Q1
a)

Using u =Inx

b)

Let u =2, du =dx

dv=e*dz, v= %(32”

c)
d)

z—6 _ z—6
We have 432—4 — (aF4)(z=1)

2
x
Y dr =
/1+4m2 o

r

2 1
z+4 x—17

2009 Maths Extension 2

Thuc Tran
October 27, 2009

1
/de = /udu
T

xe?® dz = 11’62”” - 1627” dx
2 2

SO

r—6 52 1
—_——dzx = — d
22 +3x —4 v /2 z+4 x-1 v

= [2In(z+4)—In(z—-1);

= 21n9—lné:2ln§
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e)

Let x = tan6, do = sec?# df. When x = 1, =7 When z = /3, 0=7%

/ /7r/3 L 20 do
sec
\/1+x2 x/4 tan? 9\/1+tan29
= 26 do
/,r/4 tan? QSeCQbeC
2
_ / cos“f 1 40
,r/4 sin® g cos 0
/ 0059
7/4 sin? 9
2
P
[ sm@} =2 V3
Q2
a)
29=(i4)21212z=z
b)
—2+3 —2+3i 2—1
244 240 2—i
—442¢4+61+3 1 .
= i T ClEs)



ol

e)
i

Let z =r (cos@ +isinf), r,0 € R be a root. We are required to solve

22 = -1
79 (cos 50 +isin50) = (cosm+isinm)

Hence, 7r° =1,r =1

and 50 = w4 2km, ie. 0 = %—i—%kﬂ', k € Z. Letting k = —2,—1,0, 1, 2 the five roots are z = (cos —%’T + isin —

, (cos—%—i—isin—%), (cos%—i—isin%), (cos%’r—i—isin%”), -1

3

5

)



f)
i)

Let z =241y, z,y € R

22 = 344
2 —y? 4+ 2izy = 3+4i

Hence we have 22 — y? = 3 and xy = 2. Substituting y = % into the first equation,

x2—% = 3

zt—4 = 322
2t =322 -4 = 0
(x2—4) (:c2+1) = 0

22 + 1 = 0 gives us no real solution for 2. So, 22 — 4 will give us our required solution. = = +2, substituting
into xy = 2 for the y values, we have our roots:

z = £(2+19)
ii)
Z4iz—1—i = 0
—ij:\/—l—él(l)(—l—i)
A =
2
—i /3440
2
_ —i+(2+1)
n 2
z = 1
or
z = —=1-—1



5
d 9 9 d
— 2 = —{1
dx{x + 2zy + 3y°} dx{ 8}



d d
20+ 2y + 20 16yt = 0
dz dz
£(2x+6y) = 2(zx+y)
dy _ _zty
de x4+ 3y

Tangent to the curve is statinary, whenever

dy
—Z o 0
dx
z+y = 0
y = -=w
substituting into the curve to obtain the required points
2?42 (—x) +3(—x)® = 18
20 = 18
2 = 9
r = =£3
so the points are (3,—3) and (-3, 3).
c)
P’ (x) = 322 4 2azx + b. Since (z —1)? is a factor, we have
pP() =
P(1)
l1+4a+b+5 = 0
a+b = —6
a = —6-0b
and
3+2a+b = 0
b = —-3-2a
b = —3+2(6+D)
b = 9+2b
-9 = b
sa o= 3
d)
For the intersection points:
41 = (z-1)7°
r4+1 = 22—2z+1
0 = 2% -3z
T Oor3

For the volume:



5V = 2ma? {(x—l— 1) = (x— 1)2}513

= 277302{(15—1—1)—(95—1)2}63:
= 2m?*{(z+1)—2*+22— 1} 6z
= 2ma? {712 + 3:0} ox
= 2r{—a*+32%} 6z
3

