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tan ! xdx = [x tan™! x:E) —J.

Qla Let u=5+x"
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QId Let u=+/2x-1for 2x—-1>0, —=

X :%<u2 +1).

When x=1, u=1;when x=2, u=\/§.
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(
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Q2a (l+2i)(l—3z) a+ib, 1-3i+2i—6i> =a+ib,
T—i=a+ib,  .a=7,b=-1
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. Hence cosl =
12

12 12
I-H\/_j (\/_CIS—j czs(le%} =2%cism

=2%cosr=-64.

Q2 22+72=8, X’ +i2xy— > +x° —i2xy—y> =8,

Xy

4

asymptotes y =+x and intercepts (— 2,0) and (2,0).

Q2di Mis %(a)z+52)

z 2r .. 2r& 2 .. 2« 2r
=—| cos— +isin— +cosS— —isin— | = zCOS— = —
3 3 3 3 3

z

Q2dii Diagonals of a parallelogram bisect each other. M is the
midpoint of diagonal PS.
Let a be the complex number represented by S.

%(z+0{)= —% .Hence a =-2z.

Q3ai y=|g

(x)

F

AN
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1. Rectangular hyperbola centred at the origin with

1



g(x), x=>1

Q3aiii y = f(x)= {g (Gx) x<l

&

__

Q3bi Since z2 >0and z* >0 for real z,

. plz)=1+2%+2* >0 for real z. Hence p(z) has no real zeros.

Q3bii «ais a zero of p(z), +a?+at =0,

(1—0(211—1-052-1-0:4):0, 1-a®=0.Hence a® =1.

Q3biii p(ozz)=1+(oz2)Z +(a2)4 =l+a*+a® =1+a* +a’a’

=l+a’+a* =0, .. a* isazero of p(z).

%
Q3ci For n20, I, :Itanzn&iﬁ.
0

For n>1, I, +1 (tanz" 0+ tan*""? 9)d9

n-1=

[SY RN

z Z

4 4
= J‘tanz"*2 9(tan2 9+1)d0 = J.tanz"*2 Osec’ Gd0 .
0 0

Let u =tan@, %:seczﬁ, u=0 when =0 and u =1 when

1

1 b
A+, = juzn_zdu = ur = )
0 2n-1 o 2n-1
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z

+
Q3cii I, = J'de =%
0

Q3d Radiusr =/sinc .

Speed of particle P =v=wr = wlsinx .

Vertically: Tcosa—mg =0.......c.ccovviiiiiinn. @)
mv2 ma

Horizontally: Tsina = = — ... 2)
r Isina

1
Q4ai Area of ALOM =5kr.
. 1 1 1
Q4aii Area of AKIM = A=—kr+—{lr+—mr
2 2 2
1 1
=—(k+€+m)r=—P r.
2 2

Q4aiii

[o)}

<-Sc--"t->

A:%Pr, %(2+d)8:%(8+(2+d)+(6+d))2, d=4.

.. 2+d = 6 units from the foot of the fence.

Q4aiv Use Pythagoras theorem to find the side lengths.

=

A:%Pr, %x9><8:%(9+17+10)R, S~ R=2 units.
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2
By implicit differentiation, E+ 2y &y =0 d_yz_b_x .
a’

b2 dx " dx a2y

, , b’
Gradient of tangent at P(xl, )’1) 1S m=-— le .
an
. . ble
Equation of tangent is y —y; = ——; (x - xl).
ay
Expand and rearrange to x—12x+ Y ; y= xl J;lz .
a
2 2
Since P(xI ,y,) is a point on the ellipse, .. 42+% =1 and the
a
equation of tangent at P(xl, yl) can be expressed as
1 N
—x+—=y=1
Y

Q4bii Similarly, equation of tangent at Q(xz, yz) can be

expressed as —x+ y2 y=1.
a’

Let T(u,v) be the intersection of the two tangents.

X 22 X by
—u+—v=1and Su+-—=v=1.
a’ b? a? b?

. N X2 )

..—u —y ——=yu—=—=y=0.
a® b? a? b?

Rearrange to (x _2x2)u+( lb_zyZ)vzo.

a

= T(u,v) lies on the line (x'a_zxZ)x+ (y'b_zyZ)y =0.

Q4biii M is the midpoint of PQ, M( 3 3

(xl —xz)x+ (y1 —J/2)
b2

X tx J’1+J’2j

5 y =0 is a line through the origin O.
a

M satisfies the line because
(xl _xz)>< (xl +x2)+ (J’l _J’z)x (yl +y2)

a’ 2 b? 2
2 2 2 2 2 2
:l M "X N TN =1 xl J’1 | X2 2
2 a? b? 2| a* b2 a> b
1
=—(I-1)=0.
L)

..M lies on the line OT, i.e. O, M and T are collinear.
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Osai p 21000

7+3e *
ap 21000 ( %)

B 21000¢
\2 aYE
a (7-1—36_7) (7+3e 3)

l(l_ Pjp_l[l_ 7 j21000 1 3¢ | 21000
300 3000) 30 74367 )743¢5 3| 743¢ 7 J743¢7

21000

_t 2
(7+3e 3)

.. P satisfies d—P = l(l —LJP

dt 3 3000
21 21
Q5aii Today: t=0, P= OOOI = OO?) =2100.
7+3¢ 7 T+3e
Q5aiii Eventually: ¢ — o, PN , P> LSOO =3000.

