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dx 1 2 1 afx=3
1b =— dx =—t .
Q J‘xz—6x+13 2'[4-1-()6—3)2 ’ 2 o [ )+C

16x —43 __a . b L€
(x=3P(x+2) (x-3) x-3 x+2
a(x+2)+b(x—3)(x+2)+c(x—3)2
(x—3)2(x+2) .
< 16x —43 = a(x +2)+ b(x —3)x +2)+ c(x —3) forall
xeR\{-23}
}Lrg(l6x—43):}LIga(x+2)+b(x—3)(x+2)+c(x—3)2, c=-3

Qlci

1irr%(l6x—43):1jn31a(x+2)+b(x—3)(x+2)+c(x—3)2, a=1.
When x=0, b=3.

16x —43
(x=3f(x+2)

Qlcii j

—J‘( 3 de
x 3 x 3 x+2

+310ggx—_3+c.
x+2

x-3
Ql1d Let u =t then d—:l Let ﬂ:e”,then v=—e".
dt dt

2 2 2
Ite”dt = [uv]} —J‘vﬂdt = [— te”! ]é + J‘e”dt
0 o dt 0

=_D¢™? +[—e"]§ =De?—e?+1=1-3¢".

Qle Let t:tang, 1+1¢ t

a2

1

sinf = ZSingcosg =2 ! 1 = th
22 i+ \J1+e2 ) 141

49 _ 2 di_1+0
dt  1+¢>° dé 2

@=2tan"'¢,
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2 27[
d9 J‘l dt

tdo

do = jdz

N\a‘—.w‘g”

1 27
sin @ - ;[

2
= [log,

Q2a Given z=3+1,

2

=log, 3= %loge 3.

w=2-5i.
Q2ai z* =(3+i) =8+6i
Q2aii zw=(3-i)2-5i)=1-17i

Q2aiii K:W—_E=(2"5")(3"i)=1_17i=o.1—1.7i
z 2z (B+i3-i) 10

Q2bi W3- =V3+1=2, argl3 -i)= Tan{%j T
cA3-i= 2cis(— %j

Q2bii
7
(\/5 - l’)7 = (ZCiS(— %)J = l28czs(— %j = 1286‘15‘[ Sézj
Qbiii - ({3 -1 = 128cis(5—7[) = 128(cos5—”+ isins—”j
6 6 6
- 128[—% + %z) = 643 + 64i

When k=—1, z = 1cis(—§j .

When k=0, z= lcis(%j .

When k =1, z =lcis(r).

Q2di Fociare 1+3i and 9+3i. ..the centre is 5+3i .

Imz

910 Rez

ol 1 5

Q2dii Length of minor axis = 6 ; length of major axis=10.

T
2diii | 0,2~
Q { 2}
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v

Q3aiii y = xf(x)

v

Q3bi Let y =0, x =+12, x-intercepts are .". (— 12,0), (12,0).

Q3bii +ae=+va’ +b* =++/144+25 = +13 | Foci are

~(=13,0), (13,0).

e a_ a 144
Q3biii Directrices: x=t—=+—, " x=+——.
e ae 13
b 5
Asymptotes: y=+—x, . y=t—x.
a 12

Q3ci The zeros are a+bi, a—bi, a+2bi and a—2bi .
Sum of zeros=4a =12, ..a=3

Product of zeros = <a2 +b* \a® +4b2): 130,

O+ Jo+4b2)=130, - 4(p>) + 456> —49=0.
Hence (4b2 +49Xb2 —1)= 0.Since bisrealand b >0,
b=1.

Q3cii P(x)=(x=3—i)x—3+i)x—3—-2i)x—3+2i)
= (x> —6x+10)x* —6x+13)
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Q4a p(x)=ax’ +bx+c, p'(x)=3ax’ +b.
p)=a+b+c=0

pl=1)=-a-b+c=4

p'(1)=3a+b=0.

Solve fora,bandc. a=1, b=-3and c=2.

4b Area of vertical cross-section= (2x)2x)=4x> =4y .
y

1
Volume of solid = _[ 4ydy = [2 y? ]i) = 2 cubic units.
0

1
L :—L, Somyp, = pq . Point R(r,lj.
q-p pq r

Equation of line ¢: y 1 = pq(x - r),
r

. 1
ie. y=pqx—pqr+7 ...... (1
o an s . . 1
Q4cii Similarly, equation of line m: y = grx — pgr +— ...(2)
p

Q4ciii Solve the equations of lines ¢ and m simultaneously to
find 7.
1 1

- (Q): pqx—qrx+l——:0,.'.x:—— ...... 3)
r.p par
Substitute (3) in (1): y =—pgr.
S Tis (— L,— pqrj and it satisfies the equation xy =1.
pqr
Hence T lies on the hyperbola xy =1.

Q4di

B/ P~_ “1L C

Since K and M are midpoints, .. KM // BL .
Since L and M are midpoints, .. LM // BK .
.. KMLB is a parallelogram.

