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HSC 2008 MATHEMATICS EXTENSION 2 (4 unit) EXAM :
ANSWERS/SOLUTIONS.
Jan Hansen, jsh2014@Qgmail.com, www.hansendata.com.au

Questionl
Q1.a Use substitution method.
1

2 1
I= /@f—x?’)de Let u = 5+23. Then du = 32%dx. So, I = g/u_2du % g—u_1+c =
-1
3(5 + 23)

Q1.b Use integral table. I—/

+c

dx

2

1 1
:§1n<x—|— x2+0.25)+c:§1n(2x—l—\/4x2—l—l)+c’
Q1.c Use integration by parts. Recall [wv'dr =uv = [v/vdzx. T = fol l.tan 'z dx. So

1
z,v' = 1. Then v' = ——, v =z and so,
1+ 22

! In(1+2%)7" In 2
Iz[mn—lx];_/ L ] U0 | R L
0 4 2 o 42

1.d U bsituti =+v2r—1,du=dx/\2x—1 1= — =
Q se subsitution, u x U x /N 2x /a: 51 /u+1

d
2/u211 = 2tan " lu = [2tan_ \/2x—1}1:2tan_1\/§—2tan 11:2X§_2XZ:%'

Ql.e
e 8(1 — x) N
! _/0 (2—x2)(2—2x—|—az2)d

1 1
4 —2x -2z :
- /0 mdz + /0 5 xzdx (by given result)

1 1
20 — 2 2 1
- T2y dz + [In(2 — 22
/0 2 295 a2 x+/0 @—1)2+1 7+ [In(2 - 27
since > — 2z +2=(x — 1)+ 1

—In(2? — 2z + 2){ +2tan"H(z — 1) +1In1 — In?2
—ln1+ln2—|—2(0) 2(—m/4)+1In1—1In2

7

2
Question2

Q2.a

]

choose u = tan™!
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(1—2i)(1—3i) =a-+ib
142 —3i+6 =a-+ib

7T—1 =a-+1b
a="7 b=—1
Q2.b
Q2.b.i
1+iv3 1—i 14+4iv3—i+v3 1+vV3 [V3-1
— X - = = +1
1+4i 1—4 9 9 2
Q2.b.ii

We use the notation cisf = cosf +isinf. 1+ /3 = 2 cis g,
1+11= \/502'3%. Using mod-arg laws we get,

1+11v3 2 cis T 2
—|—Z\/__ 3 ) \/_CIS—

cis (

1+i 2 cis - V2 3

Q2.b.iii
1 3 3 =1

Hence \/§cos— +1 smiz +2\/_—|—z'<\/_2 )
Hence cos il L+ \/3

n _— =

12 22

Q2.b.iv

Using part (ii) and De Moivre’s Law we have

12
1 +iv/3
( H[) = (v2 cisl—) — 905K12( cig T y12 _ o6 cis(l% x 12) = 64 cism = —64

1+ 12

Q2.c Substitute z = z + iy and we have (z + iy)? + (z — iy)? = 8. Simplifying,
2? —y? + 2zyi + 2? —y? — 2zyi = 8. Finally we get, 22 — y? = 4, a rectangular hyperbola.

Q2.d
2W + 2W z 2T 2T 2T 2m
Q2.d.i The midpoint is M = awrEw —(cos — + isin — + cos — — isin —) =
2 2 3 3 3 3
2T 7r 7 N . .
52 oS 3 =—zCosg =3 (since cos is negative in quadrant two)

Q2.d.ii Since the diagonals of any parallelogram bisect each other, then PS passes
through M So MS= PO + OM= —z—z/2 =-32/2.
Hence, OS OM + MS— —5+ —Q = —2z
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Question3

Q3.a

y =g(x) forx>1
=g2—az)forz<1
Q3.a.ii
Q3.b
Q3.b.i

Method 1 Notice that if z were a real number then both 22 and z* are non-negative and
hence p(z) cannot be zero. Hence there are no real zeros.

Method 2 Recall that 20 — 1 = (22)3 —1 = (22 - 1)(1 + 22 + ).

