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Abstract

In this article we show how a project�s option value increases with incremental levels of investment and disinvest-
ment flexibility. We do this by presenting two NPV and seven option pricing models in a strict sequence of increas-

ing flexibility. We illustrate each with numerical examples and determine the maximum value that a project option

could ever support. We show that managerial consideration of exit options at the time of project initiation can add

value.
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1. Introduction

When a new project is examined, considering

what happens if that project fails to perform in

the future may seem an entirely pessimistic thing
to do. However a large proportion of the value
0377-2217/$ - see front matter � 2004 Elsevier B.V. All rights reserv

doi:10.1016/j.ejor.2004.02.028

* Corresponding author. Tel.: +44 1524 594131; fax: +44

1524 847321.

E-mail address:m.shackleton@lancaster.ac.uk (M.B. Shack-

leton).
of a project may be attributable to the option to

close the project at some time in the future. It is

possible to show that consideration of this option

may lead to the adoption of projects that would

otherwise have been overlooked as too risky or
offering too low a return.

When considering whether to pursue an invest-

ment project, it is typical to use a decision rule to

determine whether the project should be under-

taken or not. One particular approach, the net pre-

sent value (NPV) rule, states that if the current risk

adjusted value of expected cash inflows exceed the

value of cash outflows, then a project should be
ed.
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undertaken. It has emerged as the dominant deci-

sion rule owing to the shortcomings of other

rules. 1

Whilst the standard NPV approach allows fu-

ture costs and revenues to depend on future states
of the world, it assumes that managers will remain

passive if the circumstances change. Thus even if

market conditions worsen dramatically, the NPV

rule assumes that managers will not alter their

level of production in response and will never,

for example, close. 2 In other words, the conven-

tional NPV method treats the investment decision

as a static, one off affair. In practice managers can
and do ‘‘undo’’ past decisions.

How can this future managerial freedom or op-

tionality be valued? Modern finance theory values

this optionality by using the ideas based on the

pricing model of Black and Scholes (1973) and

applying them to the valuation of real world pro-

jects. Thinking about how future optionality af-

fects the value of projects has therefore come to
be known as the area of real options. 3

This paper will show how the value of projects

can increase dramatically with increasing degrees

of future flexibility. A project that has a classical

NPV of $1,000 can be shown to have a net present

value many times that amount if a sufficient

amount of flexibility is allowed for in future man-

agerial decision making.
We will also show that the option to disinvest

is as important as the option to invest in enhanc-

ing project value. We will show that the impor-

tant variable for determining project value in

this case is the recovery rate if the project is termi-

nated.
1 Another decision rule that might be used for selecting

projects is to choose the project that pays back its costs fastest;

this is known as the payback rule. Another similar rule is the

internal rate of return (IRR). Both these rules fail to capture the

size of the project.
2 These problems had been considered by Hertz (1964) and

Magee (1964) who modelled the impact of uncertainty on the

future decisions that managers might make using simulation

and decision trees.
3 The idea of real options was first discussed and named by

Myers (1977).
1.1. Classical NPV

The normal approach that is used to judge

whether to undertake a project is to calculate the

net present value of the project and proceed if it
is greater than 0. As an example of how to calcu-

late NPV, let us suppose that we wish to value

an investment project. It starts out paying cash

at an annual rate of v0 at time 0. For the moment

it is assumed that this pay out rate is growing con-

tinuously at a certain annual growth rate of g:

dvt
vt
¼ gdt() vt ¼ v0egt:

In this certain case the value of the project today,

V0, is the risk free discounted sum of cashflows
paid out:

V 0 ¼
Z 1

0

e�rtvt dt ¼
Z 1

0

v0eðg�rÞt dt ¼
v0

r � g
;

where r is the risk free discount rate. If the project

has known investment costs today of X then the
NPV of the project, taking into account the costs

of the project is

NPV ¼ v0
r � g

� X :

So far we have assumed that the investor can
either choose to invest today in a risk free project

or never do so again. However we have not al-

lowed the investor to choose his time of investment

optimally. In the remaining sections of the paper

we will show how within an uncertain environment

the option to decide on this in the future can dra-

matically alter the value of a prospective project.
2. Forward start NPV

2.1. Riskless case

Let us assume that the investor has the ability to

pre-commit to a given forward start time, denoted

T, in the future. What are the effects of delaying
the start date of a project on its NPV?

If an investor defers investing in a project then

the present value of costs will be lower; but the

present value of revenues will be lower as well.



4 Modern finance has developed a variety of models for

determining how large the risk premium should be when

valuing risky projects. One commonly used model for deter-

mining the size of project risk premia as a function of the

market risk premium is the capital asset pricing model

(CAPM), see Sharpe (1964).
5 To evaluate this expectation we use the fact that

~vt ¼ v0eðg�
1
2
r2ÞtþreW t which requires use of a growth correction

of 1
2
r2t in the exponential representation of flows for the

expected growth rate.
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Thus there may be benefits to an investor of delay-

ing the start time of a project if the rate at which

the present value of costs falls is faster than the

rate at which the present value of revenues fall.