V = lim ZQ’/T{—.’E4+3$3}5CE

sx—0
=0

3
= /277{7:c4+3x3} dx
0

{:ﬁ 34}3 243
_7_’_ —

- —-—TT
. 10

5 4

mp, my denotes gradient of tangent and normal respectively

d 2 2 d
dfa? oy 4
dzr | a?2 b2 dx
2v  2ydy 0
a2 b2dx
2ydy 2z
2dz a?
dy _ Pz
de a?y
b2 o
myr = ———
a? Yo
a*yo
m =
N b2£170
Equation of normal:
y—vy = mn(z— o)
a*yo ( )
— = T —x
Y=Y Pz 0
ii)
For the x-intercept of the normal, substitute, (0,2 y):
—y _ a*yo (zx — o)
0 2z, 0
b2
—To Gz = IN—To
b? 9
N = o — LIT()*2 = Xpe€
a

. N (e*z,0)



iii)
NS = ae — €?xg = e (a — exp) and similarly NS’ = e (a + exg), so

NS a — exg

NS a+ex

From the foci-directrix definition of ellipse, we have PS = ePM = e (% — xo) = a — exg and similarly, PS’ =
ePM' = a + exg, so

PS  a—ex
PS" T a+ex
NS
 NY
iv)
Note that /PNS + Z/PNS’ = m, so sin /PNS =sin /ZPNS’. Also,
pPS NS
PS" NS
_NS" NS
PSS PS
Using sine rule on APNS we have
NS PS
sinf  sinZPNS
N
s.sinf = P—gsinéPNS
Likewise, we have
N !
sina = P;’ sin /PN S’
NS
= sinf

Since 0 < a < 5 and 0 < < 5, we have a = .

b)
i)

Let us assign up as the vertical positive direction and the centre of the circle as the positive horizontal direction.

Vertical direction:

ZFy = Tcosa+ Nsina—mg

and Horizontal direction

ZF”” = Tsina— N cosa



ii)

Applying Newton’s law vertically:

T cosa+ Nsina —mg

T cos® o + N sin avcos o —

Applying Newton’s law horizontally:
S h
Tsina — N cosa
T'sin? @ — N cos asin a
Adding those two final equations we have
T (sin2 a + cos? a) — mg cos «
T

Substituting back into the first equation, we have
m Ccos o (gcosa + rw? sina) + Nsina —mg
N sin«
N sin «
N

iii)
If T = N, we have (noting that m # 0)
m (g cos a + rw? sin a)
geosa + rw?sina
w?r (sina + cos a)

2

w2 o=
iv)
Since we have w? > 0 and 7, g are positive, then
tana — 1
tan «
Sof<a< 3

my

D F

mgcos

me

mrw2

mrw? sin

2

mrw” sin o

mg cos a + mrw? sin a

m (g cos a + rw? sin a)
=0
— -2 2 o .
mg — mg cos” a — mrw” sin o cos «

mgsin® o — mrw? sin a cos o

mgsin o — mrw? cos a

mgsin o — mrw? cos a

2 COS «x

gsina — rw
g (sina — cos @)
g (sina — cos @)
(sin @ + cos a)
(tana — 1)
(

r
g
r(tana + 1)

> 0
> 1

/DAB = /Y AK (common angle)

/ADB = /AYK = g (given, AB is a diameter)
S AADB ~ AAYK (two common angles)
LAKY = J/ABD



Corresponding angles in similar triangles are equal.

ii)

LABD = Z/ACD (angles subtended by the same arc at the circumference of a circle are equal)
. 4LDKX = /AKY (common angle)
= /ABD (previous question)
LACD

Hence CKDX is a cyclic quadrilateral (if a pair of angles at a vertex of a quadrilateral subtended by the same
side are equal, then the quadrilateral is a cyclic quadrilateral).

iii)

/KCD ZDAB (exterior angle of cyclic quad is equal to interior opposite angle)

m — ZDCB (interior opposite angles in a cyclic quad are supplementary)
sm = /ZDCB+ /ZKCD

so B,C, K are collinear.

b)
i)