Q4dii ZKPB+ /KPL = /KML + Z/KPL =180°,
- ZKPB = /KML .

Q4diii KMLB is a parallelogram, .. ZKBP = ZKML,
. ZKPB=/KBP...KP=KB=KA, .. ZKPA=/KAP.

Consider AAPB, /KPA+ /KPB+ /KAP + Z/KBP =180° .
. Z/KPA+ /KPB+ /KPA+ /KPB =180°,

. 2(£KPA+ Z/KPB)=180°, .. ZKPA+ /KPB =90°.
Hence AP 1 BC.

NSW BOS Mathematics Extension 2 Solutions 2006



Q5a y

Volume of cylindrical shell = 2mxydx .

1 1
Volume of solid = J.chydx = J27zx2 (x—1) dx
0 0

= 2ﬁj(x4 -2x* +x? )dx =27
units.o

X 2t X 1 T .
+—| =— cubic
4 3 0 15

Q5bi cos(a + )+ cos(a — )
=cosacos f —sinasin ff+cosa cos f+sinasin f
=2cosacosf

Q5bii (cos46 +cos26)+ (cos360 +cos@)=0, 0< O < 2r.

20536 cos @ +2cos20cosf =0, 2cosB(cos30 +cos26) =0,

2cosd 2cos£cosg =0, .'.4c0s0cosﬁcos§20.
2 2 2 2

Hence cos# =0, .. 6’=£,37” or
560 5 & 37 5m Tr 9«
COS_:O e S S S S
2 222 22
T 3x Tr 97
9=_5 57T, [
55 5°5
cos—=0,2=£, “O=r
2 2

Q5ci

Vertical component: 7} cosa — T, cosa —mg =0,
Horizontal component: 7, sina + 7T, sina = mo’/sina ,

T +T, =ma’l.

QS5cii If T, =0, Tycosa =mg and T, = mw*/,

o =—E ,.‘.a)=1/ g .
fcosa fcosa
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Q5di 3x3x3x3 =81
Q5dii Pr(WDLD)=0.2x0.6x0.2x0.6 = 0.0144

Q5diii Pr(more _ points)= Pr(4W )+ Pr(3W1D)+ Pr(3W1L)
+Pr(2w2D)+ Pr(2W1DIL)+ Pr(IW3D)

LA M TRV

~02 +§(0.2 X0.6)+§<0.2 )(0.2)+ﬁ(o.2) (0.6)
4 4

+2,(02)(0:6)0:2)+ 5(0.2)(0.63 )=0.344.

Q6 A

Q6ai Consider AOAB , the sine rule: 04 = OB

sin(f—-6) sin@’

. 04 _sin(8-96)
" OB sin@

Q6aii Similarly for AOBC and AOCA ,

OB _sin(y - 0) nd 9C _ sin(a - 0)

oC  sind 04  sin@

.04 0B OC_ sin(f-0) sin(y —0)  sin(a—-0)
OB OC 04 sin @ sin @ sin @

e sin(cr — 0)sin(B — 8)sin(y — 6)

B sin® @

and hence sin’ @ = sin(a — 0)sin(8 — )sin(y - 6).

COSX COSy  COSxsiny—cosysinx

Q6aiii cotx —coty = — -
sinx siny

sin xsin y
_sin(y—x)
~ sinxsin y
Qbaiv (cot 0 —cot a)(cot 0 —cot ,B)(cot 6 —cot 7/)
_ sin(a — ) o sin( - 0) " sin(y — 6)
sinfsina sinfsin f sinfsiny
sin’ 6 1

sin’ @sinasin fsiny  sinasin Bsiny

= coseca cosecfl cosecy

Q6av Without loss of generality, let & = 5 =45° and y =90°.
(c0t9—00t450 cot @ —cot 45° cot9—00t900)

= cosecd5° cosecd5® cosec90’,

scotB(cot@—1) =2, cot® @ —2cot? @+cotd-2=0,
(cot3 0 —2cot’ 9)+ (coto-2)=0,

cot’ 9(00t0—2)+(cot6—2): 0, (cot®—2)cot €+1): 0.
Since cot’0+1#0, ..cotd—2=0, cotd =2, tand=0.5,
6 =tan'(0.5).
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Q6b

Givenat 1 =0, x =R and v =+u where u is a positive real
value.

Equation of motion: )'c':—%, X2R.
X

. . k 3

Q6bi At x=R, x=-g, .'.—F:—g, k=gR’.
k dv k
6bii X=——, v—=——,
Q x 7 dx x?
X d\;
—dx = j—— dx , Ivdv-J —3dx,
X R u R

R
2
y
vz—u

V_{k vtk ok
ol ]y 2 2 2x? 2R
2

Q6biii x = y/R? +2uRt —(gR —u | .

When u=gR, x=+R* +2uRt .

Ast—> o, x > ©.

xz\/l’i’2 +2uRt—(gR—u2> —t\/ltz—2+2%—gR+u

As t > o, x = tyJu’ — gR , which is real and oo if u*> > gR,
ie. u>4gR.

