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Qla j\/i

QIb Let u = tanx, du = sec” xdx .

1 1
jtanz xsec? xdx = juzdu =§u3 +c =§‘[an3 x+c.

Qlc i(xsinx): Xcosx +sinx
dx

T V4
d ) .
_[— xsin x x:_[(xcosx+smx)dx
o dx 0

T
[xsinx]} = '[x cos xdx — [cos x|}
0
a
_[xcosxdx =cosz—cosO0=-2.
0

Qld Letu=1-x, x=1-u, du=—dx.
When x=0, u=1. When x:%, u=—

.
3 1
tox L (1-u t1—u o — IJJ
——dx= |- = du = ||u 2 —u? du
[ -
I 37
2{2u2—%u2} =i.
30|, 12
4
2 2 1 1
1
Qle {x +x° +x+1 '!‘(x—i-l +x2+1)dx
2 2

2

= {logg(x + 1)—%log;€(x2 + 1)+ tan' x}

1

2

= (loge 3 —%loge 5+tan™ 2) - (loge é—lloge &l +tan™ %)

2 2 4
=tan"' 2 —tan” 1. tan™ 3
2 4
I 2-2 3
Note 1 tan(tan1 2—tan™ —j -2 _ =
1
1+2x—
2
Note 2 Letu:x2+1,%du:xdx.
1 1 1
J‘%dx=— ﬂz—logeu+c:—log€(x2+l)+c
x+1 29 u 2 2
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Qlai z=4+i, w=z=4-1.

Qaii w-z=(4-i)-(4+i)=-2i.

2 .
Quiii Z=2 -1Bt¥ D, 8,
w o zz 17 17 17

1
Q2bi 1+i=22 cos % +isin .
4 4

N7
Q2bii (1+4)” =(27) [cosl—ﬂsinTﬂj

—256\/_[cosz+zsmzj 256\/_(T+Tj 256+ 256i .

~x#0and y#0.

I 1 zZ+z 2x
_+t:19 — :13 P
z z zz X +y

Q2c Let z=x+yi#0,

=1, 2x=x2+y2,

2

o (x=1)* +y? =1, by completing the square.
The locus of P is a circle of radius 1 unit and centred at (1,0),
without the point (0,0).

Q2di Let a=cos@+isind

zZ, = cos(é’ + Zj + isin(ﬁ + 1]
3 3

= {cos§+ isin%}[cos& +isin 49] = wa

Q2dii z, = 005(6’ - %j + isin(& - %j

cos@ +isin@ a

T .. 7 9]
cos— +isin—
3 3

a 2
zizy,=|— law=a".
®
a 1
Q2diii z, 4z, =—+aw=a —+w|=a ZCos— =a and
® o
, ..z, and z, are the roots of z° —az +a’

_ 2
z,z, =a

Q3ai f(~x) is the reflection of f(x) in the y-axis.

AN
AY

h (_19 ) 1a 1)

2,-2)
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Qi f(x))= { f(x) x>0

f=x) x<0
\\ Ay //
N 7
\\ ///
N %
( 19 1) \ Ve (19 1)
\ | -
N £
yd N

Q3aiii f(x)-x= f(x} x
-12) v

Q3b The zeros of x* —5x+3 are @, fand .
Lafy=-3,af+pPyr+ya=-5and a++1=0.

Let x* +bx” + cx + d be the cubic with zeros 2« ,2/ and 2y .

b =—(2a+2ﬂ+27/)=—2(a+/)’+/1)=
c=(2a)2p)+(2B)2r)+ 2y N2a) = 4aB + By + ya) =20
d =—2a)28)2y)=-8apy =24.

Hence the cubic is x* —20x + 24 .

Q3c V = j2 [1 BeX jdx=2ﬂjlogexdx
1

=2zx[xlog, x - x]] =2z|(e—e)-(0—1)]=27 cubic units.

