7579.
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f (0.7579) =- 0.0313< 0, so we can say that the root lies between x =0.7657 and
x=0.7579.

At this stage, we can say that the root of 10" = x+5 is0.8 to one decimal place.

“ " @' Find the positive root of x*- 2x*-1=0 to two decimal places. “

5 )

To solvethe equation f (x) =0, we may rearrange this into the form x = £ (x) so that if
x satisfies f (x) =0, thenit also satisfies x =7 (x) . Then the fixed point iteration is the
computation X,,, = (x,). This sounds rather complicated, so et us consider an example.

$5 @/ Using the fixed point iteration method, solve the equation
cosx- x=0.

Thefirst step isto rearrange the equation cosx- x =0 into the form
x = some function of x. The most obvious way to do thisisto arrangeit into the form
x =cosx. Now, theiteration formulais x ,, =cosx,. We start with an initial guessto the

root, x,. Let usmake our initial guess x, =0.7. We then feed the initial guessinto the
iteration formula, to produce a better approximation of the solution, x . Wethen feed x;
into the iteration formulato produce a better approximation, X, .

So, x, =cosX, withinitial guess x, =0.7, we get X, =cos(0.7) = 0.7648.

X, = cosx, = cos(0.7648) = 0.7215 X, = COsX, = cos(0.7370) = 0.7405
X, = cosX, = cos(0.7215) = 0.7508 X, = cosX, = cos(0.7405) = 0.7381
X, = cosx, = cos(0.7508) = 0.7311 X, = COSX, = cos(0.7381) = 0.7397
X, = cosx, = cos(0.7508) =0.7311 X, = COSX,, = c0s(0.7397) = 0.7387
Xs = cosx, = cos(0.7311) =0.7444 X, = C0SX, = c0s(0.7387) = 0.739%4

Xs = COSX; = cos(0.7344) = 0.7422



X, = COSXs = cos(0.7422) = 0.7370
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We can see that after 12 iterations, the approximation is settling down to a number
around 0.739.
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fig. 3.41

fig. 3.41 illustrates the iteration process.
We can seein this case that the
iterations produce better and better
approximations each time — we can see
thisin the diagram because the arrows
are getting closer and closer to the
required root. The diagramin fig. 3.41
IS sometimes called a cobweb
diagram. When the iterations get
closer and closer to the required root,
we say that the iteration conver ges.

Iterations do not always converge, as
we will see later.

Often, there is more than one way to rearrange a given equation into the form
x = some function of x. Depending on how we do this, the iteration may or may not
converge. Some rearrangements lead to iterations that converge much faster than others.

Suppose, in example 3.36, we decided to rearrange the equation cosx- x=0 as

X= % X+ % cosx (check that thisis a correct rearrangement). Performing the iteration

X 41 =%xn +%cosxn withinitial guess x, =0.7 gives:

X :%' 0.7+%cos(0.7) =0.7324

1

X, =§' 0.7324+%cos(0.7324) = 0.7379

1

1

X, = E, 0.7379+ 5 cos(0.7379) = 0.7389

1

x, ==" 0.7389 +1cos(o.7389) =0.7390
v 2
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Thistime we can see that after just 4
iterations, the approximation is settling
down to a number around 0.739. So this
particular rearrangement leads to a process
which converges much faster than before.

fig. 3.42 illustrates the iteration process.
We can see that this rearrangement leads to
amuch faster convergence. Illustrations of
thiskind are sometimes called stair case
diagrams.

Finally consider the equation cosx- x =0 rearranged as x = g X- %cosx (check that

thisis acorrect rearrangement). Performing theiteration x,, = g X - %cosxn withinitial

guess X, =0.7 gives:
X, =§' 0.7- %003(0.7) =0.6676

X, = g 0.6676- %008(0.6676) = 0.6087

X, = g 0.6087 - %cos(O.GOB?) =0.5029

X, =g' 0.5029- %cos(o.sozg) = 0.3162
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t In this case, the iteration does not take us
closer and closer to the desired root. In fact,
it takes further and further away from the
nsf 1 desired root. Thisisillustrated in fig. 3.43.
o/ In cases like this, we say that the iteration

\ diverges.

y-§><- L osx
2 2

-0.5
0

=¥

0.1 0.2 0.3 0.4 0.5 06 07

fig. 3.42

* Useasuitableiteration to find the positive root
of the equation x*+sinx =1 correct to 2 decimal places.

+

Thisisamethod of finding the approximate value of the integral of a function when the
function in question can not be integrated analytically. The general method isto

approximate the area under the graph of f (x) by splitting the area up into simple shapes
(rectangles) that we can easily find the area of.

Let us consider asimple example. Suppose we want to find the area under the graph of
f (x) = x* between the points x=0 and x =5 (of course, we can actualy find this area

anayticaly, itis ;xzdx =41.67 (check)). One way of proceeding would be to take the
mid point of the limits of integration (% =2.5) and use the area of the rectangle

illustrated in fig. 3.43, with width 5 and height f (2.5) =6.25, to approximate szdx.
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So, the shaded areais given by:

A=(5-0)" f(2.5)=3L25.

Thisisnot avery accurate
approximation (the true answer is41.67
to 2 d.p.). We can improve the accuracy
by splitting the area up into a greater
number of rectangles.

& 2 25 3 4 &5 "% Let us split the area under the graph of

f (x) = into 5 strips of width one
fig. 3.43

unit, as shown in fig. 3.44 (these strips are sometimes called ordinate strips). We then
take the mid point and use the value of the function evaluated at the mid point as the
height of each strip. We then add up the area of all the strips to get our approximation.

o - Here thelines x=0, x=1, ..., x=5 are

the ordinates (6 of them). Thereare 5
ordinate strips.

3Er

a0+

25r

fEef———————

e — — — —

sk —

=l 0 05 1 15 2 25 3 35 4 45 5 B

fig. 3.44

We can see that the shaded area shown in fig. 3.44 is given by:

A=(1- 0)" f(05)+(2-1)" f(1.5)+(3-2) f(25)+(4-3)" f(3.5)+(5-4) f(4.5)
=1 05°+1 1.5°+1 25°+1 35°+1 45
=41.25.

So, with 5 ordinate strips we get areasonably good result. We could improve the result
further by increasing the number of ordinate strips.

Now let us state the general result.
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The Mid Point Rule:

b

f(x)de» @R X¥% 87D %¥% A by XX, L8Dp X, tX
n-1 2 n-1 n-1 2 n-1

+
2 2

a

Where x, =a, X, ..., X, =b arethe ordinates (n of them). There are n- 1 ordinate strips

each of width 22
n-1
$5 @! Usethe mid point rule to approximate the area under the graph of

1

f (x) = x2e* from x=2 to x =7 with 6 ordinates (5 ordinate strips).

The5 ordinatesare: x, =2, x, =2+ 7—52 =3, x,=4, x,=5, X, =6, %, =7. Notice
a_
n_

‘ (en

that in general, x, =a+nh, where h= , the width of each ordinate strip.

[EEN

Using the formula above, we have:

1
7X§eXdX» f E + f ﬂ + f 4+5 + f 5+6
2 2 2 2 2

=25 e*®*+4/35 e*+.45 e**+.55 ¢°

=846.02 to 2 d.p.

! @* Usethe mid point rule to approximate :6\/1+ x* dx with 6 ordinate
strips (7 ordinates)
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Simpson’sruleis similar to the mid point rule, except that the function is approximated
by a quadratic polynomial between each ordinate strip. We will not give details of the
derivation here, we will simply state the result and use it.

Simpson’'s Rule

b

. f (x) dx»g f(x)+f (xn)+4(f (xwen))+2(f (xodd))

Where n isthe number of ordinates, h = b_—i is the width of each ordinate strip,

X, =a,X,=b, f(X.) representsf evaluated at each of the even ordinates (except at x, if n
iseven) and f (x,,) representsf evaluated at each of the odd ordinates (except at x,).

X :x1+(i-1)h.

We can see that 2 multiplies every term in the bracket. Inside the bracket, f (), the

function evaluated at the first ordinate, and f (x,), the function evaluated at the last

ordinate, are added together. The function evaluated at each even ordinate (except the last
ordinate x if niseven) ismultiplied by 4. The function evaluated at each odd ordinate

(except the first ordinate, x,) ismultiplied by 2.

1
$5 @ Using Simpson’srule with 5 ordinates, approximate
0

dx.