Let u = 22" and dv = ze®” dz, hence du = 2nz?"~ ! dz and v = e‘”2, so forn >1

1
2

1 1 2
In _ |:€:c2x2n:| o ﬁxanlezz dz

2 0 2
1 / 2(n—1)+1 22

= —e—n|fzx e’ dx
2
1

= —-e—nl,_
26 n 1

1
Iy, = /906””2 dz
0

so using the recurrence formula

L = 3—25
e e
= 5-2{5- 1]
= *ng(efl):Efl
c)
i)
/ 1 xT —XT
fflx)y = 5(6 +e ) -1
@) = ()



For all > 0, we have ¢* > 1 and e™® < 1 (ile. —e~" > 1), so

ii)

For all > 0, we have ¢* > 1 and e™* > 0 so

(e"+e®)—1 > 0
fil@) > 0

N =

iii)

f(0)=2121—0=0. Since f'(z) > 0 and f (z) is clearly continuous, then f (z) > f (0) Vz > 0, hence

1 xT —XT
5 (e —e ) -z > 0
1 (ew — e_gj) >
2
Q6
a)
For the volume of the slice:
Vo= (2y)(y) oz
= 2%z
= 2(4—2x)ox
4
V = lim 2(4—2z)dx
dx—0

- 2/04(4_95) da

1’2 4
= 2{4x—] =2(16—8) = 16
2 0

b)
i)

Since « is a root

Pla) = 0
ad+gal+qga+1l = 0
Its clear that a # 0 from above.
Substituting é into the polynomial, we have
1 1 1 1
P() = S +tq¢5+qg-+1
Q@ @ @ @
1
= = (14 ga+ga® + o)

= 0

11



ii)
1) Since the coefficients of the cubic are real, then if « is a root, then so should its conjugate. Since « is not real,
then a # @. Since o # 1, then o # L. Hence

7 1
ad = =

«
aa = 1
a2 = 1
o] = 1

2) We have three roots: -1, o and @. Note that Re (o) = % (o + @). Sum of roots is

—l4+a+a = —q
2Re(ar) = 1—¢
l—¢
R = —
e (a) .
c)
i)
Using Pythagoras’ theorem, we have
PQ? = PO?-Q0?
— 22?2
ii)
PQ? = PR?
4y —r? = (c—ua)
2?4yt —r? = 222+
y? = r?—2cx+c2
iii)
2 = rP—2cx+c2
2, .2
o= QC(JZT re )
2c

So a = § hence the focus is (722";02 — 570) = (%,0)

iv)

From the definition of a parabola, we have

PS = PR

from part (ii), hence PS — PQ = 0 which is independent of x

12



i)
1)
v dv
= —rv
dx g
/ v dv = / dx
o g—1v 0
1 (Y 7rv—
*/ o ng I _ Qv =
rfJo g—rv  g—rV
1 g v
r = 7[—v—fln|g—rv|}
r r 0
1{ g ’g—rv}
= —q—v—=In
T r g
- Anl(tn) -
r g—Tv r
for0<z <L
2)
P PG LR
0.22 9.8—-0.2-30 0.2
~ &82m

to 2 significant figures.

ii)
The jumper’s head stays out of the water if x < 125, V¢ > 0. Note that 29sint — 10cost = v/292 + 102 sin (¢t + «).
Hence z = e~ 10/292 + 102 sin (t 4+ a) + 92. Since sin (£ + o) < 1, e /10 < 1 V¢ > 0, we have

e"104/292 +102sin (t+a) < /292 + 102
T < V292 +10% + 92 ~ 122.68

So the jumper’s head stays out of the water.

b)
i)
De Moivre’s theorem states that 2" = cosnf + isinn#, so

2"+ 27" = cosnb + isinnd + cos (—nb) + isin (—nb)

cosnf + isinnf + cos (nh) — isin (nh)