Note: i(xloge x): 1+log, x, i(xlog(, x)-1=log, x,
dx dx

{ xloge }d —J-log xdx ,

1
J‘log xdx = xlog(, x— x]

1

Q3di Vertically, Fsin@+ Ncos@—-mg=0...... (1)

Horizontally, Fcos@— Nsinf =mro’............ )
cosx (1)—sin@x(2), where siné = 0 and cosd # 0 :

Ncos® @+ Nsin® @ = mgcos @ — mre® siné,
N(cos2 6 +sin” 6’): mg cos @ —mro’ sin @ ,

N = mgcosf —mro’ sinf .
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Q3dii N >0, mgcosé—mre®sin@d>0 where sind >0 and

cosfd>0. . . w

2<gC.OS‘9.Hence—‘{ £ o< |-&
rsin @ rtan @ rtan @

Q4a Consider ALAM and APAG .

ZALB = ZAPB, subtended by the same arc on the
circumference.

ZAMB = ZAQB , subtended by the same arc on the

circumference.
S LLAM = Z/PAG.

and w#0 .

Q4bi sin30 = sin(20 + 0) = sin 20 cos & + cos 20'sin &
=2sinOcos’ O + (0052 6 —sin? Q)Sin 0

=3sin@cos? O —sin® 0.
Q4bii 4sin Hsin[ﬁ + %j sin[& N %”j

=2sin 6{2 sin(ﬁ + ZTEJ sin[H + %H

=2sin 9|:COS% —cos(26 + 7Z'):|

= 2sin 9(% + cos 26’]

=sin 9(1 +2cos” @—2sin” 9)
=sin 0(3 cos? 0 —sin? 6)

=3sinHcos’> O —sin’ O =sin36.

Q4biii sin Hsin(G + %} sin(@ + %”j = isin 30.

Max value of sin Qsin(ﬁ + %) sin(& + 277[) is % .

Q4c Side length of square=e—x.

fesa=lle el

1 1
{e y—2e"" + e“}
2 0

= %(— e’ +4de— 1) cubic units.

—2e" 4 ¥ }ly

Q4di (~a)af=-s,. . a’f=s
(~a)a+ap+p-a)=r, .a>=-r
(—a)+a+ﬂ:—q,.'.ﬂ:—q
.'.qr:(—ﬂ)(—az)=a2ﬂ=s

Q4dii Since r € R and a? :—r:i2r, La :iiﬁ.

Hence there are two purely imaginary zeros and they are

(~a)=—-iVr and a=ilr.
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) 12C 12C
Q5ai Pr(X =3)=—12—2=036.

6

12C4 12C2+12C5 12C1+12C6 IZCO _ 032 .

Q5aii Pr(X >3)=

S
6
2 2
.oXxT oy C2x 2ydy e
Q5bi a—z—b—zzl, ..a—z—b—za—O by implicit

2
differentiation. Hence ﬂ = b 2x .
dx a’y

b*x . .
At P(xl, yl), my = = L . Equation of the tangent is
1

2

b7x,
2

a )y,

2 2 2.2 2 2
b xx—a yy=bx"~—ay .

y—n= (x—xl), azyl(y_yl):ble(x_xl)’

pr, DXy _xn oy
N S
2 2 xz 2
Since P(x,,y,) ison —z—y—zzl, .'.%—y—lzzl,
a- b a b

Divide both sides by a’

XX yy . :
o a‘—2 —b% =1 is the equation of the tangent at P(x,, y,)

QSbii Similarly, % - ybz—zy -
Q(xz V2 )

Since T(xo,yo) lies on both tangents, .". @ —% =1land

a

XX Va2

2 2
a

=1. Solve these two equations simultaneously to

V2 = b’x

obtain ———— = 2—0 , which is the gradient of the chord PQ.

X=X ay,

2
Xy

Equation of PQ'is y—y, = (x — X, ), which can be

2
a

a b a b a b

Qsbiii Since S(ae,0) lies on ~o- 20Xy T

o 1,
a b* a’

. a . . . a
ie. x, =—. Hence T(xo,yo) lies on the directrix x =—.
e e

Q5ci (x—1)5-x)=—x" +6x-5=27 —(x-3).