If the costs are known for certain today, then
the rate at which costs fall is proportional to the

risk free rate. If we commit to start at T then the

payout rate of certain revenues at date T is v0e
gT.

The present value of the revenues received after

this date can be calculated asZ 1

T
e�rtvt dt ¼ V 0eðg�rÞT :

The NPV from immediately committing to start at

date T is therefore V 0eðg�rÞT � X e�rT where again
V0 is the value of the project if started today.

As the project is riskless the required rate of re-

turn on the project is the risk free rate. The re-
quired return on the project can be split up into

this cashflow yield and a capital gain component

g. Thus we can write the total required return on

the project r as

r ¼ v0
V 0
þ g ¼ dþ g;

where the dividend yield, d=v0/V0, is the cash flow
yield on the project and g is the capital gain com-

ponent. Thus using this definition of the dividend

yield the NPV of the delayed project can be written

NPV ¼ V 0e�dT � X e�rT :

This expression makes sense. When the project is

delayed, the present value of costs fall in propor-

tion to the risk free rate because they are known.

On the revenues side, by delaying the project, what
is not received is the cash yield over the period

until T. Thus it is understandable that the present

value of revenues fall in proportion to the cash

yield d when the project is delayed.
Will it then pay to delay starting the project for-

ever? No, even if r>d there will be a finite start
time beyond which it does not pay to delay the

project further. The reason why this is the case is
that although initially the present value of costs

fall faster than the present value of revenues, they

both fall over time at a decreasing rate so that

eventually the rate at which both fall becomes

equal.
2.2. Risky case

If future revenues or costs are unknown at the

time the investment decision is made then the dis-

count rate used to calculate the NPV of the project
is greater than that which would be applied to va-

lue a corresponding risk free cashflow by an

amount known as the risk premium. 4

Suppose we want to value the project when the

revenues are risky. As before, assume cashflows

are growing continuously at rate g but that now

they have a volatility of r in their growth rate so
that they are random and depend on Brownian
increments d eW t:

d~vt
~vt
¼ gdt þ rd eWt: ð1Þ

As in the riskless case, the value of the project is

the discounted value of its future cash flows. If l is
the appropriate discount rate to use to value the

project taking into account its riskiness (where

l P r>g), then the value of the project if started

today is 5

V 0 ¼ E
Z 1

0

e�lt~vt dt
� �

¼
Z 1

0

v0eðg�lÞt dt ¼ v0
l� g

and the NPV is therefore

NPV2:2 ¼
v0

l� g
� X ; ð2Þ

where the real world, time 0, expectations operator

is denoted E[.]. Looking at NPV2.2 it is clear that
the value of the project falls as the risk premium

rises.

The risk adjusted discount rate l is the sum of

the current risk free rate r and an asset specific risk

premium. This asset specific premium is deter-

mined by asset specific volatility, the correlation
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of the project returns with the market and the mar-

ket risk premium. 6

2.3. Risky forward case

If we allow the project to start at the forward

time T instead of time 0, the present value of rev-

enues today is

E
Z 1

T
e�lt~vt dt

� �
¼

Z 1

T
v0eðg�lÞt dt ¼ v0

eðg�lÞt

ðg � lÞ

� �1
T

¼ V 0eðg�lÞT ¼ V 0e�dT :

This is a fraction of V0 and this fraction depends
on the amount of time that the project is delayed

and the cash yield. Thus the net present value of

the project is

NPV2:3 ¼ V 0e�dT � X e�rT : ð3Þ
Given its risk, the required rate of return on this

project is l. As before we can define d as the cash
flow yield on the project and g as the capital gain

component. Splitting up the required rate of return

into cashflow yield and capital gain the relation-

ship between total return, yield and gain is

l ¼ dþ g: ð4Þ
Thus even with uncertainty, the forward NPV2.3
can still be rewritten as V 0e�dT � X e�rT . If

r>d>0 it will be optimal to agree now to start

later at a fixed forward time. 7 We can solve for

this by maximising the NPV with respect to the

time of start T. We can show that the optimal start
6 The constant of proportionality is given by the market risk

premium k, the correlation coefficient q of project returns

against the market and the asset specific volatility r:

l ¼ r þ kqr:

Alternatively the project beta b ¼ q r
rm
is often quoted in which

case the specific premium relates to the market risk b and excess
expected market return rm � rð Þ:

kqr ¼ bðrm � rÞ;

k ¼ rm � r
rm

:

7 This differs from later sections, where no commitment is

made and waiting generates flexibility. In contrast Eq. (5) does

not allow for flexibility. We thank the referees for helping us

clarify this matter.
time Tmax which maximises the current NPV2.3 is

given by the expression

Tmax ¼
� lnðdV 0=rX Þ

r � d
: ð5Þ

It is interesting to note that what matters for deter-

mining the optimal deferral time is not the abso-

lute riskless discount rate nor the payout rate of

cashflows but the relative size of the two.