X2 +1

Here we have f (x) = 21+1. The lower limit of integrationis a =0. The upper limit of
X

) .. 1-0 1 1 1
integrationisb=1. h=——==_.Sowehave x =0, x, =x +h=0+===,
eg 51 2 X X=X 4 2

X, =% +2h :O+%:% ,... and so on. The table below show all the necessary values for

the calculation.
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X % =0 _1 L[ 23 %=1
X 4 X3 5 “ 7
f(Xi) 1 1 1 1 1
2 - 2 2 2 Py
0" +1 1 1 1 1 3 1 2
4 2 4

o X +1 12 ? 2 3° 2
4

=0.785 to 3d.p.

$5 @2 Using Simpson’s rule with 5 ordinates, approximate 13 e dx.

3-1_1

5-1 2
_ _ _.. 1 _ _ 1_ _ a1 _ _ 1_
X =1 x2—x1+h—1+5—1.5, x3—x2+h—1.5+§—2, x4—x3+h—2+5—2.5, X =X, +h=25+==3

X 1 15 2 2.5 3

f(x) |e?|e® |e* |e° e’

By Simpson’ s rule we have

3

e »%' %(e‘1+4e'3+2e'4+4e‘5+e'6) " @  Use Simpson’srulewith 4
ordinate stripsto find an approximate

9
» 0.066 to 3d.p vaue for . VInx dx

1
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@/ TRICKY! You are stranded in amagical forest. The wizard will alow you to return
home only if you can tell him an approximate value of In2 (afractional approximation isvalid).
Y ou cannot remember the value of In2. You do not have a calculator — only a stick to writein
the soil. How could you come up with an approximation for In2? Try it. Hint: think of a suitable
definite integral and use Simpson’srule. Hint: remember, In1=0. Answer: if you use the same

method as | did with n = 7 you get the fractional approximation In2 » ;gj;; :
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&2 ) #

() #

+ $5

When working with algebraic rational expressions, it is always worth checking whether
any cancellation will lead to asimpler expression. This may include first factorising the
numerator and/or denominator where possible.

6X> +9x

$5 * @ Simplify the expresson —————.
@ Pty P 4x% +12x+9
First we notice that both the numerator and the denominator can be factorised,

6x2+9x _  3x(2x+3)
4x? +12x+9  (2x+3)(2x+3)

Now we can divide numerator and denominator by 2x+ 3,

3x(2x+3) _ 3x
(2x+3)(2x+3) 2x+3’

$5 « @ Simplify the expression — "X
9x°- 62+ X
Dividing numerator and denominator by x gives,

*x*-x  _ 3x-1
- 6X°+xX 9x?- 6x+1

Factorising the denominator gives,

3x-1 _ 3x-1 _ 1
9x? - 6x+1 (3x-1)2 3x-1

2 -
"+ @ Simplify the expression X314
2Xx° - 8x
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9x?*- 25

" * @ Simplify th ession ———————
“ @ Simplify the expression 9 +30x+ 25

4 6 # %

Whenever an algebraic fraction has a numerator with a higher degree (or the same degree)

as the denominator, it is possible to divide the denominator into the numerator. For
5

example, % = x*. Since the numerator has degree five, which is higher than the degree

of the denominator, we can divide the denominator into the numerator. For more
complicated examples, there is a method of dividing algebraic quotients which is very
similar to the method of long division for numbers. Below is aworked example.

$5 * @ By dividing the denominator into the numerator, ssimplify the
. 2% - 3x%- 2x+2
expression > :
X -

Since the degree of the numerator isthree, which is greater than the degree of the
denominator, we can divide the denominator into the numerator by dividing ‘highest
power into highest power’ asfollows,

2%+ x
X- 2>2x3- 3%% - 2X+2

2x3 - 4x°
X2 - 2X+2
X% - 2X

2
Thistellsusthat x- 2 goesinto 2x®- 3x*- 2x+2, 2x* + x times with remainder 2, i.e.

23 - 3x%- 2x+2

=2X° + X+
X-2 X- 2
$5 * @ By dividing the denominator into the numerator, smplify the
. 8x%- 2x%- 3x+3
expression :
2x+1

The working is shown below,



144

4x% - 3x
2x+1> 8x3- 2x%- 3x+3

8x° +4x°
- 6x*- 3x+3
-6x° - 3x
3

3 _ 2 _
8x’- 2x 3X+3:4x2-3x+

So, we have that .
2x+1 2X+1

We are easily able to add several fractions together to form one fraction, for example,

3 2 _3(3x+7)+2(x- 2)
+ =
X-2 3x+7 (x- 2)(3x+7)

_9x+21+2x- 4
(x- 2)(3x+7)

11x+17
(x- 2)(3x+7)

| 11x+17
3 +x- 14

If we were given that fraction could we split this up into the two fractions

3x° +x- 14
we started with? To do this we need to use the method of partial fractions. Partia
fractionsis essentially the reverse of the process of adding together fractions as shown
above. Partial fractions allows us to take an algebraic fraction and split it up into severa
fractions (where possible). We will look at three basic types of algebraic fractions that
can be decomposed by using partial fractions.

TYPE I: The denominator consists of amultiple of linear factors of the form (ax + b) .

$5 * @ Thefraction consists of amultiple of linear factors of

(x-1)(2x+3)
the form (ax + b) in the denominator. Notice that the numerator is of alower degree than
the denominator. The fraction can be split up asfollows:



7X+3 A B

(0]

(x-1)(2x+3)  x- 1+ 2x- 3’

Our amisto find A and B. Adding together the RHS gives:

7x+3  , A(2x+3)+B(x- 1)
(x-1)(2x+3)  (x-1)(2x+3)

Now, the above expression is an identity, so we can compare numerators and say that:
7x+3° A(2x+3)+B(x- 1)

Now we notice that if we set x =1, it will eliminatethe (x- 1) term, and therefore B,
allowing usto find A.

Setting x=1 gives:

10=5A A=2

So we can now say that

7x+3° 2(2x+3)+B(x- 1).

Now, we could set X = - g to eliminate the (2x+3) term and allow usto find B, but

there is another technique that we can use. Since we have an identity, for example the
number of x terms on the LHS must equal the number of x terms on the RHS. On the
LHS, we have 7 lots of x; on the RHS we have 4+ B lots of x. So, we can say:

7=4+B B =3. Wecall thistechnique comparing coefficients.
We have now solved the problem,

7X+3 2 3

(0]

(x-1)(2x+3)  x- 1+ 2x- 3’

R SE U partial fraction form.

$5 * Express
@ Exp 2x*+x- 3

Our first job is to factorise the denominator.

145
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-11x-19 _  -11x-19
233 +x-3 (2x+3)(x-1)°

Now we express thisin the form

-11x- 19 A B
+

(o]

(2x+3)(x-1) 2x+3 x-1

Adding the two fractions on the RHS gives,

-11x-19  A(x- 1)+B(2x+3)
(2x+3)(x- 1) (2x+3)(x- 1)

Equating numerators gives,

- 11x- 19° A(x- 1)+B(2x+3)
Setting x =1 gives,

-30=5B B=-6

Comparing coefficients of x gives,

-11=A-12 A=1
So we have,
-11x- 19 1 6

(o]

(2x+3)(x-1) 2x+3 x-1

) . ) -7X- 26 . A B
" * Using partia fractions, express ——— in theform +—
@ gp P 2x%- 8 2X+4  x- 2

where A and B are constants to be determined

* @ Using partia fractions, express N , Where a is aconstant as a sum of

two fractions

TYPE |I: The denominator consists of aquadratic expression of the form ax® +bx+c
which cannot be factorised into linear factors.
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Ox? - 35x+8

e - @ Spit (x- 4)(x2- 2X - 2)

up into partial fractions.

Notice that the denominator contains the term x? - 2x- 2 which cannot be factorised.
This type of fraction can be split up into the following form:

9x*- 35x+8 A N Bx+C

(0]

(x- 4)(x2- 2X - 2) X-4 X*-2x-2

(x- 4)(x2- 2X - 2)

So we must have that 9x? - 35x+8° A(xz- 2X - 2)+(Bx+C)(x- 4).

Setting x =4 gives,

12=6A A=2.

Comparing coefficients of x> gives,
9=A+B B=7.

Comparing constants gives,
8=-2A-4C Cc=-3.