Hence the roots of 1 4 z? 4+ z* are those of 2% = 1 that are not z = 1. The 6th roots of
unity are +1, cis , cis %”, cls %ﬂ, cis 5?”

and so the zeros of 1 + 2> + 2% are z = cis g, cis %”, cis 4{, cis
non-real, so p(z) has no real zeros.

Q3.b.ii

We showed this in part (i) solution already.

Q3.b.iii

51

5, all four of which are
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p(a?) = (@) +(a?)+1=a+a*+1 =0’ +a*+1=0a*+a*+1=0,sincea isa
zero of p(z).

Q3.c
Q3.c.i

/4
I, = / tan" 6 df
0

/4
= / tan® 20 x tan’ 0 do
0

/4 )
= / tan®" 2 f(sec* 0 — 1) db as required.
0
tan2n—1 9 m/4 /4
= [an—] — / tan®""2 6 do
2177/ — 1 0 0
= —1I,_
on — 1 !
Q3.c.ii

I=1/5-I, I, =1/3-1), I, = [[*tan?0d6 = [ (sec?6—1)d = [tan 6 — 0]7/* = 1-=

4
13 52 — 15
Hence Iy = 1/5 — 1/3+ (1 —w/d) = — — 2= 222

15 4 60
Q3.d

Resolve vertical forces: T cosa = mg

Resolve horizontal forces: T sina = m(Isina)w?, and so T' = mlw?.
2

Hence miw? cos a = mg and we have w

lcosa
Question4
Q4.a
Q4.a.i
Recall that the area of a triangle is half the base times the height!

AreaALOle/kaxr:%

Q4.a.ii The perimeter of AKLM is P = k + [ + m. Following the method of part (i)

we have P
Area A = = i 7“2 TN g(k + 1+ m) =rP/2 as required.

Q4.a.iii Let = be the distance from the foot of the board to the fence. Let h be the
length of the board, which is the hypotenuse of a right angled triangle.

The perimeter is P = 8 + x + h.

Area = 0.5 X 8 X ¥ = 4x. Hence 4o =x + h+8 and h = 3z — 8.

By Pythagoras 82 + 22 = h? = (3z — 8)% = 92 — 48z + 64. Simplying gives, 822 — 48 =
8z(x — 6) = 0. Hence as x is non-zero, x = 6 units.

Q4.a.iv

The diagonal of the bigger triangle is d = /82 + 152 = 17.
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The area of the new smaller triangle is 0.5 x (6 +9) x 8 — 0.5 x 6 x 8 = 36.

72 72
Hence, 36 = sPr =3 X7 x (9+V8 +62+17). Hence r = ————— = — = 2.

9+10+17 36
Q4.b

Q4.b.i Rewrite as, y? = b*(1 — 2%/a?). Differentiating with respect to z,
32

2yy’ = b?(—2x/a?) which gives the derivative ' =

L Evaluating this at (x1,11) gives

a?y
. —b*x . . .
the tangent gradient as m = ———. The line through (71, y1) with gradient m is
ay1
—br
Y= =tz — o)
ny y% . nr 5’3%
2o g2 a?
DT yy e Y
a? b2 a2 b2
% + ybl—2y = 1 since (z1,y1) lies on the ellipse
a
Q4.b.ii The tangent at Q is a_ + y;_Qy = 1.
Subtracting the two equations,
rir yiy 1
PR
2L Y2y 1 oi
? ﬁ = glves
(1 —z2)T (Y1 — 1)y
a2 T b2 =1 (1)
as required.
Q4.b.iii
O and T both lie on the line (1 —ng)x + (1 Eng)y =1.
a

The midpoint of P(Q) is M (%, WT”)

Substituting M into the LHS of the equation (1) we have
s - FimT2) @t o) o — ) (i +y)

a? 2 b? 2
I ST
12a22 2b?
1 i\ Y2
(@3- (53)
1 1
=—-X1l=-=x1
2 2
=0
= RHS

Hence, M also lies on the line (1). Therefore as O, T, M are all on the same line, they
are collinear.
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Questionbd
21000
Q5.a We have P = Ry

