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Q2a  Given iz += 3 , iw 52 −= . 
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Q2c  Let ( )ππ kcisz 2113 +=−= , 





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3
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When 1−=k , 





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3
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
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
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3
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Q2di  Foci are i31+  and i39 + . ∴the centre is i35 + . 
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Q3aiii  ( )xxfy =  
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Q3bi  Let 0=y , 12±=x , x-intercepts are ( )0,12−∴ , ( )0,12 . 
 
Q3bii  132514422 ±=+±=+±=± baae , Foci are 
( )0,13−∴ , ( )0,13 . 
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a

e
ax

2
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144
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Asymptotes: x
a
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5
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Q3ci  The zeros are bia + , bia − , bia 2+  and bia 2− . 
Sum of zeros 124 == a , 3=∴a  
Product of zeros ( )( ) 1304 2222 =++= baba ,  

( )( ) 130499 22 =++ bb , ( ) 049454 222 =−+∴ bb . 

Hence ( )( ) 01494 22 =−+ bb . Since b is real and 0>b , 
1=∴b . 

 
Q3cii  ( ) ( )( )( )( )ixixixixxP 232333 +−−−+−−−=  

( )( )136106 22 +−+−= xxxx  
 

Q4a  ( ) cbxaxxp ++= 3 , ( ) baxxp +=′ 23 . 
( ) 01 =++= cbap  
( ) 41 =+−−=− cbap  
( ) 031 =+=′ bap . 

Solve for a, b and c. 1=a , 3−=b and 2=c . 
 
Q4b  Area of vertical cross-section ( )( ) yxxx 4422 2 === . 

Volume of solid [ ] 224
1
0

2
1
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Q4ci  
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r

y −=−
1 ,  
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r
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Q4cii  Similarly, equation of line m: 
p

pqrqrxy 1
+−=  …(2) 

 
Q4ciii Solve the equations of lines l  and m simultaneously to 
find T. 

(1) − (2): 011
=−+−

pr
qrxpqx , 

pqr
x 1

−=∴  …… (3) 

Substitute (3) in (1): pqry −= . 

T∴ is 




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−− pqr

pqr
,1  and it satisfies the equation 1=xy . 

Hence T lies on the hyperbola 1=xy . 
 
Q4di   
                                 A 
 
 
 
                      K                                     M 
 
 
 
               B            P                       L                                C 
 
Since K and M are midpoints, ∴ BLKM // . 
Since L and M are midpoints, ∴ BKLM // . 

KMLB∴  is a parallelogram. 
 
Q4dii  0180=∠+∠=∠+∠ KPLKMLKPLKPB , 

KMLKPB ∠=∠∴ . 
 
Q4diii  KMLB  is a parallelogram, KMLKBP ∠=∠∴ , 

KBPKPB ∠=∠∴ . KAKBKP ==∴ , KAPKPA ∠=∠∴ . 
Consider APB∆ , 0180=∠+∠+∠+∠ KBPKAPKPBKPA . 

0180=∠+∠+∠+∠∴ KPBKPAKPBKPA , 
( ) 01802 =∠+∠∴ KPBKPA , 090=∠+∠∴ KPBKPA . 

Hence BCAP ⊥ . 
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0cos2cos2cos3cos2 =+ θθθθ , ( ) 02cos3coscos2 =+ θθθ , 

0
2

cos
2

5cos2cos2 =





 θθθ , 0

2
cos

2
5coscos4 =∴

θθθ . 

Hence 0cos =θ , 
2

3,
2

ππθ =∴  or 

0
2

5cos =
θ , 

2
9,

2
7,

2
5,

2
3,

22
5 πππππθ

= , 

5
9,

5
7,,

5
3,

5
πππππθ =∴  or 

0
2

cos =
θ , 

22
πθ

= , πθ =∴ . 

Solution set is








5
9,

2
3,

5
7,,

5
3,

2
,

5
πππππππ . 