S, we have found that

Ox? - 35x+8 2 N 7x- 3

(o]

(x- 4)(x2- 2X - 2) X-4 xX°-2x-2

3% - 8x+7 . A Bx+C
intheform +—
(2x-1)(3x2- x+5) 2x-1 3x*- x+5
where A and B are constants to be determined

* @ Write the fraction

TYPE I1I: The denominator contains repeated linear terms, for example (ax + b)2 :

2 -
$5 * @ Express 2x°+29x- 11 in partial fractions.

(2x+1)(x- 2)2
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In this example, the partial fraction form is asfollows,

2x*+29x-11, A B, C
(2x+1)(x- 2)* 2x+1 x-2 (x-2)’

In the denominators on the RHS, we have alinear factor on itsown, x- 2, and arepeated
linear factor, (x- 2)2 . Adding together the RHS gives,

25¢ +29x- 11 A(x- 2)"+B(2x+1)(x- 2)+C(2x+1)
(2x+1)(x- 2)* (2x+1)(x- 2)°

So we must have,

2x2 +29x- 11° A(x- 2)" +B(2x+1)(x- 2)+C(2x+1).

Setting X =- % gives,

2

2
2 % - 2—29-11:A g A=-4 (after some work)

Setting x =2 givesusthat C =11 (after some work).
Comparing coefficients of x* gives,
2=A+2B B=3.

So we have found that,

2x*+29x-11, 4 3 = 1
(2x+1)(x- 2)°  2x+1 x-2 (x-2)*

18)(—+22 in the form A Bx+02 , Where A, B
(3x+4)

* @ Expressthefraction
3x+4 (3x + 4)
and C are constants to be determined
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2
! * @ Expressthefraction 8X+—X32 intheform —~_+_ B 4+ C =,
(x+2)(x- 1) X+2 x-1 (x-1)

where A, B and C are constants to be determined

5%°- 13x+5, A B C
3 + 2 +
(x-2) (x-2) (x-2)" (x-2)
are constants, find the values of A, Band C

" * @ Given that

5, WhereA,Band C

An important point to make is that in order to express a quotient in partial fraction form,
the numerator must be at least one degree less than the denominator. If thisis not the case
we must first ‘do the division’ asillustrated in the next example.

2 -
$5 * @ Express %)(53 in partial fraction form.

Since the numerator is not of alower order than the denominator, we can divide the
denominator into the numerator.

1
X2 - 2X- 3jx2+x- 5
2
X2 - 2x- 3 e X+X_5°1+ Sx- 2 .
3. 2 X2 - 2x- 3 X2 - 2x- 3

Now we can work on the fraction fxng by factorising the denominator and using
X - 2X-

partia fractionsin the usua way.

Below isasummary of the partial fraction forms.
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Denominator Expression Form of partia fractions
containing
_ f(x) A N B N C
Linear factors (x+a)(x+b)(x+c) (x+a) (x+b) (x+c)
Repeated linear f () A , B _+ C i
factors (x+a)3 (x+a) (x+a)” (x+a)
) f(x) Ax+B + C
Quadratic
factors (ax2+bx+c)(x+d) (ax2+bx+c) (x+d)
f (x) Ax+b . C , D , E
2 b 2
enra (erafcrbforg) | V0T o) () bl
example
-". 10
$

Consider acirclewith radiusr and centre at the

origin. We have seen that we can express any

y r P point on the circle, for example the point P, in

o terms of it’s x-y coordinates. We can define the

position of P by writing the equation of the circle

intheform x*+y® =r. Thisiscaled a

rcos X Cartesian equation (after the French philosopher
and mathematician René Descartes, 1596 —
1650). It is an equation which defines the
relationship between the x and y coordinates (and
some constant, r).

rsin

v

fig. 4.1

However, there is an alternative method of defining the position of P. We can define the x
and y coordinates of P by defining the distance in the x and y direction from the originin
terms of the radiusr and anew variable, , which isthe angle the radius makes with the
x-axis. We can see that:
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X =T C0Sqg and y=rsing.
This new way of expressing the position of a point on acircle involves anew variable,
iscaled aparameter, since it is a variable which appears both in the expression for the
x-coordinate and the y-coordinate. The previous equation is an example of a parametric
equation (with parameter ). Sometimes it turns out to be more convenient to work with
parametric equations rather that Cartesian equations, and sometimes it is necessary to
convert from one form to another, depending on which form is most convenient for a
particular calculation. We introduced parametric equations with the example of acircle; it
is also possible to paramatise parabol as and straight lines as shown in the next examples.
$5 * @ Find the Cartesian form of the following pair of parametric equations,
Xx=t-2 y=2t-9.
In questions like this, we usually proceed by using one of the equationsto expresstin
terms of either x or y and then substitute this for t in the other equation. In this example,
let us use the first equation to write t in terms of x. We can see that,
t=x+2.
Substituting this for t in the second equation gives,
y=2(x+2)-9
=2x+4-9
=2Xx-5

So, we have arrived at the Cartesian form of the equation, y =2x- 5.

$5 * @ Find the Cartesian form of the following pair of parametric equations,
X=2t-1....ooiiiin (@H)]
y=12t*- 14t +6........... 2

In thisexample, it is easiest to expresst in terms of x using (1). Doing this we get,

t= XTH Substituting for tin (2) gives,
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24+ 2x+
=12 XTZX:L - 7X-7+6

=3x° +6Xx+3- 7x- 7+6
=3x%- X+2

So, we have arrived at the Cartesian form, y =3x"- x+2.

$5 * @ Find the Cartesian form of the following pair of parametric equations,
1
X=—. (1
T 1)
1
T 2
y 7t-5 @)
From (1) we can seethat x(1- t) =1 X-tx=1 g=2X1 Substituting thisinto
X
(2) gives,
y= 1 _ 1
7 x-1 .5 7x-7_5
X X
1 X : .
= = . S0, we have arrived at the Cartesian form, y = :
IX-7-5X 2x-7 2x- 7
X

! * @ Find the Cartesian form of the following pair of parametric
equations, x =2t and y=8t*+5

* ( Find the Cartesian form of the following pair of parametric

. t t
uations,Xx=—— and y =
™ 1- 3t y 1+ 2t
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)

Expand the following: (1+ x)2 ,(1+ x)g, (1+x)*. We can see that the expansion of
(1+ x)n becomes very laborious as n increases beyond 3. Clearly, trying to expand
(1+x)" would be avery long and boring calculation. By the end of this section, we will

be able to calculate (1+x)" quickly and easily.

In the three expansion questions posed above, you should see that the constant in each
expansion is 1. Why isthis? Let uslook at the example (1+ x)2 ,

(1+x)° =((x)§1+x) =1+ X+ X+ X

Thereisonly one way in which we can get a constant term, and that is from the two
constant terms from the liner factors multiplied together, as shown above.

SN
(1+x) :(W) =1+ X+ X+ X

There are two ways in which we can get an x term, as shown above.

(1+ x)2 =(1+ x@x) =1+ X+ X+ X

Thereis one way in which we can get an x° term, as shown above.

In calculating (1+ x)2 , there are atotal of four multiplications needed, as indicated by the

four arrows in the diagrams above. Thus we have found that there is one way (out of four
total multiplications) in which we can get a constant, two ways (out of four total
multiplications) in which we can get an x terms and one way (out of four total

multiplications) in which we can get an x* term. Y ou may like to consider the case
(1+ x)3 and see how many multiplications are necessary to evaluate this. You can aso
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work out how many different ways you can get constant terms, x terms, x* and x° terms,
It turns out that thereis a specia pattern between the coefficients of the powers of xin the

expansion of (1+x)". Wewill look at this pattern next.
o

fig. 4.2 showsthefirst part of Pascal’ s triangle (named after the French mathematician
and philosopher Blaise Pascal (1623 — 1662). Each number in the triangle is obtained by
adding together the two numbers directly above.

1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
fig. 4.2

The second row is1 1; these are the coefficients of (1+ x)l. Thethirdrowis1 2 1,
these are the coefficients of (1+x)° =1+2x+1. Thefourthrowis1 3 3 1, thesearethe
coefficients of (1+ x)3 =1+43x+3x* + x*. From Pascal’ striangle, what is the expansion
of (1+ x)e? From the triangle, we can see that the coefficientsare1 6 15 20 15 6 1, so
the expansion is (1+x)° =1+ 6x+15x* + 20x° +15x* +6x° + x° . By filling in the next
row of Pascal’ s triangle, write down the expansion of (1+ x)7 . Pascal’ striangle can also

be used to expand an expression of the form (a+bx)", for example (2- 3x)° may be
5

writtenas 2° 1+ - 3—; , We can write X in placeof - 3—5)( , SO we have
(2- 3x)° =2°(1+ X)* and expand this in the usual way, remembering to replace X with

- 3—; at the end. We will now develop aformulafor expanding (1+ x)n , but first we

need some to introduce some new concepts.