Q5.a.i Differentiating we have

1
— 21000 (7 n 3e_t/3) |

dP
— = —21000(7 + 3372 x (—e /P
~21000e /3
(T4 3et/3)2
70002 "
B (7 + 3et/3)2
—t/3
2000 3e +7 7
(74 3e7t/3)2 (T + 3e1/3)2
= 7000 P i
- 21000 21000 x 21000
P P?
i% SOOOPX 3
=—|1——— )P
3 3000
as required.
Q5.a.ii
21000
P(0) = = 2100
(0) 7+ 3€e0
Q5.a.iii
21
Ast — o0, e ¥/ — 0. Thus P — a2 — 3000.
7+0*
Q5.a.iv
dP 1 2100
Today, =3 ( — ﬁ) 2100 = 210 elephants per year

Total elephants in the year was 2100, thus as a percentage this is

Q5.b p(z) = 2" — (n+ 1)z + n where n € Z.

0
1 =1
5100 x 100% 0%

Q5.b.i The derivate is p'(z) = (n+1)z"—(n+1). Whenx =1, p(1) = 1" — (n+1).1+
n=1-n—1+n=0,and p'(1) = (n+1).1"— (n+1) = 0. Hence, p(1) =p'(1) =0 =

p(x) has a double root at © = 1, as required.
Q5.b.ii
p"(z) =n(n+1)z" Vand so p”(x) > 0 for x > 0 and n > 1.

The stationary points occur when p'(z) =0,s0 (n+1)2" —(n+1)=0— 2" =1 -z =
I(x > 0). And p"(1) = n(n+1) > 0 and hence the turning point at (1,0) is a minimum.

Since the curve is always concave up then p(x) > 0 for all = > 0.
Q5.b.iii

When n = 3, p(x) = 2* — 42 + 3. But (x — 1)? = 22 — 22 + 1 and so by inspection (or
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polynomial division) we have,
ot —dx +3 = (2% — 22 + 1)(2® + 22 + 3)

—24/4—4(3)(1) —2+2iV2 ,
5 = 5 = —14iV2

The zeros of 2% + 2z + 3 are ¥ =
Therefore,
p(x) = (z — 1)%(2% + 22 + 3) over R
p(z) = (x — 1%z +1—14iv2)(z +1+1iv2) over C.
Q5.c
Q5.c.i
(r —a)®> =b*—h?
r—a =+Vb—h?
r =a+ Vb —h?
and denoting the smaller and larger solutions as x1,zs resp. we have

1 o—a—VE—IF

To = a-+ m
Q5.c.ii
The area of an annulus whose inner and outer radii are r, R resp. is m(R* — r?).

Hence, A = 7(23 — 2?)

A=mn(a+ Vb2 —h?)? —7(a — Vb2 — h2)?

A =7(a*+ 2aVb* — h2 + b* — h? — a* — (b* — h*) + 2aV/b? — h?)
A = 4mavb? — h2.

Q5.c.iii

b
V = 2/ Arar/b% — h2dh
0
b
= 87TCL/ v/ b%2 — h2dh
0

= 8ma [ bcosfbcosOdf - using the substn h = bsin, dh = bcos 0db
= 8mab* [ cos® §db
/ /21 4 cos 26

0

= 8mab? df where when h = b,0 = w/2, and when h = 0,0 =0

in 2 /2
— 8rab? [9/2 P 9]

4 0
= 8rab?(m/4+0—0—0)
= 2m2ab?

Question6

Q6.a

Now, |w|? = w& , and since w® = 1, then |w| =1 and , so ww =1 s0 W? = 1/w = @.
Also0 =w? —1=(w—-1D1+w+w?) = (w—1)(1+w+®) Hence w + & = —1 since
Im(w) >0 (and so w # 1).
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Consider the sum and product of the roots, we have
Ya=—-B/A=—

Yaf=C/A=1b

afy=—-D/A=—c

Hence for our roots 1, —w, —@ we have
a=—-14+w+w=-2

b=—w—-—wtwwv=1-w—-w=2
c=—-1X—-wX—w=—-ww=-—1.
Hence P(z) = 2% — 222+ 22— 1
Q6.b

Q6.b.i

Tangent at P:
2

2 b x
37 vy . Hence, 3y = —— So the gradient is
a? b2 a? Y

Differentiate to get the gradient of line [,

m= ] bsect
— Y atP = o tan g’ '
The tangent line at P has equation

bsect
—btanf =
4 an atan

yatanf — batan® 6 = bx sec @ — absec’ §

bx sec — aytan 6 = ab(sec? @ — tan®f)

brsect — aytanf — ab = 0 since tan?f + 1 = sec? § and so sec?f — tan?6 = 1.
Q6.b.ii

