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The Basel Problem: Prove that lim >} | 7 = Ly

n—oo 6

Note: This was first proved by Euler. However this HSC exam does not follow Euler’s
method. It follows a method of Yoshio Matsuoka, Kagoshima University, Japan. This was
published in 1961 in

Matsuoka, Y., An Elementary Proof of the Formula > ;- , % = %2, The American Mathe-
matical Monthly, Vol. 68, No. 5 (May, 1961), pp. 485- 487.

and can be downloaded at

http://www.angelfire.com/ab7/fourunit /matsuoka.pdf
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Proof: Let A, cos?" xdr & B, fo x2 cos®™ x dr where n is an integer, n > 0.
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Then 0 / cos?" x dr = 0 / cos?" 1 xcosx dx

/2 _ .
= 0/ cos3" 1:L’dismxd:c

= [sinx cos®™~ ﬂ/2 fo sinz - cos® !z d
=0-0-— fo smac(2n — 1) cos? 2 g(—sinx) dx
=2n-1) f; /2 005272 (1 — cos? x) da
=(2n—1) J, ﬂ/2 cos® 2z dr — (2n —1) [; /2 cos? g d

" 2nf0ﬂ/2cos2”xdx—(2n—1) ﬂ/2 cos?" 2z dx and

/2 _ /2 _ _
n /2 cos?™ x cos?™ x dx = n-l fo/ cos?2("=Y pdx & . nA, = =LA, forn>1.

Also, A, 7r/cs’”‘ac-ﬂdac

] w/2 /2
0

=0 —0—|—2nf0 2 rsinzcos? 1 ¢ dx

2n

= [z cos®” x - 2ncos?" 1 x(—sinx) dr

w/2 . _
:2nf0/ xrsinzcos? taxdr, n>1



Hence, A,, = 2n fow/2 sin x cos?" ! xd%(é) dx
= 2n([§ sin x cos?" 1 x]g/Q - W/ x—;di(smxcos L2)dx)
=2n(0—0— foﬂ/Q %((271 — 1) sinx cos® 2 x(—sinz) + cos® ! x cos z) dx)
= foﬂ/Q 22((2n — 1) sin® 2 cos® 2z — cos® z) dx
= foﬂ/2 22((2n — 1)(1 — cos 33) cos? 2y — cos®" z) dx
= fOW/Q 22((2n — 1) cos®® —(2n — 1) cos®™ x — cos®" x) dw
=n OW/QI ((2n — 1) cos®” 2z — 2ncos®” x) dx
=n(2n —1) fo 22 cos?” 2 x dx — 2n? fo x? cos®™ z dx
=n(2n —1)B,_1 — 2n?B,
dp =22lp [ —2B,,n>1
= tn o
— el B, 2l
=20 -2
= (iz:i - ﬁ—:), n>1
So iy gz =258 - B+ 2R - )+ r2Aqe - fr) =2 -2
But 252 = 2f}://2f;d”“ 2[[3§£§;2 272?3*_00 =T and.. Yp A& =T —25
Behold
o s sinx > %x for 0 <z < § whereupon
) / sin’ 7 > %12 and 1 — cos?z > %axQ and so
o e cos?z <1-— %mZ & cos?x < (1 — Za?)™.
o - So B,, < fﬁ/2 2 47%2)” dx.
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Noting that

m/2 4x n
Mn+1)f 1<— da
W/z 4m n, dx
- S(n—l—l) f (1- i L dr
W/Q

4m n 7r/2
8(n—|—1) [z(1 -5 ) +1] 8(n+1) o

—0— 0+ 72 22(1 — 422 gy

(4 1)1 — 22 (S5) da
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we now have that B,, < 8(n+1) fﬁ/2 ot dy
Let x = $sint . dx = 7 costdt.
When 2 =0, t =0 & whenx = 3, t = 7.
—?—1——~%2sin2t:coszt.
For 0 <t < 7, 0<cos’t<1.
. B, < mfo /2 cog2nt2t. Z costdt
= 16(n+1) fw/2coszn+3tdt
— 16(n+1) f”/z s?"t - cosd tdt
< 16(n+1) Jy!? cos" ¢ dt
= W Ar
"By < qoir Jo P cos?n B tdt < B A
Noting A, >0 & B, > 0,0 <28 <2 s = om
— s < 25 <0
%2_8(:—31—1) §%2—2B—Z=ZZ:1;%2<%2
FTf = nh_)n;o(%z - S(ﬁil)) < nILH;o > k=1 1%2 < %2
nh_{folo 2 k—1 %2 - F2 .