2.4. Numerical example

As an example consider a project that costs

X =$15,000 to initiate. Suppose the riskless rate
is r=6%, the risk adjusted discount rate is

l=10%, the expected growth rate is g=5% and

that cashflows start initially at v0=$800 p.a. In

that case, d=5% and NPV2.2 if we start today

and NPV2.3 if we start in T=10 years time are

NPV2:2 ¼
800

0:10� 0:05� 15;000 ¼ $1;000;

NPV2:3 ¼ 16;000e�0:5 � 15;000e�0:6 ¼ $1;472:

The forward start is more valuable in this case. 8

Moreover the value is sensitive to the forward start

time.
3. European option NPV

Suppose at the forward start date we found that

the value of the project was less than the value of

the costs of the project. In that case we would re-

gret having committed to that particular forward

start time and it is likely that we would not want
to pursue the project.

In this section we consider how project value

might be affected if the manager had the option
8 In fact for the parameters in this paper, the conditions for

the break even (be) and optimal (i.e. max NPV2.3) forward start

times are given by

NPV2:3be ¼ 0; T be ¼
� lnðV 0=X Þ

r � d
< 0;

NPV2:3max ¼ $1480; Tmax ¼
� lnðdV 0=rX Þ

r � d
¼ 11:8 years:
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to not start the project at T if conditions were

unfavourable 9 i.e. if eV T < X and captured the

net benefit only if eV T > X .
To do so we must evaluate the expected dis-

counted value of the project in those states of the
world where the net benefit is positive. We denote

the expected value of realisations of eV T that ex-

ceed X , as E½ðeV T � X Þþ
.
Boness (1964) correctly evaluated the undis-

counted expected value 10 of the project at time T,

E½ðeV T � X Þþ
, but it was not until approximately
ten years later that financial economists were able

to correctly discount this expected value to the pre-
sent.

It was shown by Cox and Ross (1976) that for

options and non-linear claims it is easier to take

expectations in a world where the underlying risks

are assumed to be hedged away and then discount

the cashflows on these instruments at the risk free

rate rather than try to develop an expression for

discounting the value of the project back to date
0. We can call this world where risks are hedged

away the risk neutral world. If expectations are ta-

ken in this world we can then discount payoffs at

the risk free rate (we denote the risk neutral expec-

tations operator bE½:
). This technique is implicit
in the method used by Black and Scholes (1973) to

value European call options (a right but not obliga-

tion to acquire an asset at time T alone, which has
a positive payoff at date T if the value of the under-

lying at this time exceeds the exercise price).

Under risk neutral expectations it is possible to

value our project (using a volatility of r=20%).
9 This project cost is equivalent to the exercise price of a call

option. Stochastic costs can also be considered using Mar-

grabe�s (1978) exchange option.
10 This can be shown to equal to

E½ðeV T � X Þþ
 ¼ V 0eðl�dÞT Nðd3Þ � XNðd4Þ;

d3;4 ¼
ln V 0 � lnX þ l� d� 1

2
r2

� �
T

r
ffiffiffiffi
T
p :

For r=0.20 and the parameter values already chosen the

expected positive part of the forward payoff is

E½ðeV T � X Þþ
=$12,622. The true probability of exercise is

N(d4)=72%. Samuelson (1965) and others tried in vain to cor-

rectly value this discounted payoff by postulating an arbitrary

(non-equilibrium) discount rate.
The payoff on our project is identical to the payoff

on a European call option with maturity T and

strike X . Therefore we can use the formula for this
option to value our project. For a 10 year option

(close to the optimal maturity in the forward start
case of 11.8 years), the value of our project is now 11

NPV3:0 ¼ bE½e�rT ðeV T � X Þþ

¼ V 0e�dTNðd1Þ � X e�rT Nðd2Þ
¼ $3;034: ð6Þ

It is evident that the value of our project is now

considerably greater than its value if we commit

today to start at date T. The option to wait and
compare the relative size of the present value of

revenues and costs more than doubles the expected

discounted value of the project to $3,034. This is

because in those circumstances when the costs of

the project exceed the realised future value, we

are no longer committed to proceed.