The factorial of a positive integer, n, denoted n! is defined by,

n'=n(n-1)(n- 2)(n- 3)...1
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For example, 31=3" 2" 1=6, 41=4" 3" 2" 1=24. We define the factoria of zero to be
one i.e. 0'=1.

Next we introduce the binomial coefficient notation,

a _ al
- _ a
b b!(a b)! The binomial coefficients b givethe
For example, number of ways of choosing a objects from

aset of b objects. For example, in how

5 5 54321 many ways can a committee of 4 people be

3 3,(5_ 3), "3 21 21 =10 formedfrorgagroup of 9 people? The
answer is =126 ways.

6__ 6 _654321_ 4

1 1(6-1) 154321

The binomial coefficient is sometimes written as "C, . On your calculator you
r

nCr

should find a button labeled or| nCr |. For example, pressing| 9 | followed by
"C

r

followed by | 4 | onyour calculator should return the answer 126.

4
" * @ Caculate ) and

- $5

We are now ready to state the general formula. We have not proved this formula here, but
you can see from the previous examples that a detailed combinatorial analysis of the

expansion of (1+ x)n is possible. Such adetailed analysis leads to the following result:

n_ N N n , n n .
(1+x)"= + x+ _ X+ _ XH.+ X
0 1 2 3

This can be written in sigma notation as,

1+x)'= " x| (D)
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This can also be equivalently written as,

(14" =1+ s n(n- 1) 2 n(n-1)(n- 2) O n(n-1)(n- 2)(n- 3) oy
2! ! 4!

Check that you can get from (1) to the above form.

We have aready commented that any expression of the form (ai bx)n can be expressed
intheform A(lt Bx)n , and so the above formulas can be used to expand anything in the

form (axbx)". Sometimes, however, the result for the expansion of (a+bx)" is stated
separately (b may be negative). Thisresult is stated below,

(arb=" " (o)

r=0

Or, dternatively,

(a+bx)" =a" +na“'1bx+%a"'2(bx)z ,N(n-12)(n- 2) a3 (b + n(n-1)(n- 2)(n- 3)

3 2 a”‘“(bx)4+...+(bx)n

$5 * @ Expand (2+ x)G.

There is more than one way to do this. Y ou could use Pascal’ s triangle for example, but
we will use the general formulawe have stated above.

2,654 4 ,,6543 , , 65432 ., 654321 ,
3l 4l 5! 6!

(2+x)"=2°+6" 2°" x 2 X

65,
+— =
|
= 64+192x + 240x> +160x3 + 60x* +12x° + X°
$5 * @ Expand (1- 2x)5.

It is easy to make a mistake when the x term inside the bracket is negative. Make sure
you use brackets correctly and the whole term, - 2x, gets raised to a power in each step
of the calculation.
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(1- 2%)° :1+(-2x)+%’ (-2x) +2 ; 3 (-2x)3+¥’ (- 2x)* + (- 2x)°

=1- 2x+40x* - 80x° +80x" - 32x°

Notice that when the x term inside the bracket is negative, we get an alternating series as
the answer (since a negative number raised to an even power is positive, whilst a negative
number raised to an odd power is negative). It is worth while checking this when you
have finished a problem of this type, to make sure you have not made a mistake with the

signs.
$5 * @ What is the coefficient of x° in the expansion of (3- x)g’?

It would be awaste of time to expand the whole thing in this example, since we are only

interested in the coefficient of x°, and none of the other terms. If you study the general

formula we stated earlier, it should be apparent to you that the term involving x° is

9°8 7 6°5 4,
6!

3%°" (- x)° and so the coefficient of X° is,

9°8 7 6"5 4,
6!

3* =2268.

6
X * @ What is the coefficient of
" * Expand 3- = full
@ Exp > y H

x5 in the expansion of (x- 1)°?

Let usrecal our general binomial expansion formula,

(a+by) =a" +nan.1bx+#an_z(bx)z ,n(n-1)(n- 2) 2 (o) + n(n- 1)(n- 2)(n- 3)

3 2 a"'“(bx)4+...+(bx)n

So far, we have only considered this expansion for n a positive integer. What if nisnot a
positive integer? Well, it turns out that the above formulaisvalid for al rational n
(positive or negative), provided |X < % (this meansthat - % <x< %). The extra
condition |x| <a isnecessary for the seriesto converge. Otherwise, the formulaworksin
exactly the same way.

$5 * @ By using the binomial expansion, find a polynomia approximation for
(1+x) .

Using the formula above, we have,
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U2 a0 0, t1 20 -8 s o 1208 4 10220 -8 o475,

2! 3! 4! 5!

(1+x) " =1+(-1)7 15 x+ T5 X+

=1- X+ X - X+ X - X+,

Notice that when n was a positive integer, the binomial expansion formulacameto a
natural end, but when n is not a positive integer, the expansion has no end, it is an infinite

expansion. Remember to state in your answer that thisis only valid for |x| <1.
$5 * @ By using the binomia expansion, find the first four termsin the

polynomial approximation for ———.
(2- 3x)

First of all wewrite % as (2- 3x)*. Now we use the formula,

(2- 3x)
2 , -2°-3, .5, .y -20-3 -4, L5, . \3
(2-3x) " »2%+(-2)" 2% (-3)" x+ 5 2227 (-3 x) e 2%% (-3 x)
=L+ 2l 2l
1
Thisisvalid for [34 <2, i.e. for |X <§.
$5 * @ By using the binomial expansion, find the first four termsin the
polynomial approximation for+/1- x.
1
First we write v1- x as (1- x)2. Then we use the formula,
1. 1 11 1
= =-1 = =-1 =-2
11 1 1 1
(1_ X)Z»lz_l_%,lzl, (_1, X)+2 22' ,122, (_1, X)2+2 2 3| 2 ,123 (_1, X)3

Thisisvalid for [ <1
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! * ( By using the binomial expansion, find the first four termsin the

polynomial approximation for 3

(2- %)

* (/' By using the binomial expansion, find the first four termsin the

1
2,1+ 2
2

polynomial approximation for

$5 +

We are now ableto find a series expansion for (a+ bx)n for any rational number n.

Combining this with our knowledge of partial fractions, we are able to find series
expansions of some rational functions, asillustrated below.

3x+5

$5 * @( Find aseries expansion for the rational expression f (x) = 1o 3
X2 +2X -

Using the methods devel oped in the section on partial fractions, it is possible to write

f (x) inthefollowingway, f(x)= 13+i1 (check!). We can find series expansions
X X-

of —13 =(x+3)" and il=2(x- 1), so adding these two series expansions together
X X -

will give us aseries expansion for f (x). We have that,

P I S S (check!)
27 81 243

Thisisvalid for [ <3

and,

2(x- 1)'1:2(1- X+x2- X +x*- ...)=2- 2x+2x2 - 2x3+2x*- ... (check!)
Thisisvalid for | <1

0,
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f(x)=(x+3)"+2(x-1) "= % éx+2—17x2- 8ilx3+%x4+... +(2- 2x+2x% - 2x3 +2x* - )

3 9 27 81 243

7 19 55 , 163 , 587 ,
+ X XX+

Now, we must state for which values this expansion is valid. The expansion of (x+3)'l
isvalid for |x| < 3; the expansion of 2(x- 1) " isvalid for |x <1, so both expansions are
valid for || <1, hence the final answer aboveisvalid for |x| <1.

1- x- X
(1- 2x)(2- x)°

expand this expression in ascending powers of x up to and including the term in x°.
State the range of values of x for which the full expansion isvalid.

* @ Express

as the sum of three partial fractions. Hence,

1 : 1*: 1/

When we calcul ate the sine, cosine or tangent of an angle on our calculator, it is not
usually possible to write down the exact answer, since it will usually be an infinite
decimal expansion. There are afew specia angles, however that have asine, cosine, and

tangent that can be expressed exactly, for example tan % =1

Consider aright angled triangle ABC with BCAB = % Let us set both of the other two

angles, PABC and BBCA to % (so that at the three interior angles add up to p). Now

since BABC =D CAB, we must have that the side AB is equal in length to the side AC,
let us set thisto 1. From Pythagoras, we can say that the length of the hypotenuse, BC is

equal to J2 . Thisinformation is shown in fig. 4.3.
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From this diagram, we can write down exact values for the

sine, cosine and tangent of % . Theresults are as follows,

Sl

Singz
4

NGRS
3
NN
I
=

Sl

fig. 4.3

Consider the right angled triangle DEF with DFDE =%, PEFD =% , DDEF =%

(notice that the interior anglesto add up to p). Let us set the length of the hypotenuse,
EF equal to 2 and the length of the side DF equal to 1. From Pythagoras then, the length

of the other side, DE must be equal to V3. Thisinformation is shown in fig. 4.4.