SR =

(r — asech)

bsecl.(ae) —atanf x 0 — ab
Vb2 sec? ) + a2 tan’ 0

~ |ab(esect — 1)

Vb2 sec?§ + a2 tan’ 6§

_ ab(esect — 1)

Vb2 sec?  + a2 tan’
since for a hyperbola e > 1 and also, secf > 1 for all #, and therefore esecf — 1 > 0.
That’s why we dropped the absolute value sign.
Q6.b.iii

SRx SR =

ab(esect — 1) y ab(esect + 1)
- VB2sec?d Jg a?2tan’f  Vb?2sec?f + a?tan® 0
_a’b*(e?sec’d — 1)
— aZtan®f + b2 sec?
a’a*(e? — 1) (e*sec? — 1)
~a’tan®0 + a?(e2 — 1) sec?
at(e? — 1) (e?sec? — 1)
—a? + a’e? sec? §
=a*(e* - 1)
— P2

since b? = a*(e? — 1) for a hyperbola
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as required.

Q6.c
Q6.c.i

LHS = ==
(7) n!
r r—=Dn—-1-r+1)! (r—-DD(n—r+1)
RHS T r—1 (n—1)! B n! ]
_r n(r—l)!n—r)'—(r—l)!(n—r—l-l)']
r—1 n!

r —
1 (n —r)!
- N () LAY
r—1 n!
_ ri(n —r)! _ LHS
n!
as required.
Q6.c.ii
1 1 1
LHS ==+ +---+

T (rTl)

as required Q6.c.iii
1

— 00, 80 7—— — 0.
) e

Hence the limiting value as m increases without bound is

m

As m — oo, (
r—1

r
r—1

Question7
Q7.a The sample space consists of all the combinations of three balls, so it has size (3")

3
Q7.a.i
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oG a3 L an-1Dn-2)  (n—1)(n-2)
P =Xy = S gy BB — )@ —2)  (n-1)(En—2)
Q7.a.ii

O R O O e Y S 1
e (3) B! 3mBn-1)Brn-2) (Bn-1)3n-2)
Q7.a.iii o) x () - D3l (n— 1)
Pm =6 X% ? (3?7)1) =6 23n(3n — 1)(3”— 2) =0 (STL — 1)(3% . 2)
Q7.a.iv

o (n=Dm=-2) 2n’ . n(n—1)
Ps - Pd - Pm = (Sn _ 1)(3n _ 2) ) (STL— 1)(3n— 2) 6 x (37”&— 1)(3n— 2)

=(n—1)(n—2):2n%:6n(n—1)

=(1- E)(l — ﬁ) :2:6(1 — %)by dividing each ratio by n? and for large n this equals
approximately 1: 2 : 6 as required.
Q7.b
Q7.b.i
/ZRPT = /PQT
(since angle between tangent and
chord is equal to angle opposite seg-
ment)
LT =7 —2/RPT — 20
(angle sum in A equals 7 radians)
TSP =7—-/T—-0— /ZRPT
(angle sum in A equals 7 radians)
=n—7n+2/RPT+20 —0— ZRPT
=/RPT +0
TSP =/TPS
as required.

Q7.b.ii
ST = c since ASTP is isosceles as two base angles are equal.
By the intersecting chords distance product rule, we have QT x RT = PT?. Hence
(b+c)x (c—a)=c?
sbe+c?—ab—ac=-c
S.be=ab+ ac

1 1 1

2

o= + — as required. (By dividing thoughout by abc.)
a c

Q7.c
v=>b—(b—uvy)e ™ (2)
Q7.c.i
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d
LHS = d—: = a(b—vy)e ™ = a(b—v) = RHS, as required.
Q7.c.ii

b represents the velocity of the water.
Q7.c.iii
Firstly, (0) = 0 is given. Also we manipulate the equation (2) to get e7® and ¢ as the
subjects.
b—v

e—at

b—”UO

: —atzln(b_v>
o b—UO
't:—lln(b_v>
. Qo b — vy

T
Using v = pn in equation (2) we have,

d
d—i =b—(b—wvy)e ™
x = [bdt — (b—wvp) [ e dt
v o= bt Lo
b—av
but 0 =0+ —— +¢
a
’Uo—b
S.C =
a
b — —b
cw =bt 4+ Qemat 4 10
a Q

now substituting for ¢t and e~ in terms of v etc.