 
Q5ci   
 
                               α 
                                                   T1 
 
 
 
 
                                                   T2            mg 
 
 
Vertical component: 0coscos 21 =−− mgTT αα , 
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21 lmTT =+ , 
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( ) ( ) ( )DWLDWDW 31Pr112Pr22Pr +++  
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Q6ai  Consider OAB∆ , the sine rule: ( ) θθβ sinsin
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, 
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Q6aii  Similarly for OBC∆  and OCA∆ ,  
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θ
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=
OC
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( ) ( ) ( )
θ
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3sin
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=∴   

and hence ( ) ( ) ( )θγθβθαθ −−−= sinsinsinsin 3 . 
 

Q6aiii  
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y
y
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sin
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sin
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( )
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Q6aiv  ( )( )( )γθβθαθ cotcotcotcotcotcot −−−  
( ) ( ) ( )

γθ
θγ

βθ
θβ

αθ
θα

sinsin
sin
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sin
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sin −

×
−

×
−
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γβαγβαθ
θ
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1
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sin

3

3

==  

γβα ececec coscoscos=  
 

Q6av  Without loss of generality, let 045== βα  and 090=γ . 

( )( )( )000 90cotcot45cotcot45cotcot −−− θθθ
000 90cos45cos45cos ececec= , 

( ) 21cotcot 2 =−∴ θθ , 02cotcot2cot 23 =−+− θθθ , 

( ) ( ) 02cotcot2cot 23 =−+− θθθ , 

( ) ( ) 02cot2cotcot 2 =−+− θθθ , ( )( ) 01cot2cot 2 =+− θθ . 

Since 01cot 2 ≠+θ , 02cot =−∴ θ , 2cot =θ , 5.0tan =θ , 
( )5.0tan 1−=θ . 
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Q6b 
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Given at 0=t , Rx =  and uv +=  where u is a positive real 
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Q6biii  ( ) 222 2 tugRuRtRx −−+= .  

When gRu = , uRtRx 22 += . 
As ∞→t , ∞→x . 

( ) 2
2

2
222 22 ugR

t
uR

t
RttugRuRtRx +−+=−−+=  

As ∞→t , gRutx −→ 2 , which is real and ∞  if gRu >2 , 

i.e. gRu > . 

Hence for gRu ≥ , the particle will not return to the planet. 
 

Q6biv1  ( )2
2

3
2 ugR

x
gRv −−= . 

If gRu < , 0=v at Dx = , ( )2
2

3

0 ugR
D
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3
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−
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Q6biv2   

( ) 222 2 tugRuRtRx −−+= , ( ) 2222 2 tugRuRtRx −−+= . 

At Rx = , ( ) 2222 2 tugRuRtRR −−+= , 

( ) 02 22 =−−∴ tugRuRt , ( )( ) 02 2 =−−∴ tugRuRt . 
0=∴ t , i.e. the time when the particle is projected upward, or 

2

2
ugR

uRt
−

= , i.e. the time when the particle returns to the 

surface. The time interval for the complete journey is 2

2
ugR

uR
−

. 

The time for one-way journey in either direction is 2ugR
uR
−

. 

Q7ai  xy cos=  and xy tan=  intersect at ( ),...αP , 
αα tancos =∴ . 

x
dx
dym sin1 −== , x

dx
dym 2

2 sec== . 

At P, 1
cos
tan

cos
sinsecsin 2

2
21 −=−=−=−=

α
α

α
αααmm , 

∴ the curves intersect at right angle at P. 
 
Q7aii  αα tancos = , 1sectancos 222 −== ααα , 

1sec
sec

1 2
2 −=∴ α
α

, ( ) 01secsec 222 =−−∴ αα , 

2
51

2
411sec2 +
=

++
=∴ α . Note: 

2
51−  is rejected 

because 0sec2 >α . 
 

Q7bi  ∫=
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n
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0
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2

0 π
≤≤ x . 
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dt
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dt
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x
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x
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2

0
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x
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0
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x
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0

222 1secsec2tansec  
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x

n
x
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0

2

0

2 sec2sec2tansec . 