From this diagram, we can write down exact values for the

sine, cosine and tangent of % and P . Theresults are as

follows,

Sin B :ﬁ cos £ :l tan B :\/:_-7',
3 2 3 2 3

sin B :1 cos £ :E tan B :i
6 2 6 2 6 3

)

In this section, we will learn some more trig identities. The first of these are stated below,
but we will not proveit here. It is not difficult to prove (at least for acute angles) and such
aproof can befound in A-level text books.

4

sin(AxB)° sinAcosB+cosAsinB

cos(A+B)° cosAcosB sinAsinB

$5 * @ Without using a calculator, write down the exact value of sin > .
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It seemsthat fig. 4.3 and fig. 4.4 are not much use to us here, since we are interested in

an angle of i—’g . These diagrams do, however, allow us to write down exact values of the

sine of P and B, and we notice that £+£:5—’0.So, we can usefig. 4.3 and fig. 4.4
4 6 4 6 12

along with the formulafor sin( A+ B) above to solve this problem,

sin 5—'0 =sn £+£ =sin 1 cos L + cos 1 sin P
12 4 6 4 6 4 6
1.3 1.1
= " 4+ - 7 =
2 2 J2 2
_V3 . 1 _1+43
202 22 22
rationalising
the denominator :\/EZ\/E

“ : * @ Without using a calculator, write down the exact value of cos %

We have stated the identity sin( A+ B)° sin AcosB +cos Asin B.. From this, we can

# 6 4

write down an identity for sin(2g) asfollows,
sin(2g) =sin(g+q)° singcosg * cosgsing

=2singcosq .

So, we have the identity,

sin(2g)° 2singcosq

Similarly, by using the identity cos(A+B)° cosAcosB- sin AsinB, we can derive the
following cosine double angle formula,
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cos(2g)° cos’g- sin*g

Since sin®g ° 1- cos® g, we can write the above identity as,

cos(2q) =cos’ g - (1- cos? q)
S0,

cos(2g)° 2cos’qg- 1

Since cos® ¢ ° 1- sin® g, we can write the above as,

cos(2q) = 2(1- sin’ q)- 1
S0,

cos(2g)° 1- sin’q

So, we now have three different expressions for cos(2g).

* @ By using theidentitysin( A+ B)° sin AcosB +cosAsin B, write down an

identity for sin(3g) inits simplest form (there is more than one acceptable answer to this
guestion)

We can also derive adouble angle formulafor tangent, by remembering that

tang° ﬂ. We have,
cosq

, Sin(29) . 2singcosq

tan(2 .
an(29) cos(2g) cos’g- sin’g

Dividing numerator and denominator by cos’ g gives,

2singcosqg
cos’ 2tang
ton(2g)° —_SEG__o _21n¢
g sin’g 1-tan’g

cos’g cos’q

. S0, we have the identity,




)o 2tang

tan( 2
(29 1- tan’q

We have the following four i

dentities,

. . . +
sSnA+snB° 2sn alidt

A-B

cos
2

sinA- sinB° 2c0s 22>

A- B

sin
2

cosA+cosB° 2cos

A+B

A- B
COos

+
CoSA- cosB° -2sin A

B . A-B
sin
2

+B

A-
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These identities can be proved by using the
previoudy stated identities. We will prove the
first one here, and leave the rest as an exercise.
They are al proved in asimilar way.

We have that

sin(g+/ )° singcos/ +cosgsin/
and

sin(g-/)° singcos/ - cosgsinj/
Adding these two equations gives,
sin(g+/ )+sin(g-/)° 2singcos/ ....... ()

If wenowlet g+/ =A and g-/ =B

We can see that quT and / :TB.Substitutingthisinto( ) gives,

sSnA+sinB° 2sin A+B

COos

asrequired.

We now have a collection of standard trigonometric identities which we can use to solve
problems and prove further identities. The identities that we have stated so far by no
means make up alist of all the trigonometric identities that exist. The identities we have
mentioned so far do enable us, however, to prove many more results. Below is an

example of thisin action.

2
$5 * @' Provetheidentity Jlﬂizq °tang.
l+cotqg
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Asusual, we will work on the more complicated side and make it look like the simpler

side. We have the identity 1+ tan® g = sec® ¢ and 1+ cot” g = cosec’q , from section 3.2.
Substituting these into the LHS gives,

2 .
X9 _ 9 :qu:tanq:RHS,asrequired

LHS= =
COSeEC’qy COosecqg Cosqg
$5 * @ Provetheidentity sin3g+sing® 4singcos’q .

In this example, we will work on the LHS and show that it is the same as the RHS. We
use the identity sin(A+ B) © sin AcosB+cosAsin B to write down an identity for sin3g

(thisistest 4.9). We have,
sin(2g+q)° sin2gcosg +cos2gsing.

Next, we use the identity sin (Zq) 0 2singcosq top replace the sin2g term and the
identity cos(Zq) ° 2cos’ g - 1 to replace the cos2g term. (Note that there is more than
oneidentity for cos2g to choose from, but since we are trying to make this ook

S(_)mething like singcos” g, thisis the only one that will work in this case). Doing this
gives,
sin3g° 23inqcosqcosq+(20052q- 1)sinq

sin3g° 2singcos’ g +2cos’gsing - sing

sin3g° 4singcos’ g - sing

So, sin3g+sing® 4singcos’ g asrequired.

|| " * @( Provetheidentity sin(A+B)- sin(A- B)° 2cosAsinB ||

sinA+sinB | A+B
————— % tan
cosA+cosB 2

* @ Provetheidentity
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% " $

Trigonometric identities are aso useful when solving trigonometric equations. Here are
some examples.

$5 * @* Solvethe equation cos4g- cosg =0 intheinterval O£g£p .
When solving equations of this type, we need to use the factor formulato express the
LHS as a product of two trigonometric functions. In this example, we use the identity

. + . - )
COSA- cosB° -2sn AZB sin AZB to writethe LHS as,

cos4q - cosq =- 2sin % sin % . S0 now we need to solve the equation,

-25inysinﬁ =0 singsinﬁ =0.
2 2 2

We can solve the equation in thisform, sincethe LHS is zero if and only if at |east one of

5q £

theterms sin > or sin > are zero.

Setting sin % =0 givesthesolutions;zo, p, 20, 3p, ... g =0, 2?'0 ap in
the specified range.

Setting sin % giv&thesolutions%=0, P, 2p, 3p, ... g=0, % inthe
specified range.

So, all together we have the solutions, g =0, % 2?’0 4?’0 for OEg£p.

H ! * (@ ' Solvetheequation sin7g =sin3g intheinterval 0OEg £ p H

$5 * @ Solvetheequation 4cos2g- 2cosqg+3=0 for OEG£2p.

Here, the arguments of the trig functions are different. Our aim is to express this equation
as an equation in cosq by using the identity cos(2g)° 2cos’g- 1, asfollows.

4cos2qg- 2cosqg+3=0
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4(2coszq- 1)- 2c0sg+3=0

8cos’ g - 4- 2cosg+3=0

8cos” g - 2cosqg- 1=0. Thisis now aquadratic equation in cosg and it factorises
asfollows,

8cos’g- 2cosqg-1=0 U (4cosg+1)(2cosg-1)=0

Setting 4cosg+1=0 cosqg = - % , which has solutions g =1.823 and ¢ = 4.460 for
OELgE2p.

Setting 2cosg- 1=0 cosq:% , Which has solutions q:% and qz%o for

0EgE2D.

So, all together we have the solutionsg = % 1.823, 4.460, 5?’0 for OEgE£2p.

” ! * @  Solvetheequation 4cosq =3sin2q for 0Eqg £ 2p ||

$ = 8
$5 * @/ Solvetheeguation 3cosx+4sinx=5 for O£ g £ 360 .