., :_—bln b—v>+(b—v)+(vo—b)
o b — vy « o
x :an<b—vo>+(vo—v)
a b—wv e}
as required.

Q7.c.iv
On substitution of vy = /10 and v = b/2 we obtain,

b b—b/10 (b/10 — b/2)

x—aln b—b/Q)jL o

b 9) 2b
r =—In|=-)——

Q 5 %6

b
r =—(In1.8—0.4)

e
Question8
Q8.a
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Step1 Forn =1 1[lhs = cos#f.
sin20  2sin 6 cos 6

"~ 2¢inf 2sinf

= cosf. So its true when n = 1.

Step 2 Assume the result is true when n = k, so assume

sin 2k0
2sin 6

cos 4 cos 30 + - - - + cos(2k — 1)0 = (3)

Step 3 We must prove it true for the case n = k 4+ 1 under the assumption (3), so we
must prove
in(2k + 2)6
cosf 4+ cos30 + - - - + 4+ cos(2k — 1)0 + cos(2k + 1)0 = s1n(2 , +0 ) (4)
sin
We try subtracting the right hand sides of the equations (3, 4) and show that the
difference is cos(2k# + 0) (as by inspection of the left hand sides of those equations)
sin(2k +2)8  sin 2k6

RHS of (4) — RHS of (3) = —

~ 2sin6 2sin 6
_ sin(2k0 4 0+ 0) — sin

(2k6 + 6 — 0)

2sin 6
_ 2cos(2k0 +0)sin 0 by the result given in line

2sin 0 one of the question
= cos(2k0 + 0)
which is the required difference and hence we have shown the result true for n = k + 1.

Step 4 Finally, we have shown that the result holds true when n = k 4 1 whenever it is
true for n = k. We also showed it true when n = 1. Hence inductively it is true for all
integers n > 1.

Q8.b

Q8.b.i
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3

A = Ag
k=1
. 2k — 1)6
— 91 R%gi (—
TR sind Z coS 5
s 5 5
= 27 R?sin § (cos 5 tcos 35 + -+ cos(2n — 1)§>
g . sin an )
= 27 R”sind X ——— using part (a)
2 smg
= 21 R?sin § x sm-n(s
28in 5
) o in 5
= 27 R*2sin — cos — X SH.I 25
2 PASIIE
0
= 21 R? cos —
A =21R?cos i
n
where we twice used the fact that nd = /2.
Q8.b.ii
lim A =27 R*cos0 = 21 R>.
Q8.c

Q8.c.i We are given the function f(t) = sin(a + nt)sinb — sina sin(b — nt)
a+b<m, a,b>0. n#0
The f(0) = sin(a) sinb — sinasin(b) = 0 as required.
Finding the derivatives we have
f'(t) =ncos(a+nt)sinb+ nsinacos(b — nt)
f"(t) = —n?sin(a + nt)sinb + n’sinasin(b — nt)

= —n? (sin(a + nt) sin b — sin asin(b — nt))

= —n’f(t)
as required.
Q8.c.ii
Method 1: expand both sides and show they are equal.
RHS = sin(a + b) sinnt = sin a cos bsin nt + sin b cos a sin nt
LHS = sinb(sin a cosmt 4 sinnt cosa) — sin a(sin b cos nt — sin a sin nt)
= sin b cos a sinnt + sin a cos bsin nt
= RHS
as required.
Method 2: Use the solution for SHM with phase 0.
Q8.c.iii
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Manipulating this expression we have sin(a + nt) sinb — sinasin(b — nt) = 0 and hence
we solve f(t) = 0.

So we solve sin(a + b) sinnt = 0 (by part (ii) ).

But since 0 < a 4+ b < 7 then we know that sin(a + b) # 0, and hence we may cancel it
to get

sinnt = 0 which has solution nt = km where k € Z. Hence t = krn/n where k € Z.

The End
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