2 cosnb




(26n> 2"+ (27171) 222 (ij) 2L+ (mQT 1) 2244 <§Z> ,—2m

_ <2gz> (22 4 22m) 4 <2m) e (ﬁl) (22 (27:) B
(%)
|

2m

2 2
26082m0+< 2cos2(m )9+~~+< " )2cos20+(m)
1 m—1 m

=2 ( m)cos2m9+(2m>c052 9+~--+( 2m >c0529}+<2m>
0 1 m—1 m

iii)

/2 1212 2 2 2
/ cos™ @ df = 2—/ 2 [ (") cos2mo + (" cos2(m—1)0+---+ ") cos20| + (7)) do
0 2°m fq 0 1 m—1 m
1 2m\T 7w 2m
T 92m m )2  22m+1\

since, Ym > n, m,n € N, we have (let v = 20)

/2
/ cos2(m —mn)6 do [sin2 (m —n) 9]3/2
0

2(m —n)
1 .
= m[sln(m—n)ﬂ'_o]zo
since m —n € Z.
Q8
a)
i)
60+ttt = Loy Ly ?
OLETRLS T ane T 279
_ 1—tan2§+tang
Qtang 2
1—tan? £ + tan? ¢ 1 1
B 2tan & _2tang_200t7
2 2
ii)
For n = 1, we have
zljitani = tanE
=20 720 2

T
cot — — 2cotx
2

From the last question. So the statement is true for n = 1. Assume it is true for n = k, ie.

T
cot — — 2cotx

1
-1 tan ok 9k—1 ok

ﬁ

M-

i
[\

14



We now have

k+1 k
1 x 1 x 1 T
Z oF 1 tan ox = Z o1 tan oF + oF tan oFT
r=1 r=1
_ 1 T
= FCOthk—QCOtx—f—?tanW
1 x 1 T
= 2k—1 <C0t2k+2tan2k+1> 72COth
1 1 1
= oF1 <cot;+2tan;2) —2cotx
1
= (2 cot 2:6“) — 2cotz (from part (i))
1
= oF cot ;ﬁ —2cotx

Hence the statement is true for all » > 1 by the principle of mathematical induction.

iii)
n
. 1 T . 1 x
7111)%0 z; o1 tan o* = nh_)n;o {in cot on 2 cot J:}
r—
1 cos:%
= lim — 2" _9cotx
n—oo | 271 sin 57
x_
= lim {cos ——2"— .~ —2cotx
n—o0 2nsing, @
= — —2cotzx
iv)
Let x = 7, we have
1 n
tan—+ —tan—+ —-tan— = lim tan
4+2 8+4 16 n_moqu 1 2k+1
2
= —— —2cot—- = —
/2 2
b)
We can observe that area of lower rectangle < area under curve < area of upper rectangle, so
1 no 1
ﬁ < n—1a dr < T
1 1
— < [nz]} <
n [ nfE]n71 n—1
1 1
hl In -~ <
n s Mt n—1
1 1
- < h~ <=
n—1 n n
1 I 1
e T < -2 <e nm

15



P (A; wins the game) = P (A; wins | Ay wins first draw) P (A; wins first draw)
+P (A; wins | Ay, Ag, ..., Aylose their first draw) P (A;, As, ..., A,lose their first draw)
W = 1xp+q¢"W

since the game has returned to the original scenario.

ii)
It is easy to note that W; = p since this refers to the probability of A; winning on the first attempt. Wy — W7 = ¢"p

which is the probability that A; wins on the 2nd attempt (everyone lose on their first attempt, with A; drawing
the correct card on the 2nd).

So we have
Wi = »p
Wy — Wy q"p
Ws =Wy = ¢*p
Wi —Wpo1 = q(m—l)np
1— qnm
W= po
And from the previous question we have W = 7 _”q". Hence
Wi,
— 1—g"m
W q
N n
From b) we have
e ()T <o
l—e » 1> 1-(1-H)"" >1-¢™m
1 — e moT > % >1—e ™

When n is large, "5 converges to 1, so the left hand side converges to the right hand side, so by the sandwich

principle lim,, % =1l—e™
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