For equations of this type, we writethe LHS in the form Rsin(x+7) or Rcos(x+7)
(either form will work) where R is a constant greater than zero and / is an acute angle.
Let us solve this example by expressing 3cosx +4sinx in the form Rsin(x+f) .We
write,

3cosx+4sinx° Rsin(x+7)

© Rsinxcosf + Rcosxsinf
Comparing coefficients of cosx yields, 3=RsSIN/ .............cooeviiienns (1)
Comparing coefficientsof sinx yields, 4=RcCOS7 ............ccovviiinennnn. (2

Squaring both (1) and (2) and adding gives,
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R?sin’f +R?cos’ f =3 + 42

Rz(sin2f+coszf):25 R=5
Dividing (2) by (1) gives,
Rsin/ :ﬂ tanf :ﬂ f =53.130 (wetake 7 to bethe acute angle with a
Rcosf 5 5
tan of 4/5)
So we have found that,
3cosx+4snx=5 U 5sin(x+53.130)=5 sin(x+53.130)=1

We can now solve thisto give

x+53.130 =sin''1 x+53.130 =90, 180, 270, 360....
x=36.9, 126.9, 216.9, 306.9 for O£ g £ 360 .

Thisis a standard method. Once you have seen one example, you can solve other
examples by following the method through. We just have to write down the identity

acosx+bsinx® Rsin(x+f), expand the RHS, compare coefficients to give two

eguations, square and add these two equationsto find R, divide the two equations to find
f (remember we always take the acute angle for 7 ), then we can solve the equation

Rsin(x+7).

H ! * @* Solvetheequation 5sing+12cosg =7 for O£ g £ 360 H

9 3 : 6 . # $

Differential equations are equations which involve a derivative of a variable. For example,

% = x isadifferential equation. Can you write down an expression for y for this simple
X

example? It is not difficult to see that we could have y:%xz. We say that y=%x2 isa
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solution of the differential equation g— = X. We can see that y:%x2 -12 isdsoa
X

solution of the differential equation 3— =X. Infact, yzéx2 +c isasolution of the
X

differential equation % = x for any constant, c. So, we can see that differential equations
X

do not have unique solutions (unless we are given some extrainformation). For the
differential equation above, it was easy to seethat y = % x* isasolution (how did you

arrive at this answer?). For more complicated cases, we will need to develop amore
systematic method for solving differential equations. Solving differential equations, in
genera, is acomplicated business and there are many methods for solving different types
of differential equations. Here we will barely scratch the surface and consider very smple,
so called, separable, first order differential equations.

A differential equation which can be written in the form 3— = f (x) for some function
X

f (x) is called a separable (first order) differential equation, and we can solve it by direct
integration (provided we know how to integrate f (x)).

$5 * @! Solvethe differential equation % =3x"+2.
X

Integrating both sides with respect to x gives, %dx = 3x° + 2dx
X

y = x® + 2x+ ¢ and these are the solutions to the differential equation (one solution
for each constant, c.

Note, %dxz dy= 1ldy=y (+c).
X

$5 *@! Solvethedifferential equation %=ex - SinX+2Cc0S2X.
X

Integrating both sides with respect to x gives, dy= €"- sinx+2cos2x dx

y=e*+cosx+sin2x+c

*@ Solvethedifferential equation d—-—+|nx+e‘X

" dy 1
X X
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f
Differentia equations of the form & = ﬂ are also separable. We write them in the

dx F(y)

form F (y)% = f (x) and then integrate.

$5 *@ Solvethe differential equation ¥ =X
dx 1+siny

Wewritethisas (1+sin y)% = X. Integrating gives,
X

(L1+siny)dy= xdx y- cosy:%x2+c or 2y- 2cosy=x*+c.

$5 * @2 Solvethe differential equation & =Y

dx 1+x

We write thisin the form 1d = % . Integrating both sides with respect to x gives,
X

y dx

ldy= %dx Iny=In(1+x)+c. Wecanwrite c=InK, to give,
X

Iny:In|1+x|+InK:In(K(1+x)) y=K(1+x).

$5 * @( Solvethe differential equation 37X % = cosx.
1+ydx

First, we need to separate the variables, i.e. take al the termsinvolving x to the LHS and
al thetermsinvolving y to the RHS,

1 chosx
l1+ydx sinx

. Integrating both sides with respect to x gives,

— dy= —=dx In(1+y)=In(sinx)+c=In(sinx) +InK

1+y=Ksinx y=Ksin(x)- 1
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f
Note, the integral ﬂ dx isof theform @@X) dx (seesection 3.5).
sinx f (x)

“ " * @/ Solvethedifferential equation % =(y+2)(x+1)

*@! Solvethedifferential equation %: Xy-y
X

) =

Most of the time, we write functions down intheform y = f (x) with'y on the LHS and

al termsinvolving x on the RHS. Sometimes, thisis not possible, for example we cannot
writethe function Iny- sinx=xe” intheform y=f (x) . Thisis an example of an

implicit function. Another example of an implicit function, which should seem familiar, is
x* +y? = 25. So how do we differentiate implicit functions?

$5 *@ Giventhat x*+y* =25, find %
X

Differentiating term by term with respect to x, we get

%(x2)+§(y2):%(25).

How do we calculate di(yz) ? Recall the chain rule (see section 3.4). We can say that,
X

S (y)= S () L=y Y

dx dy dx dx
dy _ . dy .
So we have, 2x+2y— =0. Rearranging for — gives,
dx dx
dy__x
dx y’
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$5 *@' Giventhat sinx+cosy=¢€"+Iny, find %
X

Differentiating term by term with respect to x, we get,

ex+£(lny)ﬂ

d. d__ _d, d . d d
—sinx+—cosy=—e*+—Iny U cosx+d—(cosy) ;.
X

9y _
dx dx dx dx y dx dy

COSX- Sin yﬂ=eX +1ﬂ. Rearranging for ﬂ
X y dx dx

«_ldy . dy «_dy 1
COSX- € =——+siny— COSX- € =— —+gny
y dx dx dx vy

dy cosx- €*

dx 1+siny

2
$5 @ If x2+y2-2x-6y+5:O,findﬂandd—¥.
dx dx

Differentiating term by term with respect to x, we get,

)+ ()Y 9o, Liey) Vi d5=9
dx(x)+dy(y)dx dx(zx) dy(6y)dx+dx(5) (0)

2x+2yﬂ- 2- GQ:O. Rearranging for ﬂ
dx dx dx

dy
H oy 6)=2- 2 dy_1-x
a2y~ 6) X d

2 -
Now, to find d_z/ we need to find % 1—); , 1.e. we need to differentiate a quotient.
X X Y-

To do this, we simply use the quotient rule (section 3.4), but remember, when we

differentiate a function of y with respect to x, we differentiate the function with respect to
y and then multiply by gy

e di f (y)zi f (y)ﬂ Using the quotient rule, then we
X X

dy dx
have,
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d
dy 1-x _ dx

dx y-3 (y-3)°

d
& 1 x -Uy-3)- 21 %)

dx y-3 (y-3)°
. dy _1-x I L
Now, we have found earlier that poie m . Substituting thisin gives,
1- x)’
(3-y)-
dy 1-x _ y-3 _(y-3)(3-y)- (- . So, we have the answer,
dx y-3 (y-3) (v-3)°

gy _(y-3)(3-y)- (109"
o (v 9

*@ Find % when x® + y® - 3y?sinx =8 Hint: use the product rule, be
X

careful when differentiating y terms

#

Recall the material from section 4.2 on parametric equations. Differentiating a curve
defined parametrically is not difficult, we ssmple need to recall the chain rule.

$5 * @* A curveis defined parametrically by X = 1i and y—lL
Calculateﬂ.
dx

From the equation x = 1_it we can see that & =- ! . From the equation y = L

dt (1+t) 1-
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using the quotient rule we can see that v 1-1)- tg_ Y =1 5
dt (1- 1) (1- 1)

From the chain rule, we can say that ﬂ:ﬂi . We dso recall that at :i, sowe
dx dt dx dx dx
dt
canwriteﬁ=ﬂ.i.
dx dt dx
dt
2
Hence, we have that Qz ! 5 ! =- 1+t
dx (1-t)° . _ 1 1-t
(1)’
d 1+t °
So the answer is, Y-
dx 1-t
$5 * @ A curveisdefined parametrically by x=sint and y =- cost .
2
Calculate b and d_z/
dx dx
To calculate % , we follow the same method as example 4.24.
X

. . dx .
From the equation x =sint, we can see that Py = cost . From the equation y =- cost,

we can see that %:sint.
We have, ﬂ=ﬂ.i=s—m:tant.80wehavefound that ﬂ=tant.
dx dt dX cost dx
dt

2
Now, d—gzi dy :i(tant).
dx© dx dx dx

2
dx® dt dx
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:%cztﬁzseczt.i
dx cost
cost  cott d’y cott
=— :_—,SowehavetheanSNer,—zl=_—.
sin’t  sint dx® sint

* @2 A curveisdefined parametrically by x:L

and y:i
1+t 1- Wt

2
Calculate & and d_z/
dx dx

) 7

In section 3.4, we stated a general rule for differentiating quotients. Unfortunately, there
isno genera rule for integrating quotients, but we can use some of the methods that we
have studied earlier to make some progress.