If we are also allowed to choose the maturity of

the option at will then we can solve for the value of
T that maximises the value of the option to start the

project at T and hence the current project value. 12
4. American option NPV

Instead of having to wait until date T and then

deciding whether to pursue the project we can con-
sider the situation where managers are allowed

greater flexibility. Managers may be able to make

their decision about whether to invest at a number

of fixed dates or any time up to and including date

T (when they choose to invest, we still assume that

the costs they incur to start the project are X ). The
11 Note that the expressions within the cumulative normal

functions

d1;2 ¼
ln V 0 � lnX þ r � d� 1

2
r2

� �
T

r
ffiffiffiffi
T
p

do not depend on l as in the Boness (1964) formula.
12 There is an optimal time that maximises the value of the

European option because increasing the time to maturity

increases the value of the option due to the greater volatility

of eV T but at the same time increasing the time to maturity

increases the cost of waiting. The optimal European option

maturity is Tmax=9.41 years in which case the NPV3 is $3,036.



A. Keswani, M.B. Shackleton / European Journal of Operational Research 168 (2006) 240–252 245
former situation is termed a Bermudan option and

is dealt with next while the latter situation of

American optionality, a theoretical ideal where

continuous exercise is possible, is dealt with in

the rest of this section.

4.1. Bermudan option NPV

The simplest Bermudan possibility would be

that the manager has the right to choose today be-

tween exercising today and taking the European

option. The NPV in this case is NPV ¼
maxðNPV3:0;NPV2:2 ¼ V 0 � X Þ. The reason why
it might pay in certain circumstances to exercise

today rather than hold the option is if the dividend

yield is sufficiently high. 13 In this simple case the

exercise now decision is trivially determined as

the maximum of a current payoff (classic NPV)

or the European option itself. Since the latter has

a solution form, the decision whether to exercise

now is easy to evaluate.
Let us consider another simple Bermudan case

where the option is exercisable twice at one of

two forward times. For our investment setup, this

option is exercisable at T=5 or T=10 years. It is

somewhat more complicated to evaluate the value

of this option than the European (at T=5, since

the maximum of the payoff or the continuation

value at that time can be chosen, it involves an
expectation across possible values of project value

at the half way point eV T=2) and is not available in

as easy a form as the Black–Scholes formula used

to calculate NPV3.0

NPV4:1 ¼ bE½e�rT=2 maxðeV T=2 � X ;

NPV3:0ðeV T=2;X ; T=2ÞÞ

¼ $3;386:

Numerical integration of this equation yields a va-

lue for the twice exercisable of $3,386 which is con-
13 It is possible to solve for the initial NPV that equals the

European option value. Above this trigger current NPV level,

the holder would want to invest today. For the parameters

chosen, the critical value of V0 is $19,829. Above this level,

NPV=NPV2.2>NPV3.0 but below this level the exercisable now

or at maturity only is worth the same as the Black–Scholes

NPV=NPV3.0.
siderably above 14 the Black–Scholes NPV3.0=

$3,034.

It is possible to calculate values for options that

are exercisable at multiple points in time. However

in order to value these, multiple integration across
more than one exercise decision must be under-

taken which effectively involves multiple iterations

of the last valuation formula. As we increase the

number of exercise opportunities, the value of

the option NPV rises. In the limit as the number

of (discrete) exercise opportunities becomes very

large, the continuum is approached where the op-

tion is exercisable at any point in time. These cases
are known as American and are dealt with in the

rest of this section.

4.2. Finite American case

The value of the project option with continuous

possible exercise can be valued in the same way as

an American call option (these options allow the
holder to buy the underlying at any time up to

and including the maturity date T for the strike

price). Managers face a trade-off in their decision

to invest just like the exercise decision in the case

of American options. If they invest today they get

the current difference between the present value

of the revenues of the project and the cost of the

project. However by delaying the project its NPV
may rise further yielding a greater difference be-

tween the present value of revenues and the present

value of costs. This difference will be received at a

later date and therefore this amount will have to

be discounted over a longer time period.

It can be shown that in this case the optimal

strategy for managers to pursue is to invest at date

t as soon as the value of the firm hits a time
dependent threshold V t. This value threshold gets

lower as time to maturity decreases making invest-

ment more likely as maturity approaches reflecting

the fact that the option value of waiting falls over

time as there is less time remaining until the option

to invest expires.
14 A Bermudan option�s value must exceed its corresponding
Black–Scholes value because the former contains exercise

opportunities that the latter does not.
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Unfortunately, it is not possible to express the

values of this option in a succinct mathematical

form. Geske and Johnson (1984) showed that in

this case, it is possible to express the NPV as Eq.

(7). They developed a series solution for the coeffi-
cients w1 and w2.

NPV4:2  w1V 0 � w2X : ð7Þ

Like the European option NPV, the project value
expression has two components. The first is a lin-

ear function of V0 and the second is a linear func-

tion of X . In this particular case the values w1 and
w2 are dynamic fractions but the functional form

of the NPV is similar to the previous cases.