( ) ( ) 2
2 22tansec −

− −+−−=∴ nn
n

n InInxxI , 

( ) ( ) 2
2 2tansec1 −

− −+=−∴ n
n

n InxxIn , 

2
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1
2

1
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n

n I
n
n

n
xxI . 

 

Q7bii  2

2
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3
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3
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3
3

tan
3
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sec IItdt +
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
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
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
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
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3
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=+= . 

 

Q7ci  Given 11 =x  and 
n

n
n x

x
x

+
+

=+ 1
4

1  for 1≥n . 

Prove that for 1≥n , 








−
+

= n

n

nx
α
α

1
12 , where 

3
1

−=α . 

It is true for 1=n , 1
1
1

2
3
1
3
1

1 =










+

−
=x . 
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Assume that it is true for kn = , i.e. 








−
+

= k

k

kx
α
α

1
12 , 

( ) ( )
( )kk

kk

k

k

k

k

k

k
k x

x
x

αα
αα

α
α

α
α

++−
++−

=










−
+

+










−
+

+

=
+
+

=+ 121
1214

1
121

1
124

1
4

1  










+
−

=
+
−

= k

k

k

k

α
α

α
α

3
32

3
26










−
+

=










+

−
=

+

+

1

1

3
1
3
1

1
12

1
1

2 k

k

k

k

α
α

α
α

. 

It is also true for 1+= kn . 
∴it is true for all 1≥n . 

Q7cii  As ∞→n , 0
3
1

→





−=

n
nα , 2→nx . 

 

Q8ai  Given 
2

10 ≤≤ t , then 
2
10 2 ≤≤ t , 11

2
1 2 ≤−≤∴ t , 

2
1

11 2 ≤
−

≤∴
t

, hence 2
1

10 2 ≤
−

≤
t

. 

Multiply by 22t , 2
2

2

4
1
20 t

t
t

≤
−

≤ . 

 

Q8aii  2
2

2

4
1
20 t

t
t

≤
−

≤ , ( ) 2
2

2

4
1

1220 t
t

t
≤

−
−−

≤ , 

2
2 42

1
20 t
t

≤−
−

≤ , ( )( )
242

11
20 t

tt
≤−

−+
≤ , 

242
1

1
1

10 t
tt

≤−
−

+
+

≤ . 

 

Q8aiii  ∫∫ ≤





 −

−
+

+
≤

xx

dttdt
tt 0

2

0

42
1

1
1

10 , 

xx

e
tt

t
t

0

3

0 3
42

1
1log0 








≤








−

−
+

≤ , where 
2

10 ≤≤ x , 

3
42

1
1log0

3xx
x
x

e ≤−







−
+

≤ , 

 

Q8aiv  3
42

1
1log

0

3xx
x
x

eee
e

≤≤∴
−






−
+

, 3
4

21
1log

3

1
x

xx
x

eee
e

≤≤∴ −







−
+

, 

3
4

2

3

1
11

x
x ee

x
x

≤







−
+

≤∴ − . 

 
Q8bi  ( ) xnexxf −= , 2≥n . 

( ) xnxn exenxxf −−− −=′ 1 , 

( ) ( ) xnxnxnxn exenxenxexnnxf −−−−−−− +−−−=′′ 1121  

( ) ( )( )22 21 xnxnnexxf xn +−−=′′ −− . 
At the inflexion points ax =  and bx = , ( ) 0=′′ xf .  

Since 02 >−nx and 0>−xe , ( ) 021 2 =+−−∴ xnxnn .  
Use the quadratic formula to solve for x in terms of n: 

nnx ±= . 

Hence nna −=  and nnb += . 
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Q8biv  ( )
( )af
bf  is sandwiched between 1 and ne 3

4

.  

As ∞→n , 103
4

=→ ee n , ( )
( ) 1→∴
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