Q5aiv Today: t=0, P=2100 and d—P:l(l—ijP

dt 3 3000
Il—w 2100 =210.
3 3000

Annual % rate of growth today = 2211000 x100% =10% .

X —(n +1)x+ n, p(1)= 0, .. p(x) has a zero at

Qsbi p(x)=
x=1.
P'(x)=(r+1)x"~(n+1), p'(1)=0,
double zero.

. the zeroat x=1 isa

Q5bii p'(x)=(n+1)x" —(n+1), p"(x)=n(n+1x"" >0 for
x>0. . p(x) is concave upward for x>0. Also p(x) touches

the x-axis at x =1 (double zero), .. p(x) >0 for x>0.

Q5biii p(x) =x*—4x+3 when n=3.
p(x) has a double zero at x =1,

p(x)=x4—4x+3 = (x—l)zq(x)= (x2 —2x+1)x? +2x+3).
- p(x)=(x-1P(? +2x+3).

Q5ci (x—a)2 =b’—h*, x=atNb’ I’ .
x,=a-+b>—-h" and x, =a+b*—h* .

.. . 2 2
Q5cii Area of cross-section = 7x,” —7x,

{(ﬂ)(ﬂ)}m ey
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Q5ciii Volume of torus:

b b
V= 2xj47za\/b2 —hdh =8;mj b —hdh
0 0

= SMX%ﬁbz =27%ab’.

(2, .1 . .
Note: J' r*—x*dx gives 7 of the area of a circle of radius 7.
0

Q6a Given p(z)z z’ +az* +bz+c haszeros 1, —w and —o ,
where @* =1 and Im(e)> 0.

The roots of z* =1 lie on the unit circle, and are separated by
27 .2 _ . ( 2r
—.  w=cis— and w =cis| —— |.
3 3 3
_ 2r — .
Hence o+ o = 20057 =-1 and ww =cisO=1.

z3+a22+bZ+c=(z—1)(z+a))(z+5)
=(z—1 zz+(a)+5)z+a)5)=(z—l)(zz—z+1)

=z -2z2+2z-1.

x2 y2
6bi ——-—=1.
Q a® b

2
By implicit differentiation, 2—’; —z—fd—y _o, 0 LA
a- b dx dx a’y
Gradient of tangent at P(asec,btan@):
;- dy b*x _ bsect
dx a’y atanf’

. bsect

Equation of tangent: y—btan @ = . (x—asech).
atan

Expand and simplify: bxsec@—aytan@ = absec’> 6 —abtan*
= ab(sec2 0 —tan® 9)= ab .
~.bxsec@—aytanfd—ab=0.

QO6bii Shortest distance between line ax+by +c¢ =0 and point
. |au +bv+ c|
(u, v) i8S .
va* +b’
|abe secl — ab| ab|e secld— 1|
\/b2 sec’@+a’tan’ @ \/b2 sec?O+a’tan’d
P(a secd,btan 9) is on the right branch of the hyperbola (e > 1),
ab(esecd-1)

= SR =

soasecl>a, secld>1 and SR =

Ja* tan? @+ b sec? 6 .
e e |—abesec€—ab| ab|—esec€—1|
Q6biii SR' = =
Jbisec?O+a’tan’ 0 b sec? O+a’tan? O
_ ablesecd +1)
Jattan? 0+ b sec? 0
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ab(e secd — l) ab(e secd + l)
Jattan?0+b’sec’® a*tan®O+b*sec? O
_ah’ (ez sec’ 6’—1) B azbz(e2 sec’ 6 — l)

C dtan’O+b*sec’ 0  a’tan’ O+ 612(62 - l)sec2 o
3 azbz(e2 sec’ 9—1)
- az(e2 sec’ @+ tan” @ —sec’ 9)

=a21272(fzse§26’—1!:b2.
a“le”sec”@—1
Q6ci
r { 1 1 }_ r {(n—r)!(r—l)!_(n—r—i—l)!(r—l)!}

SRxS'R' =

r—1 - -1 (n—l)! n!

. r(rnll)zc(n]((n ;)):1 (n—r'+1)!} _ F_!l[n(n—r)!—('n—rﬂ)!}

! {n(n—r)!—(n—r+l)(n—r)!} z(n—r)!r!{n—(n—r+l)}

r—1 n! r—1 n!

=(n—r)!r![r—l}:(n—r)!r!_ 1

-l

r—1 n! n! "C

Q6cii From Q6ci, %: { L }

1 1 1

AN PU S
r—1 "C.

1
Q6bciii As m —> o, T_)O’

r—1 n=

m 1 r

n C %
r r

r—1"

n n n n
Cx"Cx"Cy 8 C,
3/1C3 - 3/1C3 .