For the parameters set out in Section 2.4 we can

value the project with American option style flexi-

bility. The American option value 15 can be shown
to be about NPV4.2=$3,602. Clearly adding more

future flexibility increases the projection option va-

lue from the initial level of $1,000 to more than

three times that size. 16

4.3. Perpetual American case

We now consider the case where there is no time
before which the option to invest expires and the

manager is free to invest at anytime at a cost of X
realising a payoff at the time of investing ofeV t � X . It is possible to show that the optimal exer-
cise strategy involves investing as soon as the value

of the project hits a time independent barrier, V
(this option when exercised generates no further

options, i.e. no investment funds can be recouped
15 Here, we have valued the American option using a

binomial tree with 250 steps per annum. The critical exercise

price is about $28,221.
16 Geske and Johnson (1984) were also able to show that

extrapolating the number of exercise opportunities from the

European (one opportunity) through the twice exercisable

Bermudan (two opportunities) to the American option (an

infinite number of exercise opportunities), produces the result

that an American price is roughly double the twice exercisable

Bermudan less the one exercisable European value

NPV4:2  2NPV4:1 �NPV3:0 ¼ $6;772� $3;034 ¼ $3;738:

This rule works very well for small T (less than 1 year) but

poorly for large T.
in the future). The value of V is time independent
because the time available for future exercise is

not diminishing, thus the payoff on exercise of the

perpetual option is always V � X (where V may

be a choice variable). Now the time at which the
option will be exercised is random, as exercise will

occur at the time ~t when eV t first hits V . This can be
contrasted to the forward case NPV2.3 where the

start time is fixed ahead in advance and is inde-

pendent of the future path of eV t.
17

In this environment, we can write the value of

the expected NPV of the project as a function of

V by taking expectations in the risk neutral world
of the payoff at the random time ~t

NPV4:3 ¼ ðV � X ÞbE½e�r~t
 ¼ ðV � X Þ V 0
V

	 
a

: ð8Þ

In Eq. (8), the term ðV � X Þ is outside the expecta-
tions operator reflecting the fact that the amount

received when investment occurs ðV � X Þ is known
in advance. What is not known in advance is the

random investment time, ~t and its associated

stochastic discount factor e�r~t. However, for
V 0 < V , the risk neutral expectation of this stoch-
astic discount factor has the simple expression

bE½e�r~t
 ¼ V 0
V

	 
a

¼ 0:284;

where a represents an elasticity constant calculated

from a fundamental quadratic. 18
17 As the uncertainty decreases to 0 (rfi0), the distribution

of the random stopping time ~t converges to the fixed forward
start time T. The stopping threshold tends toward the same

level as in the optimal forward start (Section 2.3) V ! rX
d . In

this case the stopping time is deterministic and equal to the

optimum forward start time

~t ¼ Tmax ¼
� lnðdV 0=rX Þ

r � d
¼ 11:8 years:

18 a>1 and the other elasticity parameter b<0 actually solve

the fundamental quadratic

0 ¼ 1
2
r2xðx� 1Þ þ ðr � dÞx� r;

a; b ¼ 1
2
� ðr � dÞ

r2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r � dð Þ
r2

� 1
2

	 
2
þ 2r

r2

s
¼ 2:0;�1:5:
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The stopping time or threshold V can be chosen
at will. In this case raising V raises the eventual

payoff on exercise but makes the likely time that

exercise will occur later. Conversely lowering V
brings exercise earlier but also reduces the payoff
when exercise occurs. The presence of this trade-

off allows us to solve for the value of V that max-
imises the value of this perpetual option to invest.

It can be shown that the optimal value of V has the
following form: 19

V ¼ a
a� 1X ¼ 2X ¼ $30; 000:

Using this value of V the optimal NPV is then

NPV4:3 ¼ V 0
V 0
V

	 
a�1

� X
V 0
V

	 
a

¼ $4; 267: ð9Þ

Likewise this NPV expression has the same famil-

iar structure as the cases above with a linear term

in V0 and a linear term in X and of course since

even more flexibility is embedded, the value has
again increased.
5. Costly reversible NPV

5.1. Perpetual case

So far we have examined cases where we have
allowed managers to time their investment deci-

sions. Once their decision is made, there is no

going back on it and once started, projects yield

a perpetual stream of cashflows. As a result we

would expect managers to be cautious in exercising

their option to invest.

We now consider cases where managers can re-

verse their initial decision and disinvest should cir-
cumstances deteriorate (Alvarez, 1999) also

considers this perpetual real put option). The value

of the project if disinvestment occurs will have a

number of elements.
19 This optimality condition is equivalent to smooth pasting.

This means that at the optimum level, the value function of the

option meets the payoff function of the option tangentially, i.e.

with equal slope. On this and other points (especially expected

times), see Shackleton and Wojakowski (2002).
First, if managers disinvest they will no longer

incur the costs of running the project. In addition

the project may have a liquidation value. This liq-

uidation value may derive from selling the assets of

the project on the market or utilising them for an-
other project.