Q5cii Let x—3=2sind, dx=2cosdb,
JE—1)5—x) =22 —(x=3)* =/4(1-sin0) = 2cos0.

When x =1, 9=—%.When x=35, 6’=%.

5

J‘,/(x — 1)(5 - x)dx =

—— N

%
4cos’ 0d0 = [2(cos20+1)46

2

woln

= [sin 20 + 249]2 =2r.
2

© Copyright 2007 itute.com

1 is the equation of the tangent at

Q5di AD = AC =2A4P = 2><1cos% =2u.
Sum of angles of pentagon= (n —2)z = (5-2)7 =37 .
o /BAE =% and sCAD = 7 T|=T
5 2 5 5
Apply the cosine rule to AACD,
CD* = AC? + AD* - 2(AC)(AD)C05%.

12 =u) + Qu) - 22u)2u .
S8’ —8ut +1=0.

o 1. .
Q5dii Given x = 3 isaroot, .. 2x —1 is a factor of

8x” —8x” +1.
8% —8x” +1=(2x—1)dx> —2x—1)=0.
s4x® =2x-1=0.

1+4/5

The other roots are x = YR

+\/§ . 4 1+\/§

Hence u = 1—, 1.e. cos— =
4 5

. Vs
, since cos; >0.

2

i n n n
Let a=b=1,then 2" =1+ + +...+ +1.
1 2 n-—1
n n
S20 > forn>2.
2

Q6aii 2" > n(nz_ 1)’ s n(n4_ ) 2
.n+2  4n+38

“F<n(n—l).

Q6ai (a+b) =a" + [Yja”lb n [”ja“bz b

n(n - 1)

’ n+2>4(n+2)

>

Q6aiii It is true for n =1 because LHS = RHS = 1.
Assume it is true for n =k,

2 k-1
e 142l L)aal L) ool L) —4-E2 then
2 2 2 2%

2 k-1 k k
1+2(lj+3[lj +...+k[lj +(k+1{lj :4—k+2+(k+1{lj
2 2 2 2 k-1 2
2k+4 k+1 k+3 (k+1)+2
= 4 - 2k + 2k = 4 - 2k = 4 - 2(k+1)—1
.1t is also true for n =k +1. Hence it is true for alln > 1.

8
an+g
Q6aiv As n > o, ——=—-"1 0.
n(n—l) n-1
. n+2 4n+8 n+2
Since ——< s o 0
2" n(n—1) 2"
. 2
and the ser1es=4—n2:1 —>4.

NSW BOS Mathematics Extension 2 Solutions 2007



el.4t +e—1.4t x
Q6bi x:5]oge(TJ’ 2es :el.4t +671A4;.
Implicit differentiation with respect to ¢:
2 < dx 14( L4t —14t)’ ﬂ: ; PRETNPE Y ’
5 d[ dt gv

; ol _ o1
SvENl 1 |-
RTINS Y

2e

2 2 dx

2
SOV ) 98- 0207
50 49

—2x —2x
Q6biii x:i(le:ﬁi e |2
dx 5

Q6biv —0.2v* represents the air resistance during the fall. The
negative sign shows the direction of the air resistance is opposite
to that of motion.

Q6bv Assuming the raindrop has reached terminal velocity,
i=0,98-02v" =0, [)]=7ms".

Q7ai For0<t<%, cost <1.

jcostdt < jldt where 0<x<%.
0 0

. V1
c.sinx < x for 0<x<3.

Since sinx <1 forallx, ..sinx < x for x>0.

3 2
Q7aii f(x):sinx—x+%, f’(x):cosx—l+x?,
f"(x)==sinx+x.For x>0, f"(x)=—sinx+x >0, since

sinx <x. .'.y=f(x) is concave up forx > 0.

