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In the 1995 HSC exam [1] we saw that W(2+ ) = ”(2N+1) < H (2(2?2) ; < & from which

we can deduce the Wallis product by taking the limit as N — oo

F= i BeEp) < I < g e I =5

What if we replace the 2 with a k7 We don’t quite get H (kfsnz) 7 = ¢ (which is only true
if £ = 2) but rather something similar:

Generalised Wallis Product. H (k(:; - = Sin%];k) for k> 1.
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To prove this we use something from the 2010 HSC exam [2], namely that Z L= &

71'2:2%.

n>0
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whereupon 5 dy =2 -2 & —7Tf de = | y”f% & — mx = tan~! £ 4 ¢ for a constant c.
Letting z = 2,theny_2+ 201 —— =2+ Z(% 1+2n+1):2—2:0&'.'c:_§
n>

whence 5 — 7z = tan™! 4 &tan(§ —mx) = Cot 7z = £. So we now have that y = 7 cot 7.



_2x/m  _ r 2z
=+ > — and so

Replacing x with £ we have that mcotz = 7 + Z @imi—nz = g
n>0
cotz =143 2 for0<z<m.
n>0
2
So fom(cott — %)dt = [ln Sl?t}o = |p sinz fo Z P s 1 n2 dt =3 In(l - ——)
n>0

sinz =z [] (1 —W2n2)for0<33<7rT

zlnH(l—%)&;, -
n>0 n>0
Therefore — = T[] %
n>0
Letting z = X, then for k > 1, [[ =l s = ) _m/k O
etting ¥ = ¢, then for & > H PPy (7r/k)2 HO n)2—1 — sm(n/k)
n>
Corollary. kli)rrgo nl;[O (k(s)% =1.
. w/k T _ _
Proof. kll)rrolo (R = olélg}) oo = 1 where a = 7. [
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f Actually this product expansion for sin z is valid if x is any complex number. However the proof of this is

not necessary for the purposes of this article.