Let us suppose that after exercising the option

to invest in the case above and incurring costs of

X the manager is then told that he can disinvest

the project once at any time in the future. He is

told that if he does so, a known amount X ð< X Þ
will be realised.

After being told this, what is his optimal strat-
egy? Without this reversibility, the manager com-

pared the value of the project net of investment

cost with the value of the option to open. Now be-

cause of this new shutting option that he has been

given, the manager will compare the value of the

project plus the value of the option to close with

the disinvestment proceeds.

It turns out that in this case his optimal strategy
involves disinvesting when the value of the project

hits another time independent threshold 20 V. By

selecting the value of V to maximise the value of

the subsequent option to close, we can show that

V has the following form (b is defined similarly

to a in Section 4.3):

V ¼ b
b� 1X ¼ 0:6X ¼ $8; 400:

This allows the one time closure option to be eval-

uated but what would happen if the manager knew

in advance that he would have the option to disin-

vest at X as well as the option to invest for X at the
very beginning?

In that case, if the manager knows that after

leaving the firm can always re-enter (and vice ver-
sa), the optimal thresholds are determined simulta-

neously rather than sequentially as in the case

above. These thresholds will depend on both the
20 This notation is required because the closure once

exercised is not reversible i.e. an infinite amount would have

to be spent to reopen. Thus the one way opening threshold used

in this paper is equivalent to a ‘‘reversible’’ with an unattainable

zero reverse threshold V ðX ; 0Þ and the one way closing V ð1;X Þ
has an unattainable reopening option at1. The next paragraph
utilises the truly reversible thresholds V ðX ;X Þ; V ðX ;X Þ.
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costs of investment and disinvestment. Denoting

the costs of investment X and the disinvestment

proceeds as X, we can write these two thresholds

as V ðX ;X Þ and V ðX ;X Þ. (We can rewrite V from

the irreversible case as V ðX ; 0Þ as the proceeds
from disinvestment in this case were 0. Likewise

V from above where reinvestment was not possible

after disinvesting can be rewritten as V ð1;X Þ be-
cause the costs of subsequent reinvestment in this

case are infinite.) The simultaneously determined

thresholds differ from the previous thresholds i.e.

V ðX ;X Þ < V ðX ; 0Þ and V ðX ;X Þ > V ð1;X Þ. The
reason why the interval between upper and lower
exercise thresholds is smaller now is because the

decision to invest and disinvest is not one off and

is therefore more readily made. 21

In the case where the manager is always able to

reverse his decision then the decision to invest or

disinvest must be taken in anticipation of the sub-

sequent option to reverse. Thus if reversibility is

permitted at all times, when deciding what to do,
the manager compares the value of the project

closed plus the option to open with the value of

the project open with the option to close. 22

The ratio of the optimal investment thresholds

c ¼ V ðX ;X Þ=V ðX ;X Þ depends critically on the

key variable a ¼ X=X , the degree of reversibility
(a, c are both less than or equal to 1). 23
21 This is a situation of investment hysteresis (Dixit, 1989;

Brennan and Schwartz, 1985) where investment and disinvest-

ment occur at upper and lower thresholds.
22 More formally we get a pair of value matching equations

at exercise (and two associated smooth pasting conditions):

X þ open option at V ðX ;X Þ ! V þ closing option at V ðX ;X Þ;

X þ open option atV ðX ;X Þ  V þ closing option atV ðX ;X Þ:

23 Using a four by four matrix to represent the value

matching and smooth pasting conditions, Shackleton and

Wojakowski (2001) show that the hysteresis system is solved

by the one non-linear equation relating the ratio of investment

amounts a to the ratio of the thresholds c (and elasticity
paramaters a,b), a difficult analytic but trivial numerical task:

aðcÞ ¼ ðab� aÞcbþ1 þ ðb� abÞcaþ1 þ ða� bÞcaþb
ðab� bÞcb þ ða� abÞca � ða� bÞc :
Let us suppose that now we set X=$14,000

given our previous choice of X =$15,000. In this
case the NPV can be shown to be $4,734. In addi-

tion the exercise thresholds are V ðX ;X Þ=$24,347
and V ðX ;X Þ=$12,347 (a=93%, c=51%).
The value threshold at which managers invest is

now lower than in the perpetual case where disin-

vestment is not allowed (in that case the value

threshold at which managers invest at was

$30,000). This reflects the fact that the option to

reverse their decision makes managers less cau-

tious about their initial investments and they

therefore invest earlier. The value associated with
this strategy is labelled NPV5.1=$4,734.