Hence for u > 4/gR , the particle will not return to the planet.

3

—(gR—uz).

Q6bivl v = ngz

gR3

Ifu<iygR,v=0at x=D, ~0=5"_(gR—u?),

(i

Q6biv2

x:\/}?2 +2uRt—<gR—u2)2 , x> =R’ +2uRt—(gR—u2)‘2.
At x=R, R* = R* +2uRt —(gR -},
~2uRt—(gR-u”)* =0, -~ tl2uR - (gR —u})=0.

-t =0, i.e. the time when the particle is projected upward, or
2uR

gR—-u

=

-, L.e. the time when the particle returns to the

2uR

gR—u

surface. The time interval for the complete journey is

The time for one-way journey in either direction is

gR—u’ .
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7.

Q7ai y =cosx and y =tanx intersect at P(a,...) ,
s.cosa =tana.

d . d
m, :—y:—smx, m, =Y _ec?x.
dx dx
. sin tan o
AtP, mm, = —sinasec’ a = ————=— =-1,
cos” a cosa
.. the curves intersect at right angle at P.
Q7aii cosa =tana, cos’ o =tan’ o =sec’ o —1,
2
> =se02a—l,.'.<secza) —sec’a—-1=0,
sec” a
L, 144144 1445 =45
sosect a = = 5 . Note: — is rejected

because sec’ a > 0.

Q7bi I, :jsec” tdt , where OSxS%.

0

- dv du -
Let u =sec" ¢ and o sec’ . .. o (n—2)sec”? ttant
t t

and v =tant .

X X
I, = Jsec" tdt = J‘sec"’2 tsec’ tdt =
0 0

© C— 2

u ﬂa’t
dt

= [w]; - jv%dt = [sec"’2 ttan t]x ~(n- Z)J sec”* ttan” tdt

(sec t— 1)dt

=sec"? xtanx — (n — Z)J sec” tdt +(n — Z)J sec" tdt .

0 0

=sec"? xtanx — (n — Z)I sec””

I, =sec" 2 xtanx—(n—=2)[, +(n-2)I, ,,
s (n=1)1, =sec"? xtanx + (n - 2)I

n-2

3 sec"™? xtanx+ n—2
n—1 n—1

n-2"

T 2 T T
3 N (3] tan(3j
Q7bii j secttdt =1, = —

+—=1
3 2

R +
Q7ci Given x; =1 and x Y for n>1.

n+l T

+x,
l+a” 1
Prove that for n>1, x, =2 0 , where o = Y
-a"

1-4
Itistrue for n=1, x, =2/ —> =1
1+
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.. . 1+a*
Assume that it is true for n =k, 1.e.x; = 2[1 . J,
-a

By 1+ af

C44x, e (1—0/‘] Al-a* )+ 201+ o)

Xpy =
T g, 1+2(1+ak] 1-a* +2(1+a")

—2aF —a* 1-1g* 1 K+l
:6 ak :23 ak _» 3 k _y +ak1 '
3+a 3+a I+ia 1—-a*™
Itis also true for n =k +1.
cdtistrue forall n>1.

Q7cii As n— o0, a”z(—%) ->0,x, >2.

Q8ai Given 0St<— then 0 < ¢?

5

S 1L 12 <2, hence 0< 12 <2.
1-¢ 1-¢

l\Jlb—‘
I

2
Multiply by 2¢*, 0 < % <447,
-1

2 a1,
Q8aii oslzt <4, 0<2-2-r)_
-t

-2 =

22 <4’ 0<— 2
1-¢ (1+e)1-1)
o< 41 oca

I+t 1-¢

0<

—2 <447,

Q8aiii osj(L+L—2jmsj4t2d¢,
0 1+t 1-¢ 0

1+ 1[4 ]
0< [log i Zt} < [L} where 0 < x < —

1- o L3, f

3

0<log, Trx —2x< 4x

1 X 3

l+x 43 I+x 4x°
log —2x log

Q8aiv ..e’ <e [H] <eld , . l<e (1”‘j BRI

X n— n_-x

) Y onx"e™ —nx “+x"e

( (( —1)-2nx+x7).

At the inflexion points x =a and x =5, f "(x) =0.

/\
\_/\_/\—/
3
—

3

Since x" 2 >0and e * >0, . n(n—1)-2nx+ x> =0.
Use the quadratic formula to solve for x in terms of n:

x:ni-«/;.

Hence a:n—x/; and b:n+x/;.
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. 1 L E
Q8biii From Q8aiv, 1S(1+x)e T<ed .
—-x
1
I+—= 2 4
.1< ‘/;e«/;SeMM/;’

1
N

Let x =

e
/a)
4
Q8biv /() is sandwiched between 1 and e>V" .
/a)
4
Asn— o, eV el =1, - f(b)—>1.
/a)

Please inform mathline@itute.com re conceptual,
mathematical and/or typing errors.
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