Q7aiii f ”(x) >0 forx>0. .. f ’(x) is an increasing function
forx >0, and since /'(0)=0, f'(x)>0 forx>0.
<. f(x) is an increasing function, and since f(0)=0, f(x)>0

3
. x
for x > 0. Hence smx>x—? forx>0.
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Q7bi APUR and AQVR are similar, ﬂ:ﬂ
oV OR
Q7bii QS =eQV , PS =ePU, PU_BS
Cor os
pPS PR . PS  sina

Q7biii In APRS,

sina_sin(6’+¢)’ “E_sin(49+¢)'
oS  OR .@: sin @

In AQRS,

sing sin@’ 0SS  sina
.QR Ps sinH>< sina . OR PS _ sin &
”QS PR sina sin(6’+¢)’”PR os sin(9+¢)’
_QV PU sin @ . sind

B

ﬁ QV s1n(6’+¢)’ N sin(¢9+¢):
i.e. sin(6+¢)=sin® where ¢ = 0.
Hence 0+¢=7n—-0,ic. g =7—-26.

Q7biv As Q> P, ¢ -0, 9—>%.

. PN ePN PS
7ci —=cosff, ——=ecosff, ... — =ecosf.
Q PR p PR p PR p
e pPS’
7cii Similarly, —— =ecosf.
Q Y o s

Since cos ZRPS —P—S and cos ZWPS' = Ps R
PR P w

cos ZRPS = cos ZWPS' . Hence Z/RPS = ZWPS'.

Q8ai Let u=a—x, du=—dx.When x=0, u=a.When
x=a,u=0.

j.f(a—xﬁxz—]lf(u}lu:j‘f(uﬂuzj.f(x)dx.

Q8aii f(x)+ fla—x)= f(a),
JLre)+ fla=is = [ rlakie,

a

jf<x>:rx+if<a-xyx:[xf<a)]:s,

a

I(WX—af o[£y =7 fla).

0 0

Q8bi The series is geometric, a =1, r = z2.

2\ 2 2n-1 -1 -
(Z ) -1 z7"-1 z7 -z z" =z L
Sn: = = = ] z .

z2 -1 z2 -1 z—z"
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Q8bii Let z=cos@+isinf,
27" = cos(— @) +isin(— @)= cos@ —isin
z? =cos20 +isin26, ...,
z2"? = cos(2n —2)9 +isin(2n - 2)8 ,
2" =cosnf+isinnd, z"" =cos(n—1)0 +isin(n—1)0
27" = cos(— n@)+isin(- n@)=cosnd —isinnf.
LHS =1+ 0826 +...+ cos(2n — 2)0 + i[sin 26 + ... + sin(2n — 2)6]
RHS:((cosn0+isinnﬁ)—(cosnﬁ—isinné’)]

(cos @ +isin @) — (cos & —isin )

X [cos(n —1)0 +isin(n — 1)49]

- Sh.l n6 [cos(n —1)0 +isin(n ~1)0].
sin &

Q8biii Equate the imaginary parts on both sides and let € = z

(n —1)7r

. T . 2z .
LHS=sin—+sin—+...+sin——.

n n n
sin — cos—
n—1)r 1 . T T
RHS = 2 sm( ) = sin| ——— |= 2 _ ot
2n . 2 2n T 2n
sin — sin— —
n n 2n
. . (n - 1)7r
sin— sin— sin
Q8ci d, +..+d,  =—L+—T 4 4 L
. . .
sin—  sin— sin —
n n n
T
T .27 . (n - 1)7[ T €085,
Sin— +sin— +...+ sin cot— s
___n n n_____2n _ Sin 5,
. . . T
sin — sin—  2sin—cos—
n n 2n 2n
_ 1
2sin? —

Q8cii p=n, q:l(d, +o.+d, ),
n

5 2
.'.E:n—:n2[2sin2£j:2(nsin£) .
q d +..+d,_, 2n 2n

n? 2V 2 sin —
Q8ciii E:—zz(nsin_j _7 | 2n
q d +..+d,, 2n 2| T
2n
. T
. sin — -
As n—)oo,——>0,—2n—>l,.'.£—>—.
2n z q 2
2n

Please inform mathline@itute.com re conceptual,
mathematical and/or typing errors.
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