Finite reversibility can also be handled although

analytic tractability is not available and numerical

solutions are also necessary as with finite Ameri-

can options.
6. Costless reversible NPV

6.1. Perpetual case

An increase in the disinvestment proceeds from

0 to $14,000 led the perpetual project option to

grow from $4,267 (NPV4.3) to $4,734 (NPV5.1)

but the NPV of the project could be further in-

creased if the disinvestment proceeds were in-
creased further. The limiting case is where the

amount raised when disinvestment occurs is equal

to the cost of setting up the project i.e.

X ¼ X ¼ X =$15,000, i.e. a=1.
In this case, as there are zero round trip costs of

investment and disinvestment, the thresholds at

which investment and disinvestment will occur

are now no longer separated (c=1) i.e.
V ¼ V ðX ;X Þ ¼ V ðX ;X Þ ¼ $18;000.
At any point in time the manager chooses con-

tinuously between being invested or being disin-

vested. 24 The cashflows from being invested are
24 A possible example where these fully reversible assump-

tions may hold is where heating or cooling equipment can

switch frictionlessly between two fuel cost rates (one stochastic

the other random). In this case the ‘‘project’’ would be the

lifetime NPV of the random fuel price while the recoverable

cost would be the certain lifetime fuel cost of the other fuel.
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the cash yield i.e. deV t. The cashflows from being

disinvested consist of the risk free return on X
(i.e. X is invested in a risk free account whilst dis-
invested). Thinking about the NPV in this way, it

is evident that the NPV is a continuum of infinites-
imal Black–Scholes options which enables us to

evaluate it: 25
NPV6:1 ¼ bE Z 1

0

e�rtðdeV t � rX Þþ dt
� �

¼ $5;079:

ð10Þ

This amount is probably the largest NPV that

could feasibly be extracted from the parameter
set. Note that for the numbers chosen this is a fac-

tor of five larger than the classic NPV2.2.
6.2. Finite case

The reversible analysis presented is also tracta-

ble for finite maturities, that is where the project

can be perfectly reversed for a limited period of
time alone. In this case we would think of a finite

integral of infinitesimal Black–Scholes flow op-

tions followed by one final Black–Scholes Euro-

pean option on terminal values at time T=10

years:

NPV6:2 ¼ bE Z T

0

e�rtðdeV t � rX Þþ dt
�
þ e�rT ðeV T � X Þþ

i
¼ $3;860: ð11Þ

This formula (in Shackleton and Wojakowski,

2001) succinctly captures one of the general forms

of flexibility which Trigeorgis (1996) analyses

using numerical methods.
25 In fact the perpetual costless reversible can be shown to

have value that depends on the exercise amount X added to the
opening option or the project value V0 plus the shutting option:

NPV6:1 ¼
V b�1

aðb�aÞ
V 0
V

 �a
; V 0 < V ;

V a�1
bðb�aÞ

V 0
V

 �b
þ V 0 � X ; V 0 > V :

8><>:
7. Conclusions

In Table 1 we summarise the findings of Sec-

tions 1–6. For the parameters shown in Table 2

these indicate that increasing the flexibility that
managers have in the future can dramatically in-

crease the expected NPV of a project from

$1,000 to $5,079. Thus future flexibility should def-

initely be considered in project valuation.

We examined two types of flexibility. In Sec-

tions 2–4 we considered the value of managerial

flexibility in the decision to invest. We showed that

NPV can be raised by delaying a project if the risk
free rate exceeds the cashflow yield. In this case

when making an investment decision, managers

should compare the value of a project with its

own delayed launch. Table 1 illustrates that in

our example by committing to start in 10 years,

it was possible to raise the project NPV from

$1,000 to $1,472.

More realistically, if managers have the option
to decide on whether to start a project in the fu-

ture, this will usually be even more valuable than

a situation where the manager is tied to a forward

start date. This situation is examined in Sections 3

and 4. With an option to invest at a fixed future

start date, we showed that the NPV rose to

$3,034 whilst if managers are allowed to start the

project at one of two fixed dates the NPV rose to
$3,386. In the limit where the manager is allowed

to start the project at any time, the NPV can rise

up to $3,602 for a 10 year option and $4,267 in

the perpetual case.

In Sections 5 and 6 we considered how flexibil-

ity in the disinvestment decision may also add va-

lue and enhance project NPV. We considered cases

where managers faced the option to invest know-
ing in the future they would have the option to dis-

invest at a cost. This resulted in an NPV of $4,734.

We showed that in the limit where there were no

costs of disinvestment and investment and switch-

ing was possible at all times that project value

would rise to an NPV of $5,079. Finally this spe-

cial switching case together with the final Euro-

pean option can be evaluated for the 10 year
time horizon yielding a value of $3,860.