We can integrate functions of the form ﬁ , and we have learned how to break
X +C

down some more complicated quotients into a sum of fractions of the form (b )n

X+C
(partia fractions), which we can integrate. So, splitting complicated quotients into a sum
of simpler quotients which we can integrate is the way in which we shall proceed.

$5 * @/ Evauate __Ix+3
(x-1)(2x+3)

Aswe have said, thereis no general rule that we can use to evaluate thisintegral directly.

For problems of this sort, we need to try to break down the integrand into a simpler form

using partial fractions and hope that we can integrate this smpler form. In example 4.5,

we found that,

7X+3 2 3

(0]

(x-1)(2x+3)  x- 1+ 2x- 3’

7x+3 2 3

So, we can write X = + dx
(x- 1)(2x+3) x-1 2x-3




(Remember that, in general,

2 3
Now, ——+
Xx-1 2x-3

7x+3
" (x-1)(2x+3)

$5 *@! Evauate

From example 4.6, we found that

+C

-11x- 19
(2x+3)(x-

dx:%In(bx+c)+K)
dx = 2In(x- 1)+gln(2x- 3)+c.

dx = 2In(x- 1)+gln(2x- 3)+c.

1) dx

-11x- 19

6

(2x+3)(x- 1)

2x+3 x-1°
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- 11x- 19 1 6 1
. = dx= ——- ——dx=>In(2x+3)- 6In(x- 1) +c.
(2x+3)(x- 1) T 3 x1 2n( x+3)- Bin(x- 2) e
Hence, we have the solution ﬂdx:—ln(ZxH%)- 6In(x- 1)+c.
(2x+3)(x-1) 2
(x+1) :

*@( Evauate

(3x- 4)(x+3)*

dx

*@ Evauate

(x+5)(x-3)

dx

1) #

)

A vector isamathematical object which has both magnitude and direction. Vector
guantities occur commonly in applied maths and physics, for example force, velocity and
acceleration are examples of vector quantities — they have anumerical value and a
direction. Physical quantities which are not vectors, i.e. they have a magnitude but no
direction, are called scalars. Length, area, mass, temperature, energy are examples of
scalar quantities. We can represent physical vector quantities such as force and velocity
by straight linesin 2 or 3 dimensions, where the length of the line represents the
magnitude of the vector and the direction of the line indicates the direction in which the
vector quantity is acting (we use arrows to represent the direction of the vector). For
example, aforce of 10N acting horizontally to the right can be represented by a straight
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horizontal line of a certain length (for example, we could choose a scale for our diagram
of IN = 1cm),

10N
_

A force of 20N acting horizontally to the right can be represented by a straight horizontal
line of twice the length of the precious vector (using the same scale as before),

20N

»
»

Consider a 2-dimensional vector joining points O (the origin) and A as shown below.

A

y A We denote this vector using the symbol OA (or OA,

aternatively we can give it aname, such as a=0A
(when vectors are denoted in thisway, bold letters are

always used). The vector a=0OA iscalled the position
vector of point A.

v

fig. 4.5

Suppose that the point A has coordinates A= (L 2) , then we can define the vector a (or

1 . : :
OA) asacolumn vector, a= 5 Thistells us that the vector a is equivalent to a vector

of magnitude one pointing in the positive x-direction followed by a vector of magnitude
two pointing in the positive y-direction, as shown below.

A Thisis equivalent to saying that if we want to travel from point O
to point A, we can either travel directly along vector a, or

a c aternatively, we can travel along vector b and then travel along
vector c. Equivaently, starting at the origin, we could travel along
vector c first and then travel along vector b, thiswill still take us

O b from Oto A, asshowninfig. 4.7.
fig. 4.6 . . . .. . .
9 Vector b isavector of magnitude one in the positive x-direction,
1
b A S0 it can bewrittenas b = 0 (the zero indicates that there is no
component of this vector in the y-direction). Vector c is avector of
magnitude two in the positive y-direction, so it can be written as
a

0
c= 5 (the zero indicates that there is no component of this

fig. 4.7 vector in the x-direction).
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4

To add two vectors together, we ssmply add together the x components of the two vectors
together and add the y components of the two vectors together. For example with the
vectors as defined above,

1 0 1+0 1
b+c= + _ = = _ =a.
0O 2 0+2 2

So, aswe have adready noticed, OA=a=b+c=c+b, asillustrated in fig. 4.6 and fig.
4.7.

: - . 7 9
We can subtract vectorsin asimilar way, for example if a= 1 , b= 4 , then
7-9 -2
a- b= = :
-1-4 -5
6
. 4 -
Consider the vector a = 5 , asshowninfig. 4.8.
8
2a
fig. 4.8
-a fig. 4.9
2.
4
fig. 4.10

Multiplying a vector by a scalar (a number) maintains the direction of the vector but
changes the magnitude of the vector, provided the scalar is positive. If we multiply a
vector by a negative scalar, then we will get a vector which points in the opposite
direction to the original. For exampleif we multiply ainfig. 4.8 by 2, we get a vector
which points in the same direction as a but has twice the magnitude of a. We have
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4 2" 4 8 . :
2a=2 ) = > 5 = 4 asshownin fig. 4.9. If we multiply a by -1, we get a
vector which is equal in magnitude to a but pointsin the opposite direction. We
4 -1 4 -4
have-a=-1" 5 = o2 = 5 as shown in fig. 4.10. Multiplying a by -3, for
example, would produce a vector pointing in the same direction as —a, but with three
times the magnitude of —a.

-3 2 3
$5 *@! If a= , b= ,C= , calculate
1 7 -4
a) atb+c b) a- b+c C) 2a- b+3c.
-3+2+3 2 -3-2+3 -2
a) a+tb+c= = b) a- b+c= =
1+7+(-4) 4 1- 7+(-4)  -10

> (- 3)- .
C) 2a- b+3c= _, =
2’1

2
* @' Sketchthevectors a= 3 and b = 4 ‘head to tall’ (vectorsb and c aredrawn

m
‘head to tail’ infig. 4.6.) On thisdiagram, draw in thevector c=a+b.If c= 0 , What are the

values of mand n. Also sketch asimilar diagram to show illustrate the calculation d =a-b (hint:

a-b=a+(-b)).If c= P , what are the values of p and q.

%

The magnitude, modulus or length of avector is calculated using Pythagoras' Theorem.
The magnitude of avector, a, isusually written as |a| . For example look back at the

vector ain fig. 4.8. The magnitude of this vector, by Pythagorasis,

la| =42+ 22 =J20 =25.
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The magnitude of avector is always positive. For example, the magnitude of vector —ain
fig. 4.10isaso 2.5.

Often we work with vectorsin 3-dimensions. To calculate the length of a vector in 3-
dimensions we simply use the familiar 3-dimensional version of Pythagoras' Theorem.

3
For examplethelength of thevector r = 1 is |r|=/3° +1? +(.5)2 =./35.

-5

%

It isintuitively obvious what we mean by parallel vectors. Perhaps the only point to note
isthat, for example, vectorsa and —a asin fig. 4.8 and 4.10 are parallel even though they
aretravelling in opposite directions (so we cannot define parallel vectors as ‘ vectors
which travel in the same direction’). Vector 2a is also parallel to vector a (and vector —a).
In fact, any scalar multiple of vector ais paralel to vector a, i.e. vector /aisparale to

24
vector awhere / isany scalar (positive or negative). For example, the vector A8 is

paralld to vector a.
%

Consider the origin, O and a point in the 2-dimensional plane, P. When working with 2-
dimensional vectors, we often use the symbol i to denote a unit vector in the x-direction,
that isa‘horizontal’ vector pointing in the positive x-direction of length one, as shown in
fig. 4.11. Similarly we use the symboal |
to denote a‘vertical’ unit vector
pointing in the positive y-direction.
Suppose point P is located (with respect al----mee e
to the origin, O) a unitsin thei direction
and b unitsinthej direction. Then we
can write the vector joining the origin to
the point P as

OP =ai +hj. [

\ 4

The distance from point P to the origin
is calculated using Pythagoras,

op|= [(2* +7).

We can work out the direction of the vector OP by using the tan function,

fig. 4.11
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ol

Let us consider how to write the equation of a straight line in vector form. We are already
familiar with writing the equation of a straight line in two dimensionsin cartesian form,
y =mx+c, where misthe gradient of the line and c is the intercept on the y-axis, and

maybe we have worked with cartesian equations of lines in three dimensions, where we
will have three variables, X, y and z. Notice that, to uniquely specify a straight line in two
dimensions we need two pieces of information, for example in the cartesian form we
know the gradient and the intercept. How can we uniquely specify astraight line in three
dimensions? When we need to find the vector equation of aline, we always look to find
two pieces of information: the position
vector of a point on the line and any
vector parallel to theline. You will
always need to remember these two key
pieces of information when working with
vector equations of lines. Remember, the
position vector of apoint on the line, say
point A isthe vector which joins the origin
to the point A. Look at fig. 4.12. The
vectorsin fig. 4.12 may represent vectors
in two or three dimensions. To specify line 0O

r, we start at the origin and first move fig. 4.12

along vector a to a point on the line, point A. Once we are at point A, there are many lines
which pass through that point, so we need another piece of information to uniquely
determine liner, the extra piece of information we look for is avector parallel to theline,
vector b. Once we are at point A, we move in the direction of vector b and we are now
travelling doneliner. The scalar parameter / just stands for the distance which we
move along the line from point A. The vector equation of liner is

r=a+/b

Where a is the position vector of apoint on the line and b is any vector parallel to theline.

$5 * @ Find the vector equation of the line that passes through the points
(213) and (5,6,1).

2

Wehavethat 1 isthe position vector of apoint ontheline. To find avector parald to
3

the line we simply subtract the two vectors. A vector paralel to thelineis
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5 2 3
6 - 1 = 5 .Wehavethereforethat the vector equation of thelineis

1 3 -2

2 3
r=1+/ 5
3 -2
% 6 . %

Consider the previous example. We can rewrite the vector equation of thislinein
component form as,

x=2+3/ y=1+5/ z=3-2/.

We can rearrange these expressions for

LS R Lai)
3 5

Since the above expressionsfor are all equal, we may write,

X-2_y-1_ z+3
3 5 2

Which isthe cartesian form of theline.

$5 * @2 Find the vector form for the line with cartesian equation y =3x- 4.

As aways, we are looking for a point on the line and a vector parallel to the line. One

obvious point which lies on the line is the y-intercept, which has position vector

The gradient of the lineis 3. An obvious vector which is parallel to the line (has gradient

1 0 1
3)is . The vector equation of thelineistherefore r = 4 +/ 3

! * @ Find the vector equation of the line that passes through the points (5, 5, 1)
and (- 2,1,6) . Also write the equation of the linein cartesian form.
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)

In two dimensions, straight lines that are not parallel will meet at a point (they cross). In
three dimensions, it israrer to have two lines that meet. In three dimensions, if two lines
do not cross they are called skew.

3 1 3 1
$5 * Dothelinesr, = +/ andr, = +m meet? If so,
o g 3 2 2 4

find the point of intersection.

First we write each of thelines r, and r, in component form.

For r, we have:

Xx=3+/ )
Y Qe
For r, we have:

X=3+m 5
o D Ay (2

If the lines areto cross, we need the x value in (1) to equal the x valuein (2), ie. We need,
3+/=3+m 0O /=m

We dso need they valuein (1) to equal they vauein (2), ie. We need,

4-3/ =-2+4m.

But since / = m we can write the above line as,

4- 3/ =-2+4/ [ ===m.

~Nlo

Substituting the valueof or into (1) or (2) gives x= 3; and y= 2;. Hencethelines

meet at the point 3%, 2; .
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1 1 5 1
! *@* Dothelinesr, = 4 +/ ) andr, = ) +m4 meet? If so, find the

point of intersection.

The scalar product (or dot product) of two vectors is calculated as follows:

a d
b.e =a d+b"e+c” f.
f

Note, wewritea‘dot’ between the two vectors to denote that we are taking the scalar

1 2
product. Let usdo anumerical example. If a= 4 and b= 2 ,then
-3 6
1 2
ab= 4 .2 =1 2+4"2+(-3)" 6=-8.
-3 6

We use the following useful formulato calculate the angle between two vectors, g as
showninfig. 4.13.:

b
ab =|d|b|cosg /
/300 - a

fig. 4.13

v

Which we can rearrange as:

Cosq:a;b
bl

Notice that if two lines are perpendicular, g =90 and so cosg =0 and so a.b =0.

$5 * @ Let uscontinue from example 4.30. We found that the two lines meet
at the point 3% : 2; . What is the angl e between the two lines at this point? We use the
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1 3
scalar product formula. The directional vector of theline r, is 3 (the vector is

the position vector of a point on the line). So, in the scalar product formula, we will have

1
a= 3 (which comes from line r,). Similarly, the directional vector of theliner, is

1 1
4 so in the scalar product formula, we will have b = 4 . Wefind the scalar product

of these two vectors;

1 1
ab= ‘4 =1-12=-11.

We find the length of each of these vectors:
= £ +(-3)" =i0

lb| =12 + 4% =17 .

So, from the scalar product formula, we have:
cosq—'—ll—-08437 q=1475

S0, the angle between the two vectorsis 147.5 .

2 -2 3 1
! *@* Dothelinesr,= 0 +/ 4 andr,= -5 +m -3 meet?If so, find
-1 -1 -5 -1

the point of intersection and the angle between the two vectors.
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) 6 % > 7?6

The picture on the cover shows a Mdbius strip (or aMobius
band) named after the German mathematician who
discovered it, August Ferdinand M6bius (1790 — 1868).
Thisis acurious object which arises from the study of
abranch of mathematics called topology. Topology
isthe study of spatial objects such as curves,

surfaces and the spacetime of general relativity.
Topology is sometimes informally referred to as
‘rubber sheet geometry’ because in the study of topol ogy
spatial objects are considered equivalent under stretching, twisting,
deformations. Tearing and gluing, however are not allowed. For example, in
topology acircle and an ellipsoid are equival ent.

A Mobius strip

The M6bius strip is a curious object because it has only one side. Y ou can understand
more about the M 6bius strip by make one.

Step 1: Take astrip of paper

Step 2: Hold the paper at each end and twist 180 degrees
Step 3: Attach the ends of the strip together

Step 4: Y ou now have acompleted Mdbius strip
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Now, to see that the Mdbius strip has only one side, take a pencil and draw aline alone
one side of the Mobius strip, following the side all the way around until you get back to
the beginning. What do you notice? The Mdbius strip has only one side!

Another curious thing happesif you try to
cut the Mdbius strip down the middle. You
might expect to get two separate M6bius
strip. What actually happens? What happens
if you cut the new Mobius strip down the
middle?

If you have ever been to Blackpool Pleasure
Beach and rode on the old wooden
rollercoaster ‘ The Grand National’ then you
have rode around a M&bius strip! The
wooden track of The Grand National roller Cutting the Mdbius strip along its length

coaster is actually aMobius strip. The Grand
National roller coaster has atrack with two
carriages that race side-by-side. At the start of the
ride there are two carriages either side of a
boarding platform. Y ou will notice that at the end
of the ride, you return to the opposite side of the
» platform to which you
™ started but the tracks

i do not cross!

A torus

The Grand National

Joe Schwartz 2002 www.joyrides.com
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The Mobius strip isrelated to other topological objects, such as the torus (donut or bagel
shape) and the Klein bottle (named after the German mathematician Felix Christian Klein,
1849 — 1925). The torus and the

Klein bottle can both be cut in certain
ways as to produce Mobius strips (cutting
the Klein bottle in half along its length
produces two M6bius strips). The Klein
bottle itself is a strange topological object.
It is asmooth surface that does not end. A
fly can move from the outside to the inside
without passing through the body of the
bottle (thisis not true, for example, for a
sphere) and so the Klein bottle actually
has no outside and no inside! Physically,

the Klein bottle can only actually berealised in
four dimensions since it passes through itself without the
presence of ahole.

A Klein bottle

Topology is acomplicated area of pure mathematics. Here | give just abrief flavour of
some of the less technical aspects of the M6bius strip and related objects.

August Ferdinand Mobius