Q7ai p, =3x

'Cx'Cx'C, ("C)
3nC3 - 3nC3

Q7aii p, =

"C,x"C\x"C, "C,x"C,
= =6x

7aiii =3Ix
Q pm C3 3nC3

Q7aiv p, :p,:p, =3x"C, :(”C1)3 1 6x"C,x"C,

:3Xn(n—l)(n—2) 0 '6><M

i Xn
3! 2!

3
z%:n3:3n3:1:2:6 for large n.
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Q7bi

Let ZPOR=¢.

LTSP = 6+ ¢ (Exterior angle equals sum of opposite interior
angles).

ZRPT = ¢ (Equal angles in alternate segments).

ZTPS =60+ ¢ (See diagram).

- LTSP = LTPS .

Q7bii TS =TP =c (ATSP is isosceles) , .. RT =c—a and

OT =b+c.

ZTRP =20+ ¢ (Exterior angle equals sum of opposite interior
angles).

LTPQ =260+¢ (See diagram).

S LTRP = /ZTPQ . .. ATRP and ATPQ are similar.

b+c
Hence =

,c? :(b+c)(c—a).

c—a
Expand and simplify, bc =ca+ab.

Both sides divided by abc , 1 = l+l
a b c
Q7ci v=b—(b-v,)e ™™, vy, band @ €R", and v, <b.

d —a
iza(b—vo)e ‘=alb-v).

Q7cii b represents the velocity of the current.
Q7ciii v:§:b—(b—vo)e"’”,
t

x= J.[b—(b—vo)e"”]dt :bH_W—FC'

-V,

At the start of the drift, =0, x=0, .'.c=—b , and

b—vy( _u
x:bt+70(e ’—1).

(24

b—v, b—v
and e —1=20""
b-v,
x—ﬂlo e(b—voj Vo =V
b-v a
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Q7civ Given v, = % =0.1b, when v= % =0.5b,

x=Liog 220100 0102038 _ D 150 15-04)~0.192
b-0.5b a a a
sin2n6
Q8a The statement: cos€+cos36’+...+cos(2n—1)6’: sind
sin

sin26  2sinfcos
2sinf  2sinf
statement is true when n=1.

Assume it is true when n=4% ,

cos@ = LHS . ..the

When n=1, RHS =

sin 2k6
2sin@

i.e. cosH+cos39+...+cos(2k—l)9 =

When n=k+1,
LHS = c050+cos36’+...+cos(2k—l)€+cos(2(k+l)—l)

= c0s 0+ c0s30 +...+cos(2k —1)0+cos(2k +1)9,
sin2(k+1)0 _ sin(2k6 +20)

RHS =
2sin @ 2sin @
_ sin2k@cos20 +cos 2kOsin 20
2siné
_sin 2k¢9(1 —2sin? 6’)+ 2c0s2k@sinfcos b
2sin @
_ sin2k6 N 2cos2kBsin @ cos @ —2sin 2kOsin’
2sin @ 2sin @
=50 _21“9 +cos2kBcos @ —sin2kOsin
2sin
- _2]“9 + cos(2k9 + 6’)
2sin

= c0s 0+ 0530 +...+cos(2k —1)9 + cos(2k +1)0 = LHS .

.. the statement is true for n =k +1.
Hence it is true for n>1.

Q8bi
A= ZAk =27R’ sin5[cos£+cos£+...+cosw}
= 2 2 2

=27R*sin & sm'né =27R* 2sin£cos£ s1n'n§v

2sin < 2 2 )| 2sing
=27R? cosgsin no .
Since nd = z . é - ,and hence 4 =2aR* cosl.

2 2 4n 4n

Q8bii As n— w0, cos4£—>l, A—>27R* (4 of the surface
n

area of a sphere).
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Q8ci f(t)=sin(a+nt)sinb—sinasin(b—nt), where a >0,
b>0,a+b<rmand n#0.
£(0)=sin(a+0)sinb—sinasin(b—0)=0.

f'(t) =n cos(a +nt)sinb +nsina cos(b - nt)
£"(t)= —n*sin(a + nt)sin b —n*sin asin(b - nt)
= —n*(sin(a + nt)sin b +sin asin(b — nr))

£1(e)=-n"£(c).

Q8cii

£(¢)=(sin acos nt + cos asin nt)sin b —sin a(sin b cos nt — cos bsin nt )
=sinacosntsinb + cos asin nt sin b —sin a sin b cos nt + sin a cos b sin nt
= cosasinntsinb +sin a cosbsin nt

= (sin acosb + cosasin b)sin nt

= sin(a + b)sin nt.

QSciii sin(a + nt) _sina
sin(b—nt) sinb
<. sin(a + nt)sinb —sina sin(b —nt)=0,

, sin(b—nt)#0 and sinb#0.

ie. sin(a+b)sin nt=0.
Since O<a+b<r, sin(a-i—b);tO,
~.sinnt =0 and sin(b—nt)#0.

Hence nt =kx , .'.t:k—ﬂ- where ke J .
n

Please inform mathline@itute.com re conceptual,
mathematical and/or typing errors.
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