Fig. 1 shows these results graphically as a func-

tion of time to the flexibility horizon. The classic



Table 1

Summary of different NPV formulations and values

NPV case and section X X V V NPV

Classic NPV2.2 15,000 15,000 1,000

Forward NPV2.3 15,000 18,000 1,472

European call option NPV3.0 0 15,000 0 19,829 3,034

Bermudan (twice) call option NPV4.1 0 15,000 0 21,885 3,386

American call option NPV4.2 0 15,000 0 28,221 3,602
Perpetual American call NPV4.3 0 15,000 0 30,000 4,267

Perpetual American put 14,000 1 8,400 1
Perpetual costly reversible NPV5.1 14,000 15,000 12,347 24,347 4,734

Perpetual costless reversible NPV6.1 15,000 15,000 18,000 18,000 5,079

Finite costless reversible NPV6.2 15,000 15,000 18,000 18,000 3,860

Table 2

Notation and parameter values

Variable Notation Parameter value

Fixed horizon time T 10 year

Risk free interest rate r 6% pa

Required project rate l 10% pa

Project dividend yield d 5% pa

Project capital gain g 5% pa

Project uncertainty r 20% pa

Random (initial) project cashflow at time t (0) ~vt v0=$800 pa

Random (initial) project value at time t (0) eV t V 0 ¼ v0
l�g=$16,000

Project investment cost X $15,000

Project divestment amount X $0 then $14,000

Fully reversible investment cost X $15,000

Elasticity parameters a,b 2.0,�1.5
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NPV is shown at zero maturity. The forward start

value varies with the time horizon, rising initially

due to the effect of the risk free rate reducing the

present value of investment in the near term but

eventually falling due to the effect of the dividend

opportunity cost in the long term. Likewise the

European option value rises in the short term

but falls in the long term for the same reasons. It
however is slightly displaced (to the left) because

the exercise probabilities affect the discount factors

on the option components. The American value

only increases with the flexibility time horizon. If

there are costs to waiting, a longer final maturity

might disadvantage the holder of an option with-

out early exercise potential. In this case, as early

exercise is always possible, a longer maturity can
never disadvantage the option holder. The Ameri-
can value approaches the perpetual asymptote for

long horizons. The finite costly reversible

(X=$14,000) cases are not shown but the most

flexible situation, the costless reversible

(X=$15,000) is shown for the finite and infinite

cases. Like the American case, the fully reversible

only ever increases with final time horizon as extra

future flexibility cannot destroy value (the reversi-
ble case also acts as an upper bound for the Amer-

ican since its set of exercise benefits contain those

of the American).

Table 3 shows a brief sensitivity analysis for ini-

tial project values and volatilities that are different

to the base parameters in Table 2. For further out

of the money options V0=$14.000 the project op-

tion decreases in value while for in the money op-
tions with V0=$18.000 project options have higher



Table 3

Project option values NPV for different volatilities and moneyness

r V0=$14,000 V0=$18,000

10% 20% 30% 10% 20% 30%

NPV2.2 0 0 0 3,000 3,000 3,000

NPV2.3 259 259 259 2,685 2,685 2,685

NPV3.0 1,185 2,207 3,181 2,988 3,942 4,976

NPV4.1 1,245 2,412 3,539 3,352 4,484 5,696

NPV4.2 1,290 2,550 3,776 3,560 4,814 6,147

NPV4.3 1,807 3,267 4,625 3,840 5,400 6,927

NPV5.1 1,890 3,625 5,262 4,016 5,992 7,881

NPV6.1 2,017 3,889 5,614 4,286 6,429 8,408

NPV6.2 1,320 2,711 4,101 3,710 5,197 6,755
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Perpetual Costless Reversible NPV6.1, X=$15k
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Finite American NPV4.2
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Fig. 1. NPVs for different levels of flexibility by time horizon. From bottom to top, classic NPV2.2, Forward NPV2.3, European

NPV3.0,3.1, Bermudan NPV4.1, Finite American NPV4.2, Perpetual American NPV4.3, Perpetual costly reversible NPV5.1, Finite costless

reversible NPV6.2 and Perpetual costless reversible NPV6.1. ½V 0;X 
 ¼ ½$16k; $15k
, X=$0k, $14k, $15k, [r,d,r]= [6%,5%,20%], for T
from 0 to 50 years.
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value (indeed the optimal forward start time is

now 0 and the 10 year forward start value is less

than the immediate start NPV).

As well as the 20% volatility used in the base

case, project option values for 10% and 30% are

also shown. As can be seen the option values in-

crease considerably with r (but the two non-con-
tingent NPVs do not).
For valuation purposes when modelling the

time path of future cashflows of a company, what

is normally examined in detail are the cashflows
over the near future, typically 5 or 10 years and

then a terminal value is inserted that reflects the

present value of cashflows after that point. This

number normally assumes that the firm will remain

open thereafter in perpetuity. We have shown here

that another possibility is to value this perpetuity

recognising that firms have the option to close,

thus replacing the terminal value calculation with
the value of the termination option.

Thus managers may wish to over ride the NPV

measure from any particular model in order to
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reflect the strategic flexibility that a project may